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ADVERTISEMENT. 



Tlie fust volume of-tlie New Scries of thf 
MathcniHticai Repository being now coniplcated, 
may be proper to state biiefly its plan. Tiie volume 
consists of three distinct parts. The fiist contains 
one hundred and twenty Questions, -in alnioat every 
branch of the Mathematics. These are, vith a few 
exceptions entirely new, and each Questii n hasat 
least one, but in general two or more answers, fur- j 
Dished by different ingenious Mathematicians. I 

Ttie utility of tiiis part of the work will be readily 
admitted when it is considered, that almost all the im- 
provements which the Matliematics have received, have 
originated in the exertions made to resolve particular 
problems, such as that of the trisect'ton of an angkg 
the (Itiplkalion of the cube, &c. among tlie ancients; 
also tlie various isoperirnctrical prol/lems, and above 
all, tlie ()roblemof the three, bodies amongthe moderns. 
We believe also, that most Mathematicians will con- 
fess how much their talents have been cultivated 
and their knowledge improved, by resolving prob- 
lems, such as arc proposed in this volume. 

The second part consists of Original Essays on 
Mathematical Sulijccts. This department afford* 
an opportunity to Mathematicians to publish such 
papers as may be jutlged worthy of preservation, but 
whieh are not of such magnitude as to form a 
^Jistinct woik. 

The third and last part is composed of Mathema- 
tical Memoirs, extracted from Works of Eminence; 
which are chiefly scleclcd from the Transactions 
of learned Societies, und such other works as are 
least likely to fall iuto ihe hands of gciiend readers. 

The first number of the second volume is now 

published ; the remaining three numbers shall follow, 

one every six months, so that a second volume 

will be compleated iu the coune of eighteen months 

jfrom this date. 

P'JIfCc&fif, Ut.Oew^>er, I SOS. 
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Second Solution, /jy JU>. William Marrat, Bojlon. 

Fig. 4. PI. 1. Let ABC reprcfent the earth, D its centre, 
DC the radius drawn perpendicular to the tangent EC, CFG a 
chord perpendicular to D£, and BE the height required ; alfo 
fuppofe the perfon's weight at B to be = unity, the radius DB 
= DC = 3979 miles zi a, and p = 3* 14159, &c. Then, the 
force of gravity above the furface being inverfely as the fquarc 

of the diftance from the centre, it will be as - : 1 : : a' : 

5 

- — = the fquare of the diftance from the centre of the earth.; 
therefore \/— = - 1/5 = DE, the diftance itfclf, and DE 

— DB zz - v/5 — ^ = 469*656 = BE, the height above the 
furface. Now, by fimilar triangles, DE : DC : : DC : DF, 
i. €. —^5 :a : : a:- a V5. and a — - « y'^ = a x (i — 

— 1/5) is the height of the fegment ; therefore, (by Prob. 10, 
3 

pa. 99, of Dr. Hutton's Menfuration, Edit. 3.) 

MP X « X (1 — • \/5) = aa* ^ X (1 - ^ ^5) 

o o 

— 10502188*84 fauare miles, is the portion of the furface that 
could be feen by a ipeftator at E. 

Third Solution, ty Merones Minor. 

The force of gravity being inverfely as the fquare of the dif- 
tance from the earth's centre, putting r = 3979,^ = 3*M^59* ' 
&c. and * zz the diftance required, we have 

-,:—:: I, the force of gravity at the diftance r : - ; hence, 
T <x 5 

A' : r* : : 5 : 4, or x : r : : 1/5 : 2, and x =: ^ . 

Then, by Menfuration, the area of the vifible part of the furface 
i> 10502188 84 fquare miles. 

/?/Jt^r ingenious Solutions were given by Meffrs. Boole, Cavill, 
C^ Mnnr^ Cillins, Hearding» Hopuer, Mgrley « and Thompfon, 
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V. QUESTION 5, iy Mr. ]ohs Lowe, jitterclife. 

To find three numbers in arithmetical progreffion fuch that 
the fum of every two of them diminiflied by the third (hall be 
a fquare number. 



First Solution, by Mr, J. I. 

Let tf , b^ c be the three numbers required, then by the condi* 
tions of the quefiion 

a '\- c :=! 2b 
a -^ c— bz=zx* 
a -{- b — c z=z y* 
c + b ^ a :==! z\ 

Let b be exterminated from the two laA equations by means of 
the firflt and there will refult 

? a - i^ = v« 
2 

3 c — {a zz z* 

whence fl = J(3y' 4- 2*) and c z: H^z' + y^). 

Combining the two firft equations it will eafily be found that 
t = X* : and putting the values of a, l^ and c iliat have been 
found in the firil equation, we get 



"e-^)'+(^T='-- 



And this lafl equation is the only condition neceflary; the 
numbers x^ y^ and z being in ^wtvy other refpefl arbitrary or 

indeterminate. We may, therefore, aflume for , ^ 

and X, any three numbers that meafure the fides of a rational right- 
aj:igled triangle, and hence innumerable folutions may be 



The lead numbers that form a right-angled triangle are 4, 3, 
V "4*' 2 V - 9 

and 5 : put ^ == 4* -^ =: 3, and x := 5', xNxwv 

j^ss:/andzs=i: whence 



( 8 J 

And thefc are the leaft numbers ihdt fatisfy the queftion. 



Second Solution, ty Mr. John Wright, Norley. 

Let *, y and z denote the numbers fou^rht. Then, fince .t + y 
— 2, X -I- 2 — y, and v + 2 — jc is each to be a fqiiare number, 
let them be equated with a^^ b\ and c^ refpeftively, and we (hall 
thence obtain 

a^ 4. i« fl« 4- c» , i* J- c^ 

X z= ! — , y r^ , and 2 = - — - 



o 



Now per queftion ;c + 2 rz 2;f,that is, ^ "^^ — ^^tlL — a*-l-r', 

or a* + c' z: 2i' : hence muft ^ =r zrs +r* - j', t =r"-+- j», 

and c=2rj -|- j' -^*, as is well known. Thcfe expreflions 
for a, b^ and c being written inftead of them in the equations 
X, y^ and 2 above, they become 

;c = (r^+i»)»H-2rj(r'*-j»),;^=:r"-+j'and2z:{r«+J*)»+2rj(jW), 

where r and j may be expounded by any two numbers taken at 
pleafure. 

Ex. Gr. Take rr=: 1, and J iz^ 2 ; thenx^ 13, ^ = 25, 
and 2 =37. 



Third Solution, ly Mr. Thomas Bazley, Bolton. 

Let x^ -y, X' and x- ••\- y be. the three numbers ; then ;r", 
x'^ - 2y, and x* + 2 y are to be fquarcs ; the firft is evidently fo, 
and for the fecond afl*ume 

x*-2^- = Ar*-2(27-;c-2r') r= x^-^^rx+j^r^ = (j>-2r)*, a fquare. 

Now for the third jc* + ay, or ;c* •+- ^rx — 4r*, alTume it 

then 2 • - A' ' = ^rx - 4r - , or (2 + x) x (2 - *) = 4r (j: - r) ; 

therefore, by Mr. Leflie's Principle *. 

(24-x;X w(2-Jt)z:4r/«(jr-r), or 2 +x=zr j^rm, and jn(2— x)r=:i?— r 

whence 2 =1 4r/;i — j: z: ; hence x z: ^ ■■ i — ; 



* 5ce .Maf/iejijalical Repository, Vo\.l. OYdS^ne*. 
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and, confequentlyj y = 7,rx — 2r" zi — — 2r", 

which is eafily reduced to - — ^ : and, therefore, the 

three numbers are, 



^2/w-f- 1 2171 + 1 ' ^ 2//i 4-1 2m + 1 2W + 1 * 

or to have the refnit in whole numbers, we fhall get, by taking 
away the denominators, 

Now, if r and ?n be taken each equal to unity, we have 13, 
25, and 37 for the three Icaft whole numbers that anfwer the con- 
ditions of the queftioii. 



Fourth Solij'tion^ by Mr. }^i a'Blr at, Bojlon. 

Let x^ — V, x^, and a' + y denote the progreffion ; then, by 
the qucftion a:' — 2y, **+ 2^, and x' are to be fquare numbers : 
the lail is a fquare. 

Now, fuppofe X* — 2y rz (q — x]^, and x^ + 2y — [p — x)' ; 
then, by the firft y-= ^.v — j^*, and from the fecond jr n ^p^^px; 
therefore, qx — \q^ - ip^—px, and x - {p''+q^y -f- i^p-h 2q), 
where ^ and q may be taken at pleafure. Up zz 2, and q z=z t^ 

then X zz "^ and y ±=l \b^ — px = -, therefore, ;c* — _y =: i3 

jc- z: -^ and x* 4* v ;=i ~ ; and, therefore, rejecting the com- 
mon denominators, t!ie numbers arc 13, 25, and 37. . 



Fifth Solution, Z»v Air. John Cornthwaite. 

Pat X* + :t, X* -^- 2.V and ^* 4- Ja" for the three numbers ; 
then the difference between the fum of the firft and fecond and 
the third is equal to ;if ". Hei'cc we have only to make x" -h 2x 
and X* -+- J^x fquares; the diflFerencc of thefe is 2a:, which be- 
ing refolved into the fa6lors 2x and 1, we may put (x-h-Jj*, the 
fquare of half the fum of the fattors equal to the greater of the 
exprei&ons to be made iquares; that is, we may put (.<-+- i)* = 

4f* +^4r; //r/5 eg uaf /on reduced <{ives .X — — ; A'aA. \\\^ ^^^\<l^ 
VoL I. Psurt L ( B J TWV^xv^^t^ 
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numbers arc ^. ^, and ^; or, rcjeaing the denomina- 

144 144 144 -^ ^ 

tors 13, 25, and 37. 

Ol/i^r Solutions tvere received from M-^ffrs. Boole, Cavill, Cod- 
ling, Collins, Lowe, Morley, Myers, Pickering, Scurr, and 
Thompfon. 



VI. QUESTION 6. by Mr. T. Milner, S/ieJield. 

If two rings or circles of equal radii touch each other on their 
circumferences at P, and one of them be made to revolve round the 
periphery of the other, fo that the area defcribed by the point P 
may be equal to 2'68 fquarc inches. Query the diameter of a 
circle equal to that of either ring ? 



First Solution, />y Scoticus. 

Let A (Fig. 5, PI. 1.) be the centre of the fixed circle, in 
which P is the point of conta£l of the two circles at the be- 
ginni:]g of the motion ; let B be the point of conta£l when the 
revolving circle BP'E has any other pofition, take the arch BP' 
in the revolving circle equal to the arch BP of the fixed circle^ 
then P' will evidently be a point in the curve, which is the locus 
of the r<»vo!ving point. Join PP' (which will be parallel to ABC 
a line joining the centres of the circles) and draw PD, P'D' 
perpcndicuictr to AC. Put r for the radius of the equal cir- 
cles, and <p for the indefinite angle PAB or FPP' then BD = 
BD' zz r (1 — cof. (p) and PP' = DD' = 2r (1 — cof. (p), and 
fmcc the fluxion of the area defcribed by the line PP' revolving 
about P is equal to xPP' multiplied into the fluxion of the cir- 
cular arch whofe radius h PP', that is to 

tr» ? (i — cof. <p)' = r' <p (3 - 4 cof. (p + cof. 2?); 

by taking the fluent, we have the area itfelf equal to 

r» (3p — 4 fin. (p + I fin. 2p) : 

which expreflion, by taking (p = 360** gives the whole area = 
8 X a X 3*1416 X r*; but,by thcqueftion, thearea = 2'68 
Iquare inches : hence 2r, the diameter of either circle is cafily 
found z= ys^t the anfwer. 



%i.^0^i^ 



( II ) 



Second Solution, ty Mr. ]ohs Wright, NorUy. 

Let O '(Fig. 6, PI. 1.) be the centre, and PF a diameter of the 
circle or ring PIF, about whicfi the equal circle AIH is fup- 
pofcd to roll ; with the centre F and radius FP defcribc a circle 
cutting PF produced in C, and the circle AIH in H : then, if the 
chord HA be a tangent to the circle PKC at H, the point A will 
be the fituatioo of r, when the circles arc in conta£l at I. For, 
draw the radius 01, which produce till it meet the chord AH in 
D, and join AI, FH, PI, and HI. Then, fince the circles touch 
each other at 1, it is manifeft that AD n DH, and becaufe PO 
= FO, the lines PA, OD, FH are parallel : confequently, the 
points P, I. H, (PO, PF being rcfpeaively equal to OI and FH) 
arc in a (Iraight line : hence PI z= IH = AI, and the arch PI 
= AI, or A is a point in the curve PAC dcfcribed by the mo- 
tion of the point P. 

Moreover, demit IlQ perpendicular to PF and parallel thereto 
draw the radius FN cutting HB paiallel to PF in B. Since FH 
is panllcl to PA, it is well known that the fluxion of the curvi- 
linear fegment PAP is 

_ PA^PH _. PQ'PQ _ (PF + jFQVQF'QF 
~" 2FH 2HQ HQ 

+ ^^^H(^^ = - PFHQ + iFQ-HQ + iPF-HN 

= — FN-HQ qp iHB-BN + iPF-HN ; the fluent or quadra- 

ture PAP is, therefore, FN-HQ + ifeg. HBN T feftor FHN. 
which being correftcd by fubtrafting therefrom its value at the 
initial point of the curve, we fliall have — FN-HQ Ijl \ feg. 

HBN + fcaor FHN + 3 quadrant PFN, for the true qua- 

drature PAP ; and this, when H coincides with C, becomes 

» of the femi-circle PKC. Hence the area of the whole curve 

PACP, defcribed by a complete revolution of P, is equal to 3 
of the femi-circlci PNC, and, confequently, the femi-circlc 

PNC = 7 of the given quadrature ; that is = ,and its radius 

3 

or the required diameter of the ring FP zz -754 1 • 

Other Solutions were given by Meffrs, Boole, Cavil 1, Codling, 
Collins, Milner, Morlcy, Myers, Pickeniv^^^ Sc\x\x» and 
ThompfoD. 

(B 2 ) \\V Q\i^- 
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VII. QUESTION;, by Mr. ]oHii V/nn ley, Alterclljc. 

Let FE, the diameter of a circle defcribed about any plane 
triangle ACB, bifeft the bafe AB perpendicularly in H, and 
let EP, FS be drawn perpendicular to AC : with the radii 
CH, CS and centre C defcribe the circles COG and CSD 
meeting AC in G and S ; and let S be the neareft point to C, 
then from P and G draw the tangents PO, GD and the rectant^le 
PQ, GD will be equal to the area of the triangle ACB. Re- 
quired the demonllration. 



First Solution, by Mr. Thomas Bazley, Bolton. 

Fig. 7, PI. 1, being conftruftcd a<: per qneftion, it is well 
known that CS = AP z: half the diffcreijcc, and CP or AS = 
half the fum of the fides of the triangle. 

Now, by well known properties of triangles, we have 

CH'^^CQ'ziKAC' + CB'— iAB"),airoCP=-(^!^^±^)'; 

V.henceCP*-CQ'^PQ^- :.('^^)'.(^eZ^^ alfo 

CD»=CG*— CD'=CH'— CS'=i(AC^ + BC2— JAB'J- 

,AC— CB' . , . ^p., ,AC + CB* ,AB« 

( ;; that IS, GD*^:( -L — ( j as will 

* 2 22 

eafily appear b}; expanding the expreffions. Hence we obtain 
PQ X GD a mean proportional between thefe two quantities 
jv R^^ ,AC--CB , , AC + CB. 3 .AB^, , . , . 
^T" ~ ^ ~2 ^ ^ ~2 ^ ~ ^~^ • whichis 

fhewn to be equal to the area of the triangle at Cor. 2. Prop. 3. 
3. II. of Emerfon'$ Geometry. 

Second Solution, by Mr. Thos. Hopper, Manchefltr. 

■ 

Fig. 8, PI. 1, The figure being conftrufted as direfted by 
the queflion, join CE, and let OM be the radius of the in. 
fcribed circle, and I'K the radius of a circle touching the bafe, 
and the continuation of the fides, then PK = PM = AH ; AP =: 
SC = half the difference of the fides, CP zi half the fum of 
fhc fides, am} CK = hqlf the perimeter. Froip P through H 4paw 
/*Z meeting CV in L ; 

Twwk 
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Then HC* — HE« = PC* — PEVSimp. Geo. 9. 2.) ; con- 
fcqucntly, PC*— HC* = PE* — HE» : 

But PQ^ - PC* - PH* ; alfo if CR be drawn parallel to AB 
and PR joined, we (hall have PE* = REH = RHE + HE*; 
confcqueiuly, PE* - HE* zi: RHE ; 

and, therefore, PQ* zz RHE = ANB = IK x ON, a well- 
known property. 

Airo2AH'+ 2CH* := AC* + CB* (Simp. Geo. 11. 2.) z= 
«PC*-+-2AP? (2CS* ; 

confcquemly, CH*-CS=3:PC*-AH' : but GD*z:CH*-CS*; 

therefore, CD' = PC^-AH* = (PC -h AH) (PC — AH) = 
(PC -+- PK (PC — PM; - CKCM. 

Now, iince PQ* r_ IK X ON and GD* r= CK-CM, it will be 
as IK : PQ :: PQ : OM, and CM : GD :: GD : CK ; 
dier. fore, IK x CM : PQ x GD :: PQ x GD : OM x CK : 

But it IS well known thit IK x CM ~ OM x CK = the 
area of the triangle ABC. Confequently, PQ x GD will alfo 
be equal to the area of the triangle ABC. 

Q. E. D. 



Third Solution, iyAfr. John Butterworth, Hag^ 

gate, mar Oldham, 

The figure being drawn as before. Then PC*-CQ* (CH*) 
r= PQ* ; but, by the theorem on pajre 39 of the Gentleman's 
Diary for 1803, PC*— CH*=EH-HR, theref. PQ*- EH-HR. 

Again CG*zz(CH*)— CD* (CS*) ziGD*, but CH*zlCR* + 
RH* = FR-RE4-RH*, 

and CS*=FR-EH ; theref. GD*= FR-RE+RH*-FR-EH = 
FR-RHh-RH* - FHRH; and, confequently, 

PQ*-QD^=HE-HRFHRH=AH* HK'.orPQ GD=AH-HK, 

d. E. D. 



Fourth Solution, by Mr. John Farey, No, 12, Crown 

Street, Wejlminfter, 

Fig. 7, PI. 1. Having conftrufted the figure as ^iirefled in 
|be Queftion, and alfo drawn the radii CQ and CD to the 
points of contact ot the tangents PQ and GD ; alio joined CH, 
and drawn tlie perpendicular CI upon the bafe AB of the tnau^le\ 
ttcij, bccaufc of the r/^ht.angled triangles 1?QC ;itv^ 0\iC, n^^ 
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have PC^--CQ»=:PQ^ and CG«— CD'=GD* ; and since by 
the queftlon PQx GD _ JAB x CI, or PQ* x GD*=iAB* x Cr, 
therefore. (PC^ - CQ*) X (CG» - CD') = ^AB* x CI*. 
Now, (by Lcylourns Math. R^pqfetoryy VoL I. p, 284, and VoL 
II. p. 101. J PC is equal to half the fum of the fides AC and 
AB of the triangle ACB, and CS or CD is equal to half the dif- 
ference of the fides of the fame triangle; it being alfo evident 
from tf|^ conftruflion that CQ and CG are each equ3d to the 
line from the vertex bifefting the bafe of the Came triangle, 
or CH. We may, therefore, infer from the queftion, the fol- 
lowing 

Theorem. In any plane triangle^ the difference between 
the fquare of half the fum of the fides and the fquare of 
the line bifeSing the lafe^ multiplied into the difference be^ 
tween the fquare of the line bifeSing the hafe and the 
fquare of half the dfference ofthefides^ is equal to the fquare 
of the area of the triangle. 

Before proceeding to demonftrate this Theorem, I beg per- 
miflion to mention that it has long appeared to me a defirable 
thing, to have the feveral properties of Triangles which the 
different geometrical and trigonometrical writers have demon- 
ftrated, expreffed each by an equation in the charatlers or fyra- 
bols adopted by Lawfon and Leyhourn^ for cxprenTrng the parti 
of a triafigle, in their Synopfis or Tulles of the Data, from which 
triangles have been conftrufted ; and I have been from time to 
col letting materials, wnich I hope that leifure will permit 
me e'er long to arrange for publication, not only on the 
properties of triangles which can be 'thus expreffed in an equa- 
tion, but on the loci or known parts of a triangle, when one, 
two or three things relating thereto zvt given. As a fpeciroen 
of the facility with which certain known properties of a trU 
angle when thus expreffed, can be combined, to demonftrate the 
above, and moft other theorems, or to difcover new proper- 
ties; in the above Theorem I fubftilute (as is .done in Ley- 
hoyirn's Synopfis of Data for the CorfiruSions of Triangles^ 
.'•."/'• iv.) B for the bafe, P for the perpendicular from the 
vi riical angle (V) upon the bafe, S and s for the greater and 
Ids fides (fubtendir.g V) refpeftively, m and n for the greater 
And lefs fegmenis of the bafe by the perpendicular from V upon 
B, and 1 for the line from the vertex to the middle of the bafe, 

(c f 
( — ^^)*~^° J X 

^1' — v-^*)*) = tB* X P*. Or, by reducing the fraaions 

njid artanging thr terms, to tbe order of their component parts 

B 
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B, P, S, s, m, n, and 1, as they (hould be for more perfeft 
arrangement in a general Synoptical Table of fuch equations or 
properties, we have 48^ x P* = ((S + s)*-4l*; x(-(S-s)»+4Pj; 
and by muhiplying the terms o( the laft part of this equation, 
wc get 

4B«x P* =-S^ + aS^ X s»-s^ + 8S» x P + 8s» x P- 16P = 
- (S«-s»)*4-8l* X (S»-+-s»-2l»). Now, by Leybourn's Re^ 
pofitory. Vol. 1. p. 17, cor. ^B* =z S* + s* — 2P; therefore, 
4B»XP" :=:-(S«-s»)«+81»>ciB% and 4B* xl"-4B»P* == 
(S«-r.s«3% or4B« X (l»— P-) = (S»— s*)«. But fincfe 

HC« - CI> = HP (fee the figure) and ^1-^ z= HI = 

"^^^j therefore, P-P* ~ ('^-li?)'^ and we have, 46" x 

4(m-n)* zz (S*-s')*; and, laflly, by extrafling the root, 
B X (m-n) =1 S*-s*, which is demoiiftrated to be true by 
Thomas Simpfon (set his Geometry Book 11. prop. ^^ cor. 2,) 
and feveral other writers ; our theorem, theretore, and the pro. 
pofitioQ in the queftion from whence it is derived are true. 

g. £. D. 

Demonjlraiions were alfo received from Mejfrs. Codling, 
Collins, Scoticus, and Whitley. 



Vni. QUESTION 8, by Mr.l. T. M'Doneld. 



If on any given right line AB, there be taken any variable 
diflance AL, and from L, in the fame dire6lion, any given in- 
variable diilance LM ; and if with the centres L, B and radii 
LA, BM arcs be defcribed, it is required to determine the UAture 
of the curve, which is the locus of P the point ui their i»- 
terfection ? 



Solution by Mr. J. I. 






Fig. 9, PI. 1. Let AB = fl ; LM IT 6 ; BM = BP = 
and having drawn PO perpendicular to AB, put BO — x. 
ThcaBL = p + &; LO i=f>-+-6-^; LP - AL = ^-6-/?; 
Then, becaufe LP« - LO* zz BP' - BO% we have in fymbois 
f^^B^py — (f> + ^ -^)' ^fJ*-^' ; whence, d»-2 [a - x) 
b zz p* -i- 2 ia-^x)p; a/ad adding - 6' 4- b^ + la - xY ^^^ ^^^ 
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fide and its equal (^i — x)^ to the other fide, there refuHs «*- A* 
^ (a—b — x)* = (a — .^ + pf. Take AC zz LM zi i, draw 
CD perpendicular to AB, and make AD zr AB = a ; then 
DC*=a* — 3*; CO* = {a-^b — x)' and (OA-+-BP)- = 
(a—T -Hp)* ; whence, we have DO = AO + PB or BP = 
DO— AO. 

From what is done it will be eafy to derive an algebraic 
equation for the rcftangular co-ordinates of the curve ; for we 
Lave only to put PO =7, to fubftitute v/('* + >'*} for;, and 
to clear the equation of radicals. The equation thus found will 
fliew the curve to be of the fourth order; but the fi.',urc (^f the 
curve and its principal properties may be more readily d. diicrd 
from the property invcjtigated above, viz. PB r DO — AO. 
The curve will confift of two equal and fimiiar par s lying on 
different fides of AB ; it will he a fort of <jval indofiiig ibc 
point B on every fide. And if we take CH .-_ CA and produce 
AB to K making 3BK zz BH, the curve will cut the line AB 
in H and K. 



Solutions were a/fb given ly Mejfrs, 'Qzz\ty and Cavill. 



IX. QUESTION 9, by Mr. John Wright, Norley. 



From two given points in the diameter of a given femicircle, 
It is required, geometrically, to diaw two right lines -to meet 
each other at fome point in the periphery, fo that the fum or 
difference of the refpcctive rectangles under thefe two lines 
and two given ones (M and N) may be equal to a given mag- 
nitude. 



First Solution, by Mr. Wright, the Propofcr. 

Construction. Let A and C [fi^. 10, pi. 1.) be the 
two given points in the diameter DH of the given femicircle 
DBH, ol wliich the centre is O. Produce OD to L till 
GL'OA n OD*, and make AN perpendicular to LC and 
equal to a mean proportional between LA and AC ; alfo from 
A along AC or AL, according as the fum or difference is 
given, fct off, AE fuch, that AE* : AN* :: M- : P x OC 
(P being a third proportional to AO and Nj ; then through the 
points N, E, C defcribc a circle, in which apply the chord 
A7, tuch, ihatNI x N may be equal to the given fumordif- 
fcrcnce ; and having, on NI dropt the perpendicular CF, 
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from C to the feraicirclc DBH apply CB = FN, then join AB 
and the thing is done. 

■ 

Demonstratiom. Join OB, and parallel thereto draw 

CS meeting AB produced in S; alfo through the points L, A, 

B defcribe a circle cutting CB produced m G, and join AG» 

Cl, NE. Then, fince the angles NEA, NIC are equal, the 

right-angled triangles NEA, FIC are fimilar, and IF* : FC* :: 

AE' : AN« :: M* : P x OC, by conftruaion, that is, IF« 

: M* :: FC* : P X OC. Becaufe, by conftruftion, AL X AO 

= OD* or OB*, OB is a tangent to the circle LABG at B. 

and, therefore, the angle. AGB n ABO x ASC ; hence the 

points A, G, S, C are in a circle^ and AB'BS = GB*BC =s 

GC-BC — BC*; but by the circle GC-BC == CL-CA =z= 

CN> ; wherefore, AB x BS z= CN*— CB*(FN') = ¥C\ 

Now AB« : AB-BS/FC*) :: AB : BS :: (by parallels) AO : 

OC :: AO X P : OC X P, and by alternation, AB» : AO X 

P zz N* :: FC* : OC X P; hence AB» : N' :: IF* : M«, or 

AB : N :: FI (= IN + FN) : M ; therefore. AB x M zz IN 

X N -f FN X N (=: BC X N), and confcqucntly AB x M 

+ BC X Niz I^f X N. 

Q. E. D. 



Second Solution, by Scoticus. 

Let A and B (fig. ii, pi. i.) be the given points in the dia- 
meter, and C the centre of the given circle. Let us fuppofe 
the problem refolved, or that AD, DB are drawn to a point D 
in the circumference, To that M x AD. + N x DB i= M X 
L, a given fpace. Join CD ; then, by a well known propo- 
fition in Geometry, Y^ee Math^ Repofitory, Vol. I. Pagei^, Old 
SeriesJ 

AD» f 1^ BD« zz BA X AC + 1^ CD^ Now BA. AC. 

BC, CD arc lines given in magnitude, therefore, 

CA 

AD* + -g-% BD' := a given fpace. Let us for the fake of 

r • • AT^ 1 v/'^CA X CB) ^^ 
perfpicuity put AD = x and ^ jrj- • x BD =7, alfo 

N X t/(CB X CA) p u p -J 1 • r 

— p2j[ * » where r js evidently a given hue, 

then, to determine the magnitudes of x and y, we have 
Vol. L Part I. (C ) x* 



\ 
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a* +>■ = Q* a given fpacc 

P 

X + rjj^ z: L a given line. 

And from thefe equations it is obvious how the values of x 
and y may be readily determined by various methods ftri&ly 
geometrical, but as thefe methods only ferve to determine the 
ma/rnitudes of the lines AD and BD without any regard to their 
pnfltion, it feems unncceflary to point them out as the}- must be 
fufficiently obvious to the reader. 



Third Solution, by Mr. John Johnson, Birmingkam, 

Let At Bf (fig. IS, pi. 1.) be the given points in the dia* 
meter DE, and AC, BC the lines required to be drawn. 
To the centre O draw the radius Cu and make M X Q = to 

N 
the given fpace» then AC + BC x w = Q» and by Prop. 6. 

of Dr. Stewart's General Theorems, 

OA cr% 

AC + BC* X gg = BA >c AO + BA x CO x J^ = to 

a given fpace. 

Hence the problem is reduced to this ; to find two lines AC, 
BC fuch, that the fum or difference of AC and a line to which 
BC has a given ratio may be equal to a given line, and the 
fquare of AC together with the fpace to which the fquare of BC 
h»s a given ratio may be equal to a given fpace. To efie£k this, 
take (in fie- iS* pi* i.) la =: Q and (aR)' = to the given 
fpace make RVT perpendicular to IR, and fuch that RV : IR 
= M : N and RT» : RV • - OA : OB ; draw To parallel to 
the line joining IV and apply ao z: aR ; then if the perpendi* 
cular oc be demitted cuttuig IV produced at b ; ac, cb are the 
lines required. 

For, by fimilar triangles Ic : cb :: IR : RV :: N : M, 

N N 

hence, Ic = — x cb and ac + r* X cb = al r= Q = the 

given line. Again, by parallels RV* : RT' :: cb* :: co" :: 

OA 

oB : oA, therefore, co = >yg x cb* ; confequently ac* + 

OA 

g^ X cb* = ao* = AR* = the given fpace. The letters to 

the 
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the left of oc are applicable to the fum, and thofe on the right 
to the difference. 



Solutions were alfo received from tiejfrs. Butter\irorth and Smith. 



X. QUESTION 10, iyAfr. William Smith, Liverpool. 

To determine the locus of the vertex of a triangle, the 
difference of whofe fides and the radius of whofe infcribed circle 
are given. 

.Solution, *yAfr. John Farey, No. is. Crown Street, 

Wejlminfter. 

Let LKG (fig, 14, pi. 1.) be the given infcribed circle, and 
the indefinite line AB a tangent thereto at G, letCE be a dia- 
meter of the circle, and therefore perpendicular to AB ; take 
OF =: the given difference of the fides, then through the points 
F and E draw the indefinite line F£C, which is the required 
locus of the vertex. 

Demonstration. From any point C in the line EC, 
draw tangents to the circle, cutting AJB in A and B, and touch- 
ing the circle in L and K ; then, fincc by the property of tan- 
gents CL = CK, AL = AG and BK = BG, the difference 
of AL and KB is the fame as the difference of the fides AC and 
CB, equal alfo to the difference of AG and BG, = FG by 
eonftrufiion. Bife£l FG in M which will be the middle point 
of the bafe; then, becaufe GE = 2Gc, and FG = aMG, Mc 
is parallel to FC, and FG = AC — CB. 

g. E. D. 

Corollary. Hence in any plane triangle, havinv a circle 
infcribed therein, and a diameter thereto drawn perpendicular 
to the bafe ; if a right line be drawn from the vertex of the 
triangle through the top of the diameter of tliat circle it will cut 
off a fegment of the bafe adjacent to the bottom of that diame- 
ter, or point of conta£l with tlie circle^ equal to the difference 
of the fides of the triangle. 

Scholium. The difcover)- of the above locus prcfents an 
eafy method of confiruAing feveial cafes of triangles, fome of 
yhich have not yet, to my knowledge, been conftrufted, Iiv 

( C 2 J \t\ax 
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vhat follows I (hall use the notation and arrangement of Z/v- 
bourrCs Synopfis of Data for Conjlrufling TriangL-s^ (fee Page 
iv. of that Work) and earncftly recommend to the corrcfpon- 
Aeni^ oi iht Mathematical Rtpofitory^ to adopt the fame nota- 
tion and arrangement of the Data in propofing future problems 
or theorems* relating to triangles. 

In all the following conftruftions the given infcrlbed circle, 
and a tangent thereto for the bafe of the triangle is to be firft 
drawn as above, and a diameter KG perpendicular to the bafe ; 
alfo the given difference of the fides GF is to be fct off on the 
bafe and bifcfrcd in M for the middle of the bafe, and the inde- 
finite line F£C drawn for the locus of the vertex, then 

1. V. S — j.r. (See No. 51 in the Synopfis.) 

Con(lru3 a right-angled triangle, whofe angle at the bafe is 
equal to |V and its perpendicular or oppofite fide zi r, (or if V 
is given in degrees, take a fourth proportional to vat. fine ^V, 
1, and r) and with the hypothenufe or this line as radius and 
centre c (the centre of the given infcribcd circle^ defcribc an 
arc cutting EC in C, draw CA and CB tan;^ents to the in- 
fcribed circle cutting AB in AandB, and ABC is the triangle 
required. 

2. B.S— 5,r, 

From M the middle of B take MB and MA each equal to 
half B, and from A and B draw tangents to the infcribcd circle 
which will interfe^l in EC, in the point C (from wliat i<; done 
above) and form the required triangle ABC. 

3. — B + S -|- J. S — J. r, 

By the Student, page 34, cor. 2, half the firft datrm is 
equal to the ferments of S and s next V, by the infcribcd cir- 
cle, z: CLorCK; therefore, find the hypothenufe of a right- 
angled triangle, whofe legs arp CK and Kc, and therewith prq- 
ceed, as in the firft cafe, 

4. P. S — J. r. 

Parallel to AB at the diftance of P, draw a line cutting EC in 
C, from whence draw tangents, as in the ift cafe, and ABC is 
the required triangle. 

5. S — J. S. r. (No, 163 Synopsis.) 

Between the given lines GB and EC, draw a line r= S, to 
touch the given infcribcd circle; let it interfcEl GB in B and 
EC in C ; from C draw a tangent to the infcribcd circle, in- 
terfe£ting GA in A, and ABC is the required triangle. 

Koie. If with S — s there be given S + J, S x -Ji S : 5 ; 
S* H- 5', S' — i', &c. by known problems or lineal fe3ions S 

and 
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and s Will be known, and the conftruClion as in the lad 
cafe. 

6. S — J. A or a, r. 

ConftruQ a right-angled triangle, whofe angle at the bafe is 
equal to f A or \a^ and its perpendicular or oppollte fide = r, 
(or if A or a be given in degrees, take a fourth proportional 
to nai, sine |A, i, and r) and with the hypolhenufe or this line 
as a radius and centre c defcribe an arc cutting GB in B, from 
B draw a tangent to the infcribed circle cutting EC in C, and 
from C draw another tangent to the Came circle, cutting AB in 
A, and ABC is the triangle required. 

7- S — J. A — a. r, (No, lyg Synopsis. J 

From c draw cC making with fE an angle equal 4(A — a), 
and interfering EC in C (See Repofitory, Vol. I. Page 284, 
Prop. 2, Old Series), then proceed as in cafe ift to complete 
the triangle ABC. 

8. S — J, m or«. r. 

Suppofc the fegment AI given, then becaufc AF — GB and 
FG given, aGlH- IB is given, or its hall" GZ, fiippofing IB 
bifeScd in Z. Draw ZQ perpendicular to AB ; then becaufe 
k bifeQs IB it will alfo bifefl BC in Q, and therefore the locus 
of the point Q will be a ftraight line pafling through the middle 
of FB and parallel to EC ; confequcmly the point Q is deter- 
mined, and the conftru£lion obvious. 

9. S — J. w — n. r. fNo. 177 Synopsis.) 

Take MI = , and ercft the perpendicular IC and 

complete the triangle as in the firft cafe. 
20. S — s.m — n, fegs, by L, r. 

fR ^^ ft 

Take MD= , through c draw DcC, cutting EC in 

and complete the triangle as in the id cafe. 
11. S — s.m X n, fegs. by L + L*. r. 

By Simpfon's Geometry III. 26, the fecond datum is equal to 
S X Jf whence by Lineal SeSionSt the problem is reduced to 
the 5th cafe. 

IS. S — 5. m or », fegs. by infcribed circle, r. 

Take GB = n, and proceed as in the 6th cafe, 

13. S — J. I. r. 

On M as a centre, wyth the radius I (the line bifcfling B) dc-« 
fcribe an arc cutting EC in C, and proceed as in the ift cafe. 



( afl ) 

14. S — J. r. di (lance of V from centre of the infcribed 
circle. 

This con(lru£lion is the fame as the iH cafe. 

15. S — J. r. Nearcft diftance of V firom the infcribed circle. 

Wiih radius r -f- the given diftance, and centre c defcribe an 
arc cutting EC in C, and proceed as in the ift cafe. 

16. S — J. r. Dillancc of V from conta£l of B and infcribed 

circle. 

With the given di fiance as radius and G as centre defcribe an 
arc cutting £C in C as before. 

17. S — J. r. Diftance of A or a from centre of infcribed 

circle. 

This is to be done as the 6th cafe. 

18. S — J. r. Nearcft diftance of A or a to infcribed circle. 
Proceed as in the 17th and 6th cafes, 

19. S — j.r. Diftance of centre of infcribed circle from 
intcrfcftion of B and L. 

With the given diftance as radius and centre r, defcribe an 
arc cutting AB in D, and proceed as in the loth cafe. 

20. S — J. r. Diftance of centre of infcribed circle from 
foot of p. 

With the given diftance as radius and centre c defcribe an arc 
cutting AB in I, crcH the perpendicular I C meeting the locus 
in C, and proceed as in the ift cafe. 

21. S — J. r. Diftance of centres of infcribed and circum- 
fcribcd circles. 

The diamerer of the circumfcribing circle becomes known 
tVcm Prop. V. Art. II. Vol. II. of the Old Series, and the con- 
ftruftion from thence obvious. 

Thr known loci^ when the following pairs of data are given, 
viz. V and B, V and B + S + j, V and — B + S -h J. V 
and infc. n on B, B and S : ^, B and S* -|-i*, B and S*— A 
S : n and L, A — « and m — «, and others, prefent each a 
(imilar fcrics of conftni3ions, obvious to the geometer almoft 
at firft fight ; many of which, from the limits of one of the 
data being Diewn, offer a much greater number of cafes than 
aie given above. I beg leave to recommend to vour ingenious 
i"(.rrefpondents, a fearcti to difcover as many ot thefe lod as 
poflible, even though they happen to be conic feflions, or even 
r*.iives of higher orders; thefe inveftigations appearing to offer 

one 
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one of the mod pleafing, and certainly not the lead ufcful ap« 
plications of Algebra to Geometry. 

Th£ Solutions divert by Mrffrs, Bazley, Btittcrwonh, Dnwcs, 
Smith, and Wright, wtrc txaflly the fame as that given above 
by Mr. Farcy. 



XI. QUESTION 11, by Mr. John Wright, NorUy. 



Given the bafe and vertical angle of a plane triaiiijlc to coii- 
&ru£l it, when the foiid of the line bifetting the vcitical aM;^]e into 
the fquare of the difference of the fegniems of the bale made by 
the perpendicular is a maximum. 



First Solution, by Mr. ]ous Wright, iheTropof-r. 

CoNSTRUCTiOK. Through the extremities B, H, (fig. 15, 

!d. i.)of the given bafedefcrihe a circle BCHP fuch, that the 
egment ACH may contain the given vortical angle ; bifcft BII 
in A with the diameter CP, in which determine the point S 
fuch that, R being the centre of the circle, and RI =■: CI, t'.t^ 
rc£langle SP x SI may be equal to AP x RI : draw SO parjilcl 
to BH meeting the circle in O, ihjn joining BQ, HO, BQH 
will be the triangle required. 

Demonstration'. Demit QD perpendicular to BH an.! 
DG to PQ ; to the circle at O draw the taiicrent TN terminating 
inBH and PCproduccd, and let TP be Liiracd in O. TImti 
becaufeTS : PS :: CS : RvS, bv compofiii/>n TP :- 2PO : PS 
:: CR = 2RI : RS, or PO : PO + OS :: \\\ : RS, and by div. 
PO : OS :: RI : IS :: SP : AP by conflr. il.t-reFon-, OS y 
PS =rPO X AP; hence by my folutioii oi OiuHioii 2;)8, 
No. XII. of the Old Series of the Repofitory, thl- righi-:inoL'd 
triangle FQD is greater tlian any other w!i;io 1j\ p.)thci:ulv.' 
paflet through P, and having one li-j; parallel to TP, that ciii 
be formed within the tiiangle ATX, an/l nuich ir.-Tc ihc'n 
muft It be greater than any other of a like conirruhioii iljit 
can be formed within the fegment HQCB. Tlie tiianjrl:: 
FQD being then a maximum, FQ x GD, ,\rA coiilV^iuciulv 
FQ X GD X CP muft be a maximum ; but GD y, CI' -- TO 
X SQ by fimilar triangles ; conlequcntly FQ* x SO 01 
FQ« X (BD — DH) is a maximum. 
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Second Solution, iy Mr. William Smith, Liverpool. 

Construction. Let AB (fig. i6, pi. 2.) be the given 
bafe, AGBF the given circumrcribing circle, and GLMF its 
diameter, bife£liiig the bafe in M. On GM defcribe a femi- 
circle, to which draw a tangent PQN (the method of doing 
which is well known) meeting FG produced in Q and the tan- 
cj^tm at F in P, fo that QL may be equal to 4LF, draw LNC 
parallel to AB meeting the circle in C ; join AC, CB and^ACB 
will be ihe triangle required. 

Demonstration. Join FC meeting AB in E, and demit 
the perpendicular CD. Then, by finn.ilar triangles EC x CL'= 
FC-CL-ED, but CL-ED =: CDGL n ML-GL = LN*; 
therefore, EC*CL' zi FC'LN*; but, fince by conftruQion^ 
OL z: 4LF, the produft FL'LN^ is a maximum, or the fame 
multiplied into the conilant quantity TG will be a maximum, 
that is FC'LN'* is a maximum, or FC'LN* is a maximum, 
that is, from what is done above, EC'CL' is a maximum. 

Q. E. D. 

Ingenious Solutions zvere alfo received from Meffirs. Baziey^ 

Cavill, j/<^Marrat. 



XII, QUESTION 12, by Mr. James Cunliffe, Bolion. 



It is required to determine the locvs of a point, from whence 
ii perpendiculars be drawn to three ftraight lines given by pofition, 
the fum of the fquarcs of the faid perpendiculars may be equal to 
a given fpace. 



First Solution, by Mr. J. I. 

I . In the firft place we (hall confider the propofition in the 
ciilc when the lines given by pofiiion meet in one point. 

An.\:.y;»is. Let AB, AC, AD (fig. 17, pi. i.) be three 
lines given by pofition interfccling one another in the point A, 
ajid !ci EB, EC, ED be the perpendiculars drawn to them from 



the 
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the point E. Join AE, and upon it as a diameter defcribe a 
circle, which will pafs through D, C, B as is manifeft. Join 
DC, CB, DB ; then it is obvious that the fevcral angles of the 
triangle DCB are given (being eaual to the angles that the given 
lines make with one another) and therefore the triangle is given 
in rpecies. Take any line pr (fig. 18, pi. 1.) and upon it con* 
ttrutk a triangle par nmilar to DCB ; about the triangle pqr 
defcribe a circle of which iji is the centre, and take n the cen- 
tre of gravity of the three points pqr and join pm, qm, rni ; 
pn, qn, rn and draw the diameter umns ; alfo let O be the cen-^ 
tre of the circle pcifGng through D, C, B , and G the centre 
of gravity of the fame points, and join DO, OB, OC ; DG, 
BG, GC and draw the radius OGF and the lines AF and £F. 
Then becaufe the triangle pqr is fimilar to the triangle DCB 
and that the points m and n are fimilariy fituated m refpefl 
of the one as O and G are in refps6l of the other, it may eafily 
be proved that the feveral triangles pmn, qmn, rmn are fimilar 
to the triangles DOG, BOG, COG; therefore, the feveral 
angles at O are equal to the fevcral angles at m each to each ; 
but the angles DAF, C AF, BAF are the halves of the angles 
at O ; theiefore, they are likewifc the Iialvcs of the angles at m ; 
confequently the angles that AF makes with the given lines AB» 
AC, AD are given and the line AF is given by pofltion. 

Draw GH at right angles to OF and join OH, HF« Be- 
caufe G is the centre of gravity of the three polnis D, C, B* 
it is a property very anciently known (Vide Cor. ift. Prop ,5th. 
Lib. ftd. Loc. Plan, a R. Simfon reft.) that DE'-f-EC* + 
EB« = DG*+BG" + CG" -+- 3GE» : And in like manner. 
DO* -+-B0' + OC^ or 30H* = DG*+BG'H-CG^ + 3GO*; 
therefore, DG» + BG* +CG» = jjOH' — gGO' — ::^GH» , 
confequently denoting by S the given fpace that is equal to 
DE« + EB» H- EC*, there refults S rr 3GH*+ 3GE* =z 3GH* 

-J-SGF* -+- 3FE* = 3HF» +3FE': therefore, 5 _ HF* + 

FE*. Draw tn at right angles to ms and join mt, ts : then it is 
obvious that the triangles mm, mts aie fimilar to HOG, HOF: 
therefore, 2tm or su : ts :: aOD or AE : AF. Therefore, 

? == ^4 X AE* + EF«. Make ts* : su* :: '^ : AK*, and 

su : ts :: AK : AL : then it will evidently follow, that, 

AT « 
AK* = AE* + JJ^. X EF* 

a property of an ellipfe of which A is the centre, AK the femi-' 
tnofv^e axis^ and AL the focal di fiance. Therefore the 
L0CUS required is a given ellipfe. 
Vql.LPartL (D) Cq^ 
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Construction. Affume any line a^ pr ; make the ang?c 
qpr z= CAB and the angle qrp = CAD : about the triangle pqr 
defcribe a circle of which m is the centre, and take n the cen- 
tre oi gravity of the points qpr, and dratv the feveral lines as 
dire&ed in the Analyfis. Draw the line AF to make the angles 
DAF, CAF, BAF equal to the halves of the angles tms, qms, 
mis : and make 

ts* : su» :: - : AK* 
3 

and su : ts :: AK: AL 

then the locus required will be an ellipfe of which A is the cen- 
trc, AK the femi.tranfvcrfe axis, ana AL the focal diftance. 

s. We proceed to the cafe when the given lines do not in- 
teifefl in one point. 

Analysis. Let the given lines form the triangle ABC 
(fig. 19, pi. t.) by their mutual intcrfc6lions ; aflume a point 
P within the triangle, and draw PQ, PR, PS perpendicular 
and PL, PK, PM parallel to AC, AB, and BC ; then, if the 
perpendiculars drawn from the point Fi meet PL, PK, and 
PM in L, K, and M, it readily follows that, EH*4- EF*+EG" 

= / EL* -h EM' + EK* \ -♦- /PR» + PQ« + PS*\ + 

2 |eK-PR + EL-PQ— EM-Ps} . 

Again, twice the area T)f the triangle ABC is equal to 
/aCPR+ BC-PS + AB-PQ \ and it is alfo equal to 

/aC-EG + AB-EF— BC-Eh\ : therefore, taking equals 

from equals, /bC-EK + AB-EL — AC-EM } = o. Now, 

if we fuppofe the point P, which was aflumed ad libitum^ to 
betaken fuch, that PR, PQ, PS arc proportional to thegiveti 
lines AC, BC, and AB, it is clear that, 

|pR-EK + ELPQ — EM-PS } = o. 

Suppofinrr then th?t the point P is taken as above, it will follow 
from what has already been fliewn, that EH* + EF* + EG* =5 

{eM*+EL*4-EK*} + {PR*-|-PQ«4-PS»}. There- 
fore, denoting by S the given fpace that is equal to EH* 4- £P 

+ 
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+ EG*, there rcfults EL« + EM* + EK« = S — {PR« H- 

P(J'-f-PS*|. Therefore, fuppofxng the point to be deter- 
mined, this fecond is raanifcftly reduced to the firll cafe. 

.It remains onlv to determine the point P. Draw the lines 
APN, CPO, and BP. Then, as was fuppofed, AB : AC :: 
PQ : PR; therefore, AB* : AC* :: AB x PQ : AC X PR 
:: A APB : i£i APC. But it is eafilv fliewn ihat A APB : 
A APC :: AABN : AACN :: BN :'NC. Therefore, AB» 
: AC* :: BN : NC ; therefore, the point N in which BC is 
cut in a given ratio is given, and the line AN is given by po- 
fition. In like manner it is fhewn that BC : CA* :: BO : 
AO9 and that CO is given by pofition ; therefore the point P is 
determined. 

By the preceding Analyfis, the fecond cafe is reduced to 
the firft. It fallows too that the fum of the fquares of the 
perpendiculars drawn from the point is a minimum, or is lefs 
than the fum of the fquares of perpendiculars drawn from any 
other point ; and hence, in this fecond cafe, the locus is re- 
ftriaed, it being requiiite that the given fpace Ihall not be 

greater than |PR« + PQ« + PS*} . 

Corollary. Although the cafe of three lines only has 
been conlidered, yet it is manifeft that the fame Analyfis and 
Conftni£lion will apply, mutatis mutandis^ wbatp^er be the 
number of lines given by pofition* 



Second Solution, by Afr, William Smith, Uverpool. 



Lemma. Let Y, W, t, &c. (fig. 20, pi. i.) be any 
number of given points in a right line given in pofition, and 
kt any line GP be drawn parallel to a line given in pofition and 
produced to P, fo that a fquare to which YG' has a given ratio, 
together with a fquare to which WG' has another given ratio, 
together with a fquare to which tG' has another given ratio, to- 
gether with GP* may be equal to a given fpace. Then I fay the 
bcus of the point P is a given ellipfe. 

Demonstration. Take any point G and ere£l the per* 
pendicular G£, fuch that ihe triangle tGE may be equal to a 
Muare to which tG' has a given ratio, and produce t£ to meet 
YC, parallel to GE, in C ; find the point L fo that the triangle 
YGL may be equal to the fquare to which YG' has the given 

(D2) i^\o\ 
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ratio; find alfo the point R fuch, that the triangle WGR may 
be equal to a fquare to which WG* has the given ratio. Then, 
by hypothefis, the A tOE -+- A YGL + A WGR + GP« 
r= a given fpace. Produce YL to meet tE in A, a given 
point, draw AD parallel to YC and join CD meeting GE in S ; 
alfo produce WR to meet CD in B, a given point, and demit 
the perpendicular BF. Then the A tGfi + ^ YGL = AtAY 
+ A AEL, but YC and AD being parallel, it is evident that 
GS =: EL, or the A AEL rzthe A DGS, alfo that the A 
DGS + A WGR - A WBD H-A SBR; draw WZ pa- 
rallel to FB and join ZF meeting DL in O, ilien the A FGL = 
/i SBR; therefore, the given fum (= A tGE+ A YGL + 
A WGR + GPM = A YtA + A WBD H- A FGL 4- 
GP', but the trianjjjes YtA and WBD are given; therefore, 
the A FGL + GP' is given, that is, a fquare to which FG* 
has a given ratio, together with GP* is given, and F a given 
point; therefore, by the well-known properties of the ellipfe, 
the locus of P is a given ellipfc whofe centre is F and ordinate 
GP, parallel to the conjugate of FG. 

Analysis. Fig. 21, PI. 1. Let AB, BC, CD, DA, &c, 
beany number of lines given in pofition, and P a point fuch, 
that demitting the perpendiculars Pa, Pb, Pc, Pd, the fum of 
their fquarcs may be equal to a given fpace. Produce one of 
the perpendiculars as Pa to meet AD in K, CD in I, and AB 
in H ; at P creft an indefinite perpendicular Pirqpgfv, and take 
therein Pi fuch, that HP'Pi ::= Ph', and prmliice Hi to meet 
aL (drawn at half a right angle to aP) in R, demit the perpen^ 
dicuiar RE, alfo draw HL parallel to RE meeting AR in L, 
and join EL meeting Pi in f and dt^mit the perpendicular EO 
upon AB. Then, fince HP-Pi = Pb^ by parallels, HE'Ea 
(ER^=JLO*; therefore, the locus of the point E is aright 
line BE given in pofitiun, which produce to meet DC in 
the given point X. Moreover, fincc the A HPi = half 
the fquare on Pb, and the A aPv 3= half the fquare on 
aP ; therefore, half the fum of the fquares of Pb, Pa, is equal 
10 half the Aim of the triangles HPi, aPv = A HRa 4- ARiv, 
but fince HL is parallel to RE the A Riv — A EPf; there- 
fore, half the fquare on aP together with half the fquare on bP = 
rr A HaR + A EPf. Again, find in Pi the point r, fuch 
that IP'Pr may be =: to the fquare of the perpendicular Pc 
demitted on IDC and join Ir meeting EL in S, demit the per- 
pendicular SF, and draw LM parallel thereto, meeting EL in 
M, and join FM meeting Pr in g, and demit on CD the per- 
pendicular Fv. Then fince IP'Pr= Pc' ; therefore IF'FS ^ 
Fy'; therefore the locus of the point F is a right line XF given 
in poHtion, which produce to meet AD in Y, a given point* 
aJib, fince the reel. IPr =: Pc* ; therefore, half the fum of the 

fquarc9 
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fquares of Pa, Pb, Pc£= A HaR+^ EPf -f ^ IPr =^ HaR 
+ ^ IES+ ^ Srf, but fince FS is parallel toIM, the A Srf = 
^ FPg ; therefore, half the fum oi the fquares of Pa, Pb, Pc 
= A HaR + A lES -I- A PPg, Find alfo, in Pr the point 
p, fuch, that KP'Pp may be :=: to Pd*, ioin Kp and produce 
It to meet FM in T, demit the perpendicular TG and draw 
KN parallel thereto, meeting FM in N, and join GN meeting 
Pp in q and demit the perpendicular Gz on AD. Then fince 
KP-Pp z= Pd* ; therefore, KG-GT = Gz» ; therefore the locu$ 
of the point G is a right line YG, given in pofition. M^re* 
over, fince the A KPp = half the fquare on Pd ; therefore, 
half the fum of the fquares of Pa, Pb, Pc, Pd= A HaR + 
A lES + A KET H- A GPq, the fum of thefe triangles is, 
therefore, equal to a given fpace, but A HaR is to BEr in a 
given ratio, that is half the rcflangle Ha*aE is to BE* in a 
given ratio, the A I£S is to EX* in a given ratio, and the 
A KFT is to YG* in a given ratio ; alfo drawing Bt and XW 
parallel to aG meeting YG in t and W; BE* is to Gt* in a given 
ratio, and EX* is to GW* in a given ratio; therefore, (the 
/^ HaR + A lES + ^ KFT + A GPq=:) a fquare to which 
Gc' has a given ratio, together with a fquare to which GW* has 
a given ratio, together with a fquare to which YG* has a given 
ratio, together with a fquare to which GP has a given ratio, is 
given by the quellion ; and therefore, by the Lemma, the locus 
of the point P is a given ellipfe. 



XIII. QUESTION 13, ty ScoTiciys. 

Let f and -^ be two arches fuch that fin. p + cos. >), = a, 
and fin. "^ -4- cos. ^ == ^ : Required fin f and cos. ^, alfo fin. 
^ and COS. ^ ? 

First Solution, iy the Propofer. 

Put e =: 90** — +, then cof. + = fin. • and fin. 4, = cof. 0, 
thus the propofrd equations become 

fin. p + fin. =r a 
cof. ^ + cof. 0=4. 
Now, from the common theorems for finding the fine and co- 
fine of the fum and difference of two arches, (fee Emeribn's 
Trig. Book I. Prop, 6. Schol. a.) we hay? 
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fin. 9 -4- fin, d ir sfm. |(^ + •) cof. i(p — •) 
cof. <p 4- cof. • = 2Cof. |(^ + •) cof. |(^ — •) 

therefore, 

2 fin. ■!(<? + •) cof. |((p — •) = fl 
2 cof. |(^ + ®) cof. i(f — 0) = A. 
Taking now the fum of the fquares of both equations, and 
obferving that cof *|0p -*-«) + f>n.'K?+^) = i we find 

4 cof.» |((p — 0) = a» + i». 
Hence we have immediately 

2 fin. i(tp - = i/(4 — «' — i'). 
and from the fame two equations 

But by the Prop, in Emerfon's Trigonometry already quoted,- 
fin. <p — fin. = 2 cof. \ip + 0) fin. J(^— -i) 
cof. ^ — cof. = - 2 fin. |-(f + fi) fin. |(^ — «)• 

Therefore, 

fin.^)-fin. ,= ^V,t,ia) 

cof. ^)- cof. 0= ^(^.4.^,) - 
Mence^ and from the given equations, we derive the following 

exprcffioni, in which n = ^(~> qrfi~ = ^^?+I* "" *^' 

fin. ^ = |(^+^^) 

cof. f = |f^ — an) 
cof. = fin. 4^ = |(^ + an) 
fin. d = cof. >|^ :=: {(a — bn). 



Second Solution, by the Rev. Mr. Scvkk. 



Let the fines of ^ and >^ be x and y refpefiively ; then will 
the cofines be denoted by ^^(i — j*) and v/(i — jf"). 
By the qucftion x + |/( 1 — y') s-r a, 
and y 4- v^(i — *") = ^ : 

From the firft equation jr^stf — v^(i — >*)• 

and 
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and from the fecond j? = y^ s i — (i + y)* > . 

Hence,tf— /(I— /)=/{i — (A+ /) } : 
This equation by proper reduflion becomes, 

y* — iy = -^- , where i*=:fl*+ b^ : 

Whence^ = {b- /^fll^,^ = j^-i^C-^^^,-,). 

Every thing required by the queftion may now be very eafily 
found. 



Third Solution, iy Mr. Wm. Smith, LiterpocL 



Lemma. Let ZN, NW, WZ (fig. 22, pi. 1.) be three 
right lines given in pofition, and let O be a given point ; it is 
required to find the point S, in WZ fuch that drawing S£, SC 
parallel to lines given in pofition, and meeting ZN, NW in £ 
and C, the lines drawn from O to the points £ and C may be 
equal to each other, that is, fo that 0£ may be equal OC. 

Demit the perpendiculars OF, OD, and draw FP, DL parallel 
to SE, SC ; then, fince OE = OC it is plain that DC* — EF* 
( = OP — OD*J is given, but DC is to LS, and EF to PS in 
given ratios; therefore, PL being a given line, the problem is 
reduced to the finding the point S therein, fuch that a fquare to 
vhich SL* has a given ratio, minus a fquare to which SP' iias 
another given ratio, may be equal to a given fpacr, the method 
of doing which is very fimple. Hence the iollowing condruc- 
fion of the problem propofed by Scoticus. 

Take (fig. 23, pi. 1.) OG, OM equal to a and h rcfpeflively, 
and bife£lb them in I and L, ere6l the indefinite perpendicular 
OW, and take OH, OQ equal to OI, OL rcfpeflively; draw 

8F, HT parallel to OM meeting IF and LT, drawn parallel to 
W, in F and T. Take HW fo that HW may be to HT as 
MO to OG, alfo take QZ fuch that QZ may be to OF as GO 
to OM; join WT, ZF and produce them 10 meet OM in K and 
N. Then, by the Lemma, find the point S in G V, drawn at half 
a right angle to GO, fuch that drawing SC parallel to OM, 
meeting WK in C, and SE parallel to WO meeting ZN in E, 
the lines drawn from O to E and C may be equal ; join OE, OC 
and from the centre O with radius OE or OC dcfcribc a circb 
meeting OM in A, fo fihall AC, AE be the arches required. 

Demonstration. Demit the perpeud\cv\\Ms ^Xi. C'^ 
aeetiag QF, HT in R and P. Then, fmcc, \>v eoxv^vtVLt^:\otv^ 
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OGS is half a right angle, GD (= DS =) =r CB, and» by con- 
ftruaion, BP (OH) zrOI (OI, therefore, ID = PC : but PC : 
BL (PT) (as HW : HT) : : MO : OG, that is, ID : BL : : 
MO : OG ; therefore, ID X 2OG = BL x «MO, that is, 
GD* — DO* = MB* - OB* : but, by the circle OD* + DE» 
= OB* + BC* (DG*), therefore. (BC*) GD* — DO« = DE* 
— OB*, and, therefore, MB* — BO* = DE* — BO», or MB 
= DE. But, by conftrufiion, MB 4- BO (= DE + BO) 
= A, and GD -f- DO = CB + DO = a ; therefore, AC ((f) 
and AE (4^) are two arches, fuch that fin. ^ -f cof. -^-n a^ and 
fin. "^ -H cof. ^ = 3. Confequently AC, AE are the two arches 
required. 

Solutions were alfo receivedfrom Me/frs. Dawes and Marrat. 



XIV. QUESTION 14. /S^Hypatia. 

Required the value of (1 + - j when n is indefinitely 
great. 

First Solution, by Mr. Thomas Bazlsy* Bolton. 

Let the given expreffion (1 + i) * be afiually involved by^ 

n 

the Binomial Theorems and we obtain 

n in' fl 3 «* s 3 4 n* 

but fince n is indefinitely great, the factors n, fi — 1, n—- ft, &c. 
are equal to each other and to n, hence it becomes 

' n ' 2a' fi-S't ^•3>4'> s 2-3 fi«3*4 

which feries (it is well known) exprefles the number 2718282, 
whofe hyp. log. is unity. 

Second Solution, by Scoticus. 



i.n 
the equation 



Let JT =: (1 +^)^, then taking the hyp. log. of both fides o£ 
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lag. jc = « X log- (i + 1) 

butlOg. (» + ?) Z= I — -L + -i- - -ir + &C* 

** * n' n an* 311* 4n* 

therefore, log. xzz i — — H ^ — — . + &c. 

° 2» 311* 4^' 

and, when n is indefinitely great, log. x = i. Hence x z: the 
number whofe hyp. log. is 1 = 271828189 theanfwer. 



Third Solution, by Mr. W. Wallace, R. M. College. 



Let V zz (1 + -j • then taking the fluxions, 

V = X (1 + -) ; 

n 

let the latter equation be divided by the former, and we have 

V _ X 

n 

which equation, when n is indefinitely great becomes 

• 

V 

- — X 

V 

Hence, taking the fluents, v = « , where e zz 2*7182818 = 
the number whofe hyp. log. is unity, and when x= 1, then vzze. 



XV. QUESTION 15, ijF Analyticus. 

Required a general expreflion for the area of a curve whofe 
equation is 

y e/{, - 3a:») = _^.. 

Solution, Ly As alyticxjs, the Propo/ir. 

From the given equation we have the fluxion of the area 

■i"» — — — -- ^ 



V0t,L Part J. (£) KSLmsia. 
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AJfume V(i — 3**) = » — 7. J»<«ice, * =s ^^ (t -t- 2») — 

3f V^U* + 22* — -jli fo that by uking the fluxion and fubfti- 
2 

tuting, &c« the fluxion of the area is transformed to 

\a (1 — 2*) s £1 3z^ + 1 z 

And in this cxprefTion the firft part ot the fluxion is rational. 
To transform the fecond part, let us further aflumc ^{qz* + 
62= — t) = vZf hence the fecond term becomes 



• •■ 



i$ transformed to 



, thus upon the whole the fluxion of the area 






a V 



(1 +2*)(3^' — 21/3'^" — 4 
an expreflion entirely without radicals, and therefore intq^ble 
by methods fufEciently known. 



XVL QUESTION 16, ^7 Amicus. 



It is required to find the furface of an oblique cone the 
radius of the bafe being unity, the perpendicular from the 
vertex \ and the diflance of that perpendicular from the centre 
of thebafe 7y^3. ^ 



First Solution, by X. 

Let C (fig. 24, pi. 4.) be the centre of the bafe, V the 
vertex, VA the perpendicular from the vertex, meeting the bafe 
in A : join CA meeting the circumference of the bafe m H, take 
B any point in the circumference, and draw the tangent ^D» 
meeting CA produced in £, draw VD perpendicular to BE, and 
join CB, BA. DA. VE. 

The triangles VDE, VAE, VAD are right-angled at D and A, 

therefore, VE« - EA* = VD» - DA*, hence AE* — AD» = 

VE* - VD* = DE\ therefore. AD is perpendicular to EB, and 

confequcaily pandlel to CB* 

JSy hypothcfis CB, the radius ot thebaic^ zz i» 
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Pill CA, the dift, of the perp. from the centre {cz $v^3) S J^ 
VA the perp. from the vertex (zz |) = ^, 
HB» any variable arch of the circumference zi ^. 
The triangles ECB, EAD are fimilar, hence 
EC : CB : : EA : AD. 

or fee. f : 1 : : fee. o — d : AD iz ^^' ^ . z= i — rf cof. -0 

fee. tp ^ 

Therefore, DV = v^{/>' + (i — ^cof. 9)*| ; now the 

fluxion of the furface, comprehended by the arch ^, and lines 
drawn from the vertex to the extremities of that arch, is equal 

to {f X VD, therefore, putting s for that furface, 

J zz |(p y^|/^* -f (i — J cof. ??)'|. 

To prepare this fluxion for integration let us aflume another 
arch 4., fo related to ^ that 

where it appears that while 9 increafes from o to v (or 180^) -^ 
alfo increafes from o to sr^ 

From the aflumed equation we find 

1 (1 — ot')>1' fin. >^ j^ ^ \/(t — »i*)fin. A 

fi zz p . \. I ' — -, and «n. ^ zz ^ ■ ' > 

fm. 9 (1 -^ m col. ^r 1 -*- w cof. >!' 

»xii, therefore. .? = /(,-«.'). ^^^^f^ ; 

wc next fubftitute — P- -h—, for cof. (p in the radical 

t '^m col. y 

quantity ^\p^ + {l — ^ cof. (py j- which thus becomes 

where 



i/g + /3 cof. >^ "f- y cof.* >^) 
1 -i- m cof. >}^ 

azz p* + (l — wiO* 

18 zz 2 {/>'« + (»i — ^j(i — ''i^) }, 

y zz m*p^+(d'-'m)K 
Aflume /3 = o ; then, by refolving a quadratic eqiution, vfft 

w. = .±^_4(;:±^)--.}. 

llAere the leaft root is taken, in order that m nxay V>e \it^^ iSoAa 

injrp> Mid thus ^ a real quantity. 

^ (E2) "P^ 
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The mdical ^{m + fi cof. + + y cof.* 4^) may now be ex- 

prefled thus v^(as + v) X l/(i ;—- Tin.* v^) : now from 

the preceding equations we have 

mp^:izz — {m — ^(i — mi) 
hence, by extenninating j^* we have more (imply 

« + y = (1— TO*)*- • 

Again, from thefe equations 
«=/>»+ (i— W)* 

y = »«/>« + {d — my 
by exterminating tti*^* and i — md\wQ find 

«(rf-m)« = 7/«. and hence ^ = ^- J^~/^^y , 



let this value of be denoted by c^, and our original 

a -f> y ° 

fluxionary equation s zz |(p ^ \p^ + {t — d cof. (p)' !* 

is transformed to 

*^ m (i + »i cof. 4^)* 

We are next to reduce this new fluxionary cxpreflion to 
others more fimple, whofe fluents are commonly known. For 
this purpofc we affumc the algebraic expreffion 

— . V p— ^ , the fluxion of which is 

1 -f- ?« col. >J/ 



•4/ cof. %J/ A e*^ fin .'>}/ cof. >f / ro4' fin.* 4/ A 

1 + 772 col. %J/ (i -I- ;« cof. 4') ^ [i + »« cof. 4')* 

where, for the fake of brevity, A is put for the radical 
^(i— ^* fin.* 4^); and here it is evident that this fluxionary expref- 
fion, the fluent of which we already know, involves in its terras the 

• 

fluxion / 7—r-^ whofe fluent we are inveftisatincr. That 

( 1 -+• 772 cof. 4^) 

we may the more readily (eparate this complex fluxion into its 

component terms, it will be convenient, for the prefent, to fub* 

^itute X, and i — ** for cof. 4^, and fin.* 4^ refpeSively, and 

then reduce the whole to a common denominator, it thus 

bcfomen 
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^•^^ 



and this again by methods of redufiion fufficiently obvious it 
refolvable into 

now the laft terra of this expreflion is evidently the very fluxion 
propofed, which, it thus appears, depends upon tlie fluxion of an 
algebraic quantity, and other fluxions, whofe fluents are to be far- 
ther the fubje^l of in ve {ligation. 

- 1 — m cof. \J/ - I J A 

Let us now put ; — =-5-7- for — ; 7—7 and reitore 

'^ 1 — Wl'COf.NJ/ I + WCOl. -v^ 

cof. >]/, and Cn.* >]/ for x and 1 — x*« then putting Z for the 

whole expreflion, or for the fluxion of — r-- — 7--r we have by 
^ 1 + cof, >J/ ^ 

■ 

tianfpofit,on (* - «•) [^^^^^{.4,)' "'I"'''** 

'^ (1— W- C0f.*^^)Z:X^(l — ;»'» C0f.•^^)A A 

The fluent of Z we already know ; the fccond term 

^^^ — 7^--— — -- may be integrated by an arch of a circle ; 

(1— m'' cof.*>j/)A / 6 / 

the two remaining terras, by putting = n and fubfli- 

tuting I — fin." -4/ for cof." \^, may be reduced to this form 

; J. 1 — «>l/,i+« 1 — wfin.*4/ 4/ 
^ 2 A 2 1+ wfin.* >|/ II 

where 4'^ and . — are integrable by the arcs of conic 

r rL' . 1 n • * ^ fin." \^ 4/ . -, . . 

lections : as to the fluxion ^ — -— , . — its fluent is m 

1 -+-» nn." 4^ Li 

feneral a tranfcendant of a higher order than can be expreffed 
y arches of conic fe£lions; there are cafes, however^ in which 
It may be exprefled by an arch of a circle, and this happens m 
particular when n c: ^ : Now, by the queftion, d z=: iv^(3)» 
/ =s |« and, therefore, m = i^i^)^ czz,\^ and Ti=> \'=>^^ 
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hence it appears, that the fimplification juft now mentioned, takes 
place in the cafe under confideration. 

Upon the whole it appears that, by fubflituting numbers for 
j&, d^ m^ and €, 

where A = ^/(i — J fin.* n]/). 
Now the fluent of Z is ""' ^^, . 

1 + W COl. -s}^ 

Take 8 anarch of a circle fuch that tang, a zi |\/(3) — ^ , 
then, the fluent of v/q — ^" ' '^ ^ is the arch ». 

^ ^(3— COl.-'vl/) ill 

The fluent of ^^A or ^^ \/(i — } fin.* >{/) is evidently an 
arch of an ellipfe, liaving its semi-conjugate axis z= I, and excen- 
tricity = « iz |, the arch to be reckoned from the extremity of 
the conjugate axis to that of an ordinate to the tranfverfe, whofe 
diftance from the centre is fin. %^; let this arch be denoted 
by E. 

Let E denote the exccntricity of another ellipfe, fuch, that 

the femi-conjugate axis being alfo 1,£ = ■ — — ^- = 

,, , and « an arch of a circle, fuch that fin. eu zsz 

I 1 -*- i/d — ^*) I fin. >J/ cof^ >}/ . 

^(^_,.fi„,,^) . or fo that tan. (.-^) = 

\/(i — tf*). tan. >}/, where it is to be obferved that while 4/ in- 
crcafes from o to t, a; increafes from o to 2«r, let E' denote an 
arch of this ellipfe, intercepted between the conjugate axis, and 
an ordinate to the tranfverfe, the diflance of the ordinate from 
the centre being = fin. a;, then, putting c (= It/3) for the 

• 

femi-conjugate of the former eHipfe, the fluent of - or 



/U — er'fin.^ 4/) 



IS - i — EH E' -I- — fin. CO f 

c i '2 ^^2 J 



* 5nr 7>^/V itu Calcul Difirenttei et in CaJad Intef^ralpar La Croix, Vol. 1 1, 
ffv-c 181/ tAeyamemty Sejound/rum Landenfi Memoirr. 
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I 

« 

Finally, let t be fuch an arch that (' + <> /»; ^ ,^ • 

— 7—75 — r-7 = fin. T, then the fluent of 
a + fin.* >J/ 

t— lfin.»>J/ nJ/ . ,,2 

and thefe fluents being fubflituted in the general exprefiion will 
give the area required. 

The whole area, or the fluent generated, while ^ from o becomes 
ftv, will be found by confidering that •^ and ralfo increafe from 
o to 27. increafes from o to a certain limit, and then decrcafes 
to o, and cj increafes from o to 47 ; hence Z zz o, =z o, r— 2»', 
the ellipfe whofc excentricity is c increafes from o to the whole 
circumference, and the ellipfe whofe excentricity is s increafes 
from o to two circumferences; hence, putting A for a quadrant ot 
ihe former ellipfe, and B for a quadrant of ilie latter, the whole 
area is 



Second SoLUfioK, iyMr.].I. 

Let r denote the radius of the bafc of the cone, and k the per- 
pendicular drawn from the vertex to the plane of the bafe : Let 
z denote a variable arch of the circular bafc reckoned from a 
fiju origin, and let p denote the line drawn in the conical furfacc 
irom the extremity of 2, to the vertex : From the extremity of 
the indefinitely fmall arch z, draw a perpendicular to p ; then that 
perpendicular will be one leg of a riglii-angicd triangle, of which 

z is the hypothcnufe, and p the other leg : it will, therefore, be 

a . 

equal to V(^' — P*^' Therefore, the fluxion of the conical 
furface bounded by^, or the area of the fmall triangle ftanding on 
the bafc z, and bounded by lines drawn to the vertex of the cone, 

will be equal to - v^(«* — ^'). If now we put s for ths coni- 
cal furface fought, we have 

2 

Draw a flraight line from the foot of the perpendicular through 
the centre of the bafe, and let tf, denote the part q( *\t.\\\Xcitcs^^v^\ 
between the perpcndicuUr and the centre ot i\\c W^c •. \-iex ^ ^^ 
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the meafure of j on tbe circle having unity for radius, and fup^ 
pofe the origin pf z to be firft in die extremity of the diameter 
drawn through the foot of the perpendicular : Then, we readily 
get p^z=h^+ia — r cof. f)» + ^' fi°-* ^ = ** + «" + •'' 

V— 2flr cof. 4) : hence p = r^ X — : But 2; = r^ : 

therefore, by fubllitution *!=— v/(/)' — a* fia-'f)=s — X 

y^(A* +(r — acof.^)*,) And putting m= j, n = -r we 

get 

J = ~ >c ^ V^(i 4- (»i — n cof- ^)V) 
Putnow^=m — ncof.^3 then n fin. ^=: ^|{n* — (jn — yY) 

And ^z=z -77— i =7 TTv: therefore, 

/(«* — (wi — ^)«) 

^s yy/{i +y») 

It would far exceed our limits to treat the fluxional expreflion 
juft obtained in a general manner: we (liall, therefore, confine 
our attention to the particular cafe in the queftion. We have 

r* 
then w = 2, « = v^(3)i and rA = — , therefore, having fub- 

ftituted, the fluxion to be integrated becomes 

where ^ = 2 — vAg). cof. ^, and, therefore, it is contained 
in the limits 2 + y^3, and 2 — ^3. 

Let ^ denote the meafure of another arch, reckoned from the 
oppofitc extremity ot the diameter that P is, and fo related to 9 
that (2 + v^(3). cof. p') X (2 — 1/(3)- cof. ^) = 1 : then 2 + 

V^(3)* cof. ^=: - : alfo, let s! denote the conical furface, in- 
filling on p\ then we fhall obvioufly have 

gj^ y\/it -^y") 

V\xi y -f. -= 2(w-f. 1): then ^=« 4-1 -f- V^(tt*4:2tt): 
^/^ Z = u^ 1 — ^(u' + 2a) : and ^' +^ =^^: 
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tlicrefore, 

whence -, {s + j') iz -^^ ^--7T ?-"1 H^ And 



-^ (j — J')~ — ;,:: z-t In thcfc formulac 

u = ^''^ = ^ i^— j2 ;?-— ; and, therefore, tt is con^ 

ny 4 — 2/13-1 col. (p* 

tained in the limits i and o. The latter formula is evidently 

integrable, and we get - x (j— /)zz -r- - + >J/ — col. ^/; 

where fin. >{/ z: a, and w zz 3*14*5 &c- ; froni which we learn, 
that the difference of the two conical furfaces s and / is equal 
to a fcBor of the bafe, together with a re£lilineal fpace: 
and it will be a maximum when u = o, or when cof. 9 z^ 

— -.. and cof. ^' zz — .. ■ • 

Let us now confider the fecond formula 

Affumc K* + tt =: 22* : then a z: i| \/[82'+ 1] — W • 
And u r: . ^/ ^ : whence by fubllitution • 

The fluent of the latter part is obviously nothing more than the 

tt' "^ U-i 

arch of which 2 is the fine : Let cof, \J/ iz z z: v^i J = 

'i/' ^1, and while y increafos from 2 — i/ci to 

2v 2 

2 + V3> ^ wil' decreafe from 4* i> to — 1 : then, integrating. 

The whole is now reduced to the integration ot oiv^ ^o\m>A^^ 

which I Ihall caJI H, and which is compreheudci *uv \\i^ S^ottxA 

Vol. L Par t L f^) ^* 
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that Mr. Landen has integrated by means of elliptic peiipherks. 

AiTume /[Sa* + i] =; a- + /[a + a'] then ^^yj^i^^ ■ 
— i/' 1 — X J and — ■^"- = — ; '■ — •-, 

ihcrcforc, — ^" 



tvlicre the fluents of the two firft parts arc obviously elliptic 
arches, and the third part is an algebraic quantity. Let x =r 
cof. ^" 

II = /nJ;^' /[I — -fi"-"^'4- - A'V[i— -^ rin.= >|.'' + 
J 9 *6J 4 

— ^=^ where the two firft parts are arches of two cUipfcs of 

■ which the excenlriciiies are and - the femi-tranfverfe of 

3 2' 

each being i : the arches v' and v" are reckoned from the ex- 
tremity ol the conjugate axis, and arc defined by ordinates pa- 
rallel to the tranfvcrfe equal to fin. \^' and fin. N^^refpeflivcly. 

The preceding analyiis enables us to aflign a portion oi the 
conic furface ftanding on an indefinite arch of the bafe, as we 
have computed both the fum and difi'erence of the parts denoted 
by s and s\ But we arc required only to find the whole furiac e 
t^: ti:c cone which is now readily done, and is equal to 

4 L 3 J 2 
wi.v.1'/ E denotes the periphery of the ellipfe of which the cx- 

cor.ti icily is ^' ; E' that of the cllipfeof which the excen- 

tiic:tyis4^; and ^ r: 3*14 i6i 

Kvtc. It may ho proper to remark that the arch 4^" becomes 
^ fctniciiclc H'hvn v i^ecuiiics a quadrant. 



■* '..'% 
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XVII. QUESTION 17, ^j'Geometricus. 



A triangle being given by pofition, and two points bcin|r alfo 
given, it is required to draw lines thiongh thefe poiius to 
interfcft each other in one of tlie lides of the triangle and meet 
the other fides fo as to cut oiF fegmcnts adjacent to given points 
in them, having to each other a given ratio. 



First Solution, iy jV/r. W.Wallace, li. ALCot/fg^. 



Analysis. Fig. 25, PI. 1. Let ABC be the triangle given 
by pofition, P, O the given points, from which lines arc to be 
drawn to meet in BC, one of its fide!«, and F, G the given points 
inABy AC the remaining fides. Suppofethc problem refolved, 
that is, fuppofc a point D is found in BC, fuch, that DP, DQ 
being drawn and produced to meet the given lines AB, AC in 
H and K refpcftiveiy, the ratio of FH to GK may be given. 
Take GL to FB in the given ratio of GK to FH, thus L will be 
a given point, and the ratio of HB to KL the fame with the given 
ratio of HF to KG. Draw PM parallel to AB meeting BDC 
in M ; the line PM will evidently be given by pofition, there- 
fore, M will be a given point, and a line drawn from Q to M 
will be given by pofition. Draw BR parallel to MQ, meeting 
DQ in N, then DR being drawn through a given pomt parallel 
to a line given by pofition, will alfo be given by pofition. 

The triangles DMQ. DBN are Timilar, hence BN : MQ : : 
BD : DM, but the triangles DMP, DBH, being alfo fimilar 
BD : DM : : BH : MP, therefore, BN : MQ : : BH : MP, 
and alternately, BN : BH : : MO : MP ; now, MQ, MP are 
given lines, for the points M, P, Q are given, therefore, the 
ratio of BN to BH is given, but by hypothefis and from 
what has been already fiiewn, the ratio of BH to LK 
is given. Thus it appears, that B and L are given points in 
BR, LA lines given by pofition, and that QKN is a line 
drawn from Q a given point without them, cutting off feg- 
mcnts BN, LK adjacent to the given points B, L, and having to 
each other a given ratio ; now this is a problem well known, 
and which has been con8ru6led in various ways by writers on 
Qeometry^ for example by Simpfon, in his Elements of Geome- 
try (Prob. 37, page 242, fecond edit.) but more efpecially by 
Pr. Hallcy, in his Tranflation of the Seflio Ratioms of 
Apollonius. 

(F 2) ^"^"^ 




' « ) 

The manner of conflriiflion and dc-mnnflration folli 
'vioiisly from ihe preceding analylis, that, for the fake o 

Second Solution, hy Mr. John Butte 



LctLMN (fig. 26, pi. 1.) be the givrn triangle, DaniC the \ 
given poinls in iIjc fides MN and LN, mid A and II the uiVilt 
given poitiis. Suppofe EH and EG to lie drawn ihrougli the 
points A and B lo meet ihc lides LN and MN i:i H .ind G To that 
CH may have to DG the given ratio. Ftoia A iliaw AS 
parallel to LN nieeung LM in S, join BS, and draw BA 10 meet 
LNatlandCAtomcetLM at P, and join PB : n,i llS ..I'.c 
BT=IC, and draw TK parallel to AB m meet I'.i' 
KR parallel 10 SB to meet MN at R. Now, it h. n, 
Prop. IV. of Profeisor Piayfairs Paper on Prifniv *, 
two lines whatever. «s AE. BE. be infleOtd fio:;! • 
and B to the line LM and meet KR in F and LC lu : 
be equal 10 HC. Hence the problem is tednncd 

Through the given point B to draw a right line GF :,• 

and KR al G and F, fo that DG ami KF may have a giwca raUu ; 
the method of doinjf this is poittltd ontatpoge 3j. i-ol, ULoflhe 
Old Scries of the Repolitory. 



XVm. QUESTION 18, hy Glom*: 



I 



Let h, B, be two given points in AB a fttaight )in«^ 

by pofuion, and let C, l) be two given points without itwi \ine\ 
let CV. DV, be drawn meeting AB m Y and G. fo iliu AF 
may have to EG ai-iven ratio: It it rc<^iiired to dclcrmine -ihc 
Locus of the point V. 



FiasT Solution, /> Wr. W.Wallace, R,M.C6l^ 

Analvsis. Divide AB at H (Eg. a;, b8, sg, 30, pi. ^.,, 
that AH may have to HB the given ratio of AF 10 BG, then 3 



I d»e liift Pwv Ot At U-Aitmi'i^i.-Iri 



TUu\.^g->- (o i^- 
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will be a given point, and FH will have to HG the given ratio 
that AF has to BG, or that AH has to HG. Now there will be 
fevcral cafes of the problem, depending upon the pofition of the 
piven points C, D with refpect to the line AB and to the point 

H. 

Case I. Suppofe that the line which joins the points C, 
D is parallel to AB (fig. 27.); join VH meeting CD in 
K, then becaufe FH : HG : : CK : KD, the ratio of CK to 
KD is given ; thcretorc, the point K, and the line KH are given 
by pofition, fo that in this cafe the locus of V is a ftraight line 
given by pofition. 

Case H. Suppofe that the line which joins the points C 
and D paffes through H (fig. 28.); draw FK parallel to DG 
meeting HD in K, then HF : FG : : HK : KD, thus the ratio 
of HK to KD is" given, and, therefore, K is a given point. 
Again, CK : KD : : CF : FV, but CK and KD are given mag- 
nitudes, therefore, the ratio of CF to FV is given, now C is a 
given point, and F is in a ftraight line AB given by polition, 
therefore, the locus of V in this cafe is alfo a ftraight line given 
by pofition, which will be parallel to the given line AB. 

Case IH. Next fuppofc that the line which joins the points 
C, D meets AB in E, (fig. 29.) fo that the given ratio of FH to 
KG is the fame as that of CE to DE, and fo that HF, HG lie 
in the fame, or in a contrary direftion, according as CE, DE 
lie in the fame, or in a contrary dircftion. Draw CM parallel 
to HG meeting DV in N. The ratio of CN to HG is com- 
pounded of the ratios of CM to FG and of FG to HG ; but 
CN : FG : : VN : VG and by hypoihcfis FG : HG : : CD : 
DE : : ND : DG, therefore, the ratio o\ CN to HG is com- 
pounded of the ratios of VN to VG, and of ND toDG, hence 
CN : HG : ; VN x ND : VG x DG.thus it appears, that the 
locus of V is a parabola which paffes through three given points 
H,C,D, and has its axis parallel to HG a line given by pofition, 
therefore, the parabola iifclf is given by pofition. 

Case IV. In th?* laft place, let us fuppofe that the point H 
and the line which joins the given points C, D have any other 
pofitions than thofe already confidered. Join HK (fi'j[. 30.) and 
Hraw FK parallel to DG meeting DH in K : then DH : HK 
; : GH : HF, that is in a given ratio, now D and H are given 
points, therefore, K is alfo a given point. Join CK, this line 
will be given by pofition, and will meet AB in a given point L, 
for otherwife CK muft be parallel to AB, and, therefore, produc- 
ing DC to meet AB in E, CE : ED :: KH : HD :: FH : HG, 
which is contrary to the hypothcfis. Draw HM, VQ parallel to 
CL, meeting FV, FE in N and Q, the line HM will evidently 
be given by pofition. 

The triangles QFV, LFC are fimilar, alfo the iiiansrles Q,GV^ 
LFK, hence 
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V : : FL : L(' 
and QV : ^G : : KL : LF 
therefore, ex ceq. QF : QG : : KL : LC 

Now KL, LC arc ^ivcn magnitudes, therefore, the rauo of 
QF : QG, and hence the ratio of QF to FG is given, but by 
hypothefis the ratio of GF to FH is given,' therefore, the ratio 
of QF to FH, or that which is equal to it, the ratio of VF to 
FN is given, fo that the ratio of FV to N V is alfu given. We 
have now found that from the given point C tliere is drawn a h'nc 
CV' to meet two lines HVI, HA given by pofition, fo that FV, 
KV the difiauccs of V from the lines given by pofition have to 
each ether a ^ivcn ratio, hence the locus of V is a given hy- 
perbola as is pretty generally known, and as was perhaps 
firll fhewn hv Dr. Bariow, in his Geometrical Le£lure$ 
(Lea. VLJ ' 



Second Solliion, ly Mr. ]. L 



Divide AB in E (fig. 31, pi. 2.^ To that AE : EB :: AF ; 
AG. Join CE and make CE : EH :: AF : FG or AE : EB. 
Diaw DLH and CK parallel to it. Then, becaufe 
AE : EB :: AF : GB; therefore, AE : EB :: FE : EG :: KE 
: EL ; confequcntly, KF : GL :: KE : EL, or as CK to HL. 
Draw CR parallel'to AB and divide Dll in N, fo that DN : 
NR :: DL : LH ; draw NQSP parallel to AB meeting DV in 
O, CV in P, and KC in S. Aifo divide KL in M, fo that 
KM : ML :: DL : LH. And draw VO, AIT parallel to DH, 
Then, from whjt has been fhewn, 

HL : LG :: CK : KF :: CS : SP, 
hut LD : LH :: DN : NR or CS; 
therefore, LD : LG :: DN : PS :: DN : NQ ; 
tiierefore, PS = NQ. 

Again, PS ! CS or NR :: PO : OV. 
and, DN : NO <.r PS :. VO . OQ ; 
tlif K'fore, DN : Nil :: PO : OQ :: DL : LH :: PM : ML. 

R.ir PS = NO ; there-fore, PQ = NS = KL; therefore. 
?0 - KM, 00 = ML, and, OT = PS zz NO. 

Bccavifo now OT -: PS, and OP =r TS ; therefore, VO : 
PO o! ST :: CS : SP or OT, and VO x OT = CS x ST. 

Coiire(|uenily the locus required is an hypeibola having 
J'M iiiul TN for iis afymptotcs v.ivA paHing tlirough the 

1'7/L' roy:^:n:a}nii it; manifeil frcTi r':e Analyfis. It maybe 

remarked 
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remarked that the locus Is a flraight line when C and D are 
in a flraight line parallel to AB. The locus is alfo a ftraight 
line when the three points C, E, D are in a flraight line. 
And when the line DH is parallel to AB the locus is lio longer 
a hyperbola but a parabola. 



Third Solution, /;)' Jlfr. William Smith, livcrpooL 



Construction. Div!<le the given line AB (fig. 32, 
pi. 2.) in E, fo that AE may l>c to EB in the ratio, which, by 
the queftioa AF is required to have to BG, and divide CD in e 
in the fame ratio; join Ee and draw CA', DB' parallel thereto, 
meeting AB in A' and B'. Join DE, which produce to L, fo 
that DE : DL :: DB' : A'C ; through L draw an indefinite 
line parallel to Ec ; draw CZ parallel to DL, meeting the pa- 
rallel to Ee, through L, in Z; from D, on the oppofite iide 
of D to L, fet ofTDM = LE, and join CM meeting LZ in H. 
Produce CZ to P', fo that the rcfl angle ZP'ZL may be equal 
to the reftangle DLLE ; take the point P fo that ZP : ZF' :: 
HL : LM and complete the parallelogram ZHUP ; find the 
point g in CA' fuch that the reftangle Cg'CH may be to ZP'ZH 
:: CH : CZ, and from g draw gO parallel to CH meeting PU 
in O ; then with the centre O and afymptotes gO, OPdcfcribc 
an hyperbola whofe power may be equal to the reclanglegO'gC, 
and it will be the locus required. 

Demonstration'. From D and C to any point V in t!ie 
hyperbola draw CV (meeting AB in F, DL in f, HL in n, 
PU ini, and Ee in R) and DV (meeting AB in G, Ec in r, 
and HL in S), join SR and LV mceti:n', SK in I and from S 
draw SK parallel to C V meeting DL in K ; draw VQdW pa- 
rallel to DL (meeting PO in Q, HL in d, an I CA in W) and 
Vbo parallel to CH meeting PO in b and C A' in o, a:i J ihroucrh n 
draw plqN (meeting CA' in p, PO in t.a linetlirori^iii V parallel 
to PO in q and CM in Nj. Then, by conilrucliori, bij'gOrrr 
Ob'bV, that is, by parallels, &:c. og : oh :: Cg :.bV', l.cnoe, 
bg is parallel to CV, and, thcrct<.>re, bi ( — Cg' a given line. 
By thefimilar triangles CHn, Vib, Hn bV {:-_ CHib) is t>ivcn 
^z CH'bg; therefore, fince bV : tq :: CH : CZ, and alio, by 
conftruaion, (CH-Cg^ Hn-bV : HZ-ZP :: CH : CH, it fol- 
lows that Hn-tq=HZ-ZP, that is the figiiie Utqkn ZHUP, add 
to both HntV, and Zn*nt — Hn'dV(nq^ ; but bv co-iilruciion, 
nt (ZP) : ZP' :: Hn : nN, therefore, Zn-ZP i: Xn dV. but 
bv parallels Zn : nN :: ZL : Mt, ther;:fore, LK.T^' - ^\V^\ , 
Mohy conRnietion, ZL-ZP =z DL-LE., t\\eYv:^;oTe, \^ WX- - 
Mf'dV, but by parallels, DL : LK ;: VD *. \K /Vc^., \V^^^- 
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fore, DK-dV = DL-fK. Whence, fince DDLE=Mf-(lV and 
DL-fK = DK-DV, LE (MD) : fK :: Mf : DK, or, dlvidendo et 
invertcndo, MD : Df :: f K : Df, therefore, MD (= EL) =z= 
fK ; but fince from the points S, R, two parallels intcrfeft 
Dm in f, K, and make the intercepted parts EL, fK equal to 
each other; therefore, the line joining the points S, R is 
parallel to Dm, therefore, ER =: SL, whence, Er : ER (SL) 
:: DE : DL :: (by conftr.) DB' : CA', that is, DB' : Er :: 
A'C : ER, or B'G : GE :: A'F : FE, or B'G : A'F :: B'E : 
EA' :: BE : EA ; that is, BG is to AF in the ratio required. 

g. £. D. 

Mr. MBXT'dtJini an algebraical folation to this qutjlion* 



XIX. QUESTION 19, *v Mr. William Wallace, of the 
Royal Military College^ Great Marlow, Bucks. 



Let AB be the diameter of a circle, and FG a (Iraight line 

{perpendicular to the diameter, meeting it in C, draw any two 
ines CHD, CKE meeting the circle in H, D, alfo in K, E ; 
join DK, EH^ meeting the tine perpendicular to the diameter 
in F and G, then FC is equal to CG : Required the demoi\- 
ftration ? 



First Solution, ly Mr, Thomas Bazley, Bolton. 



Case I. When the point C is within the circle. Fig. 33, 
PI. 2. 

Let the points where FG meet the circle be M, N ; through 
G draw PGQ parallel to KD meeting KE in Q and DH in P. 
Then by the limilar triangles QEP, HPG. QG : EG :: HG : 
PG ; therefore, GE x GH = GP x GO ; and by the fimilar 
triar.glcs OGC, KFC, wc have, KF : QG :: CF : CG, and, 
FD : GP"1: CF : CG. Hence, KF x FD : QG x GB = 
GE X GH :: CF= : CG"-. 

But by the property of the circle, 
GE X GH = MG X GN = CN^ — CG% 
3ndKF X FD - MF x ^N zz QW — CP; 
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confequcntly. CM* — CF« : CN*-CG* :: CP : CG% 
and by compofitton, CM* : CN* :: CP ; GG*. 

But CM.=: CN, becaurc BC is perpendicular to MN; there* 
fore^ CF =: CG, which was to be proved. 

Case IL When the point C is without the circle. Fig* 

S4» PI- «• 

In the very fame manner as in the firft Cafe we (hall have^ 
KF X FD : GE X GH :: CP : CG»; now. through the 
centre O draw OG and OF, meeting the circle in I and L* 
Then by the property of the circle, 

KFxFD- OF»-.OL*.and GExGHi=OG»-OP; therefore, 
OP — 0L» : OG*— OP :: CF* : CG*, and by divifion. 
OF» — OL* — CP:OG*— 01*~CG» :: CP : CG* ; 
but OP — CF* = OC* = OG* — CG* ; therefore. 
OC* — OL* : OC* — OI* :: CP : CG* ; 
but the two firft terms of this proportion are evidently equal ; 
and. therefore, CF* = CG% or CF =: CG. 

fr. w. D. 



Second Solution, //JJfr. Wallace, thePropo/ir. 

This queftion, owing to an accidental circiimflancc, was pro- 
poied in another place. I (hall here give it a more general form, 
and (hew that the fame property belongs to any conic fc£lion 
whatever. 

Theorem. Let C (Fig. 05, PI. 2.) be any point in the 
diameter of a conic fc£lion; MN a ftraiglit line paAing through 
C parallel to a tangent at the extremity of the diameter. CHD. 
CKE. any two ftraight lines pafling through C and meeting 
the curve in the points D, H, and £, K, join EH, DK, meet-> 
ing MN in G and F, then CG is equal to CF. 

Suppofe the point C to be without the conic feftion, draw 
CP, CQ tangents to the curve at P and Q, and join PQ which 
will be parallel to MN, draw tangents to the curve at the 
points D^ H, and £, K, let Rand S be the interfcSions of the 
tangents, and L the interfe£lion of the lines DK, KH, the 
points R, L, S, are in a ftraight line; (See Roberifon's Trea« 
tife on Conic SeQions, Book IV. Prop. 18.) but the points 
R, S. are in the line PQ produced (Jlobcrtfon, Book IV, 
Pfop. 17.). therefore, the point L is in the line PQ. 

Let CD meet PQ ia T, then CD is harmonically divided at 

Yol.LFaktL (G) t^ 
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the points C, H, T, D, (Robertfon, Book IV. Prop, 16.) or 
DT : DC :: TH : HC, but bt-catife TL is parallel to GF, 
DT : DC :: TL : CF, alfo HT : HC :: TL : CG, therelore, 
TL : CF :: TL : CG, and CF =z CO. 

When C is within the curve, then L will fall without it, 
and it will readily appear, from the prop. <ilrcady quoted, that 
if tangents be drawn at the points in which MN cuts the 
curve, the point L will be in a ftia'^ht lino p^ifiiig thmugh 
their interfeftion parallel to MN. If DC be produced to meet 
the parallel in T, the remainder of the demonftration will be 
as before. 



Solutions were likewife given ly Mejfrs. Butterworth, Collins, 
Johnfon, Morley, Pickering, an^ Wright. 



XX. QUESTION 20, *y Afr. William Smith, Liverpool. 



Given the foci of an ellipfis to defcribe it fo as to touch a cir* 

cle given in pofition and magnitude^ 



Solution, iyAfr. Thomas Hopper. 



Suppofe the problem folved, and from the given foci con- 
ceive right lines drawn to the point where the circle and ellipfis 
are in conta£l ; then, it is manifeft that a tangent to the ellipfis 
at this point will be perpendicular to a right line drawn from it 
to the centre of the circle; which right line or radius will, 
therefore, bire£l the angle formed by the two focal lines. 

Hence the Problem is reduced to that of drawing, from two 
given points, two right lines to meet each other in tne periphery 
of a given circle, fo that if anotlier right line be drawn from 
the point of concourfe to the centre of the circle, it (hall make 
equal angles with the lines firft drawn. Which lias been done^ 
vide page 223. of the Appendix to the ad. Edit, of Simfon's 
.Conic Sc£lions ; vide alfo, Examp. 7, Book 10, De I'Hofpital's 
Conies. 



And thus the Qjueftion was anfwered hy Mr. Wright. 

XXI. 
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XXI. QUESTION 21, *>Mr. John Lowry. 



Having; given any number of points A, B, C, D, &c. in 
die periphery of a given circle it is required to find another 
point P (in the periphery) fuch that joining PA, PB, PC, &c. 
the fum of the lines PA, PB, PC, &c. may be equal to a 
given line. 



First Solution, by Mr. Wm. Smith, LiverpooL 



Analysis. Fig. 36, PI. 2. Suppofe the thing done and 
that P i« the required point ; join PA, PB, PC, PD, &c. 
Produce AP fo that PX may be equal to PB, and join BX, 
then, the angle AXB being equal to half the angle APB is 
given ; therefore, the locus ot the point X is a circle fjiven in 
pofition defcnbfd on AB; kt XQ drawn parallel to CP meet 
the circle ABX in Q; then, finire the angle AXQ (=AP(3) 
is given, Q is a given point ; from C draw CL parallel to AX 
meeting QX in L, then, the angle CLQ (= A PC is given ; 
therefore, the locus of the point L is a circle defcribed on CQ 
and given in pofition. Produce PX to Y fo that XY:=: XL 
= CP, and Join YL meetmg the circle CQL in R, then the 
angle QLR (=|AXL=: jAPC) is given, and R a given 
point; alfo, the angle AYR (=|AXL= JAPC) is given, 
and the locus of the point Y is a circle given in pofition, pafling 
through the points A, R, Y, and let YS drawn parallel to PD 
meet the circle AYR in S, then the angle AYS (= APD) is 
given, and S a given point ; draw DM parallel to AY meeting S Y 
111 M, then the angle DMS (= APD) is given, and the locus 
of M a circle given in pofition and defcribed on DS ; take 
YZ(=YM)=DP, and join ZM meeting the circle DMS 
in T, then the angle SMT (= ^APD) is civen, and T a given 
point; alfo, the angle AZT (= ^AYM = ^APD) is given, 
and the locus of the point Z a circle given in pofition defcribed 
on AT ; but fpippojing the number oftmntsjour^ as it is evident 
the reafoning^ employed in ike above Analysis^ will uPply^ H'hat^ 
€ver tke number of points may be) fincc A Z (= AP + B P + C P-|- 
DP) is a given Tine, the locus of Z is alfo a circle defcribed 
from the centre A, and intcrfeflion of this with the former locus 
ATZ will determine the point Z. Whence this 

(G 2) Cv>'A. 



I 



Construction, On AB defer! be a fegment of a circle 
< to contain an angle equal to half the angle APB, and apply 
ihc chord AQ in that fegment to fubtend an angle cquil to the 
angle APC fubtended by AC in the given circle ; tin CO de. 
fcribe a fegment of a circle to coniain an angle equal in APC, 
in which fegment find the point R fuch iliai the angle fub- 
tended by QR in the circle CQ may be equal to haif (he angle 
APC; on AR defcribe a fegment of a circle to coniain an 
ftngle equal to half the angle APC, equal lo half the angle fuh- 
tended by RQ in the circle CRQ, in this fegment apply the 
ehord AS, to fnbiend an angle equal to the angle APD, and 
join DS, upon which defcribe a fegincnt of a circle to contain 
an angle equal tothe angle APD fubtendcd by AD, in tiie givea 
ciiole. in this fegment find the point T, fo that the a:igle fub. 
tended by TS may be equal to half the angle APD, let AT 
be joiiifd. upon which let a fegment of a circle he dcfcrlbcd 
to coniain an angle equal to half the angle APD to which, 
from A, apply AZ equal to the given fum, meeting the 
circle ABCD in P. jnin AP, B?, CP, DP, and the ihing i» 
done. 



I 



Secokd Solution, iy Mr. Johh Wright, B&r&y; 



Analysis. Fig. 37. PI. a. Suppofe the thing done, And 
AP, BP, CP, &.C. drawn. Bifeaibe arc AB in Q. and join 
PQ, AQ, and AB. Then it is well known thai A?-|-BP : PQ 
in the given ratio nf AB to AQ ; thcrrii-re. when the number 
of given points is two, andAP-|-Bl' given, PQ is given] 
and confequently ibc locus of ihc required point P in this cafe 
U a circle of which ilie centre is Q and Tadtus Qi'. 

Draw the chord CO, and having det.nnined the point R 
in the arc CBQ, io tli^it tho chords CR. QR may obtain the 
given ratio of AB 10 AQ, join CP; then, becaufe CR : QR 
i: AB : AQ :: PA + PB : PQ. the rcaangle (PA + PB)-QR 
= PQ-CR- PRCQ — PC'QR(Emcrron'»Geom,lV.32.); 
whence (PAH- PB-+- PC) ;< QR = PR X CQ, or PA -t- 
PB -t- PC : PR t: CQ : QR a given ratio; hcn«. when the 
number of given poima h three, and PA + PB + PC given, 
PR IK given, and ilie locus of P ii a circle of which the centre 
is R and radius RP. 

Draw the chord DR, and in the arch DRC let the point S 
be fo taken, that choids DS, RS nuy obitun the given ratio 
ofCQtoRQ, andjuiriPS, Since DS : RS :: CQ : RQ :: PA 
rVPB+PC : IR, ihereaanglciPA+PB-t-PCvRS=PR-pS 
f^J'SDR ^PDSR; hence [PA + PB -t- PC + PDiRS = 

PSDR, 
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PSDR.orPA + PB + PC + PD:PS :; DR:RSagiYtti 
ncio ; therefore, when the nunnber of given poinu ii four, and 
AP-»-BP+ CP + DP given. PS is given, and the locusof P 
is a circle whofe centre is S and radius SP. And thus the fo* 
lution may be extended to any number of points. 



Third Solution, iy Mt.'W. Wallaci, R.M. Collegia 



Let the given arches included between the points A, B. C^ 
D» &:c. be denoted by aa, 2/3. ay. &c. put 2^ for the 
arch PA. r for the radius of the circle, and a for the given 
flraight line equal to the fum of the chords PA, PB. PC» 
PD, &c. which chords being equal to a fin. 9. a fin.(«-f ^)^ 

% fin. O + f ), a fin. (y 4- ^\ &c. refpefiively, we have. 

A I fin. f -f fin. («+$) + fin. (/3 + ^) + fin. (y + f )+&c. } = ^ 

or, fince r x Go* (^ + f ) = ^^* ^ ^o^* f + ^^^f* ^ &"• ft &c, 
LS£Li (fin. « + fin. |3 + fin. y + &c.) 1 

+ ^ (r+ cof. a+ cof. /3+ cof. y + &c.) J 

Put a (fin. a + fin. j3 + fin. y + &c.) =; j, 
and a (r + cof. m + cof. /3 + cof. y 4. &c.) =c ; 
then s cof. f + c fin. f = ar. 

Take /x fuch an arch of the given circle that tan. y^zi ^^ 
thus ^ will be given, and 1 == c x —? — t hence, by fub- 

coi. ^ 

ftitutton and iedu£tion, 

fin. M cof. e^.cof. » fin, © = — x cof. m = — X ,,_* — ' t ■ ■ 

f < ^/'(r'+tan."^ 

ar' 

Hence 
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Hence the arch ^ is determined* and finee fin* (/» 4. p) can- 
not exceed r, thorefore, the given line a muft not exceed 



Ingenious Solutions were alfo received from Meffrs. Butterworth, 

an^ Johnfon. 



XXII. QUESTION 22, *y Amicus. 



It is well known that if a denote an arch of a circle, radius 
being unity, the tangent of tliat arch is exprelTed by the feries 

a + <-«. + — + &G. but it is not fo ffeRorally known what 

3 »5 .' 

is the fcale of relation of the numeral coefficients of the terms : 

It is therefore required to determine that fcale. 



First Solution, by Mr. ]A. 



Let r = Un. a: : then, ?- = ' = %, — : or ~ 

X coL* ;r 14-cof. ax x 

^ 1 + cof. ZX XT 

X — 2 =: 1. Now 

a 

l+Cof. 2* 2 ,, 2' 4 2^ fi.o 

a 1.2 1-2.3.4 i«2.3.4.5.6 

And let r be aflumed = ;r 4. ^ — . i + — . 1. -+• 

1.2 3 1.2.3.4 5 

Af7) x^ . . 

^ • -^ -H &c. in which the law of the denominators 

1.2.3.4.5.6 7 

is obvious, and the fymbols, A 3 , A}^\ A^\ &c. denote 

indeterminate quantities of which the law of derivation is to be 
afcertained; the numbers joined to the fymbols mark the term 
of the feries to which each belongs, by pointing out the expo« 
nent of x in that term ; then fubftituting the foregoing feries 

in 
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in tlie equation inveftigatea above ; and putting the coefficknti 
of the feveral powers of x = o, we fliail readily find, 

l.ft 

A<7) = «:5.«Af5)_!:±i:2.a'Af3> + .5 

1.2 i*8.3.4 1.2.3.4.5.6 

or in general 

y. (2n+i) _ ^n.^n-t .(271"!) 2n.2n-i.2v-2.^n-^ o^jki^^'S^ 

1T2 * i-2*3*4 

1.2.3.4.5.6 

In this fonn]||a, confilting of terms alternately pofitive and 
negative, each term is formed hy multiplying together the cor- 
leiponding terms of three other fcries, viz : 

The feries of quantities A^^'^"*^ A^"''"3\ &c. reckoned 
backward which precede the quantity fought in the feries of co* 
efficients : 

The feries of the odd powers of 2 ; 2, 2', 2', &c. and the 
third feries is nothing more than the 3d, 5th, 7th, &c. co« 

efficients in the binomial (a + b) 

The law of continuation of the feries for the tangent is 
therefore completely afcertained : And the method here given 

has the advantage of bringing out the feries A^^', A^'' 1 A^7'^ 
Jcc. in integral numbers. 

Scholium. 

In like manner may the law of continuation of the feries 
for the fecant be determined. Let 

fecant *=:x+ ft x''+~ x*-i .,x* + &c. 

1.8 i-B*3'4 1.8.3.4.5.0 

dm 

a(») = , 

aW =:4:3.A^*)-i 

1.2 

a(^) = li . aW - ^.iMii . a(») + 1. 



Afl^ ill geacnl « 

1.2 * i«s*3*4 

gn>gll— K2lt — g.2»— 3.git — 4,2» — 5 a(2«— 6)^ « 

If we denote bv M the meridional putt in Mercator*i cliart 
eorrefponding to cite arch « : then 

M s=: / -4- = X + ii — .- +^^ . ' + &c. where 

J cof.* 1.2 3 1.2.3.4 5 

A , A^*', A^ ^ &c. are as determined above. 



Second Solution, eommumcated iy Philalethss 

Cantabrigiensis. 

Many years have etapfed fince an under-graduate of Trimiiy 
College^ communicated to me, and to fome other friends, the 
following method of computing the tangent of an arch in terms 
of the arch itfelf ; which method is much eafier than that which 
was ufed by Dr. Halley for the purpofe about one hundred 
years ago, and by Mr. £merfon in tus Trigonometry about forty 
years a^o, (and oy later writers,) viz. by dividing the sine by 
the coune. 

If the radius of a circle be called 1, and if i be put for the 

tangent of an arch denoted by z, then, -^ := it and z z^ 

/ — — + — — ^- , &c. which equations have often been given 
3 5 7 

by the writers on fluxions. Now, from the first of thefe equa* 

* 

tions we have ^ = 1 + /^ ; and, if we would exprefs the value 

a 

of / in terms of 2, we know from the fecond that it muft bt 
in feries proceeding by the ift, ad, 5th, &c. powers of z. Let 
/beaffumed =Az-hBz« + Cz*+Dz' + ^' + F**' + 

Gz « « + Hz • ^ &c. then, L = A + sBz* + 5CZ* + jDz* 

z 

+ 9Ez* + iiFz'^ + i3Gi«« + i^Hz'S fcc But, fince 



^=r M ^//, Mud 1 -f. // i$ 



%^ 
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H.AA2f+tABz'+2ACz« + 2ADzS+2AEz'°+2AFz»*4-2AGz'4,fa:. 

-h BBz* +aBCz» +2BDz»o+2BEz»«+bBFx'*, &c. 

+ CCz'°-taCDz'*-i-aCEz»S&c. 

-f. DDz»*,&c. 

we now have an equation for determining the values of the co« 
efficients A, B, C, &c« viz. 

A-|.3Bs=4- 5Cz*-h yDx** + gEz^ + iiFz»o+i3Gz'»+ i^Hz'S&c.ss 

I+AAzM^aABz»-f-2AC^*-^2ADza-l-ftAEz'04.2AFz'*+2AGz"^flb:. 

+ BBz* + 2BCz« +2BDz « « +2BEz ' * + aBF* » 4,&c. 

+ CC«'o+2CDz'*+2CEz^ '^ 

Hence we have A =: i« 

AA 



B 



H 



3' 

2AB 

ff 
5 

8 AC + BB 

■ • 

7 
sAD-J-aBC 

9 
gAE -f- «BD -f- CC 

— — t 

11 

gAF + 2BE -f 2CD 

13 • 

aAG-f- flBF- 4- 2CE + DD 

- — > , 

15 



&c. 
where the law of continuation is evident. 

But, fince A is evidently == 1. B = ■}•, C = yV» and D 
^ tVt. ^^^ above equations may be e;spreffed in fiinpler terras, 
d% here below : 

A= I, 

6 
p _ aC + jB 

7 

9 

p- gE + fD+TVC 
11 

Vol. I. Part 11. fH^ G — 
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H= 2G + -|F + -rVE+TVTD 

15 
&c. &c. 
where the law of continuation is again very obvious. 

CoROLL. Since it appears above, that 1 -{. //, the fquare of 
the fecant of the arch z, is = 1 + 3B2* + ^Cz^'^jDz^ + 
9E2* + 11F2*® + 13G2** + 15Hz *^, &c. we have only to 
extra£l the fquare root of this feries (of which the coefficients 
are now known), and we fhall have the value of the fecant. This 
may be done as follows : 

Affume v/(i +//)=!+ ?«• + yz^ + ^z^ -h £2* -l-^z' ^ 
^%z^^ -hOz**, &c. then, by involution and fubftitution, we 
(hall have 
1 -h 3Bz- + 5Cz^ 4- 7Dz« + 9EX8 + iiFz»°-».i3Gz'* + i5Hz»*,&cc= 

1 -*- aCz' + 872* 4- 2^«* + 8«' + c5z«°H- ctiz'»+ 8«z>^&c.•\ 
+ CGz» + 2C7z*+ ft«z« + aCiz'o + aC^z** -§- aCnz'^&c.f 

+ 77*' + aT^z^'^H- a7«z'» + a7Cz'*,&c.( 

4- Wz»»+ s2«i>^&c.> 

from which equation, 

2 

^ ^ 7D — ggy 
a 

9E — 2fJ — 77 






< = 



2 

llF — 2ff£ — 27^ 



2 
_ 13G — 2£g — 2ye->S? 



11 n 

2 



— ^jH — 2fi1 — 27^ 28c 

•" 2 

&C. &C. 

Here alfo the law of continuation is evident ; and the expi^. 
fions may be Cmplificd by writing for C, 7, &c. their numerical 
values as fall as they arife. 



XXUL 
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XXIII. QUESTION 23, by Mr. James Cunliffe, 

Bolion. 



To find the lead biquadrate number, that can be divided into 
four integral parts, fuch, that the fum of every two of them may 
be a fquare number. 



Solution, by Mr. J. I. 

i 

Let «* denote the biquadratic number fought, and a, ^, r, </, 
ks four integral parts ; then the quellion requires 

a + c z=z tji'* 
a + d =: /x"« 

c 4- '^ = ^* 



b + d = y 



/ft 



whence we get 

We fee, therefore, that the biquadratic number fought muft 
be refolvable into three fquares three different ways ; and, this 
condition being fulfilled, we derive 

a = |(^* + /x'* — »"«) 
i = i(/x« ^- v'** — (jl'^) 

C = i(/x'» 4- y'^ — PL») 

from which formulas we infer that the three fquares, /x*, /w,**, >"*, 
muft either be all even, or two of them muft be odd and only 
one even, in order that no frafiions may arife from the divifions 
by s ; and likewife that the fum of every two of them muft 
be greater than the third, and at the fame time the fum of all 
the three lefs than 2ff ^, in order to avoid negative numbers. 

It is, then, neceffary to find a biquadratic number that may 
be divided into two fquares three different ways. Wc owe to 
Fermat the curious difcovery that ever)' prime number exceeding 
a multiple of four by unity, or comprehended in the form 4X-I- 1, 
is the uim of two fquares. And this property, which is uni- 
verfal for prime numbers of the form 4X -V- t, be\oT\^<^ ^y^cVx* 
(yd/ to that form; fo that no prime number, Vf\uc\v \s uov o\ 

{H2) v\3^ 
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the form ^x + i, can poflibly be the fum of two fquatrejf^ 
This curious propofition was firft demonftrated by the celebrated 
Euler; and to effcEt ihe demon ftration it was neceifary to 
prove this other propofition, viz. That every divifor of a 
number which is the fum of two fquares that are prime to 
one another, is likewife the fum of two fquares. From thefe 
principles we eafily gather that the biquadratic number ii^, we 
are feeking, muft have prime divifors of the form 4X + i ; for 
if it had none it could not poffibly be the fum of two fquares. 
And as we want a leaft value of »*, we may fet afide all other 
divifors ; for if n* had any other divifors, thefe could only en- 
ter, as common meafures, into every two fquares that compofe 
n*. We may, therefore, fuppofe «*, and confequently w, to 
have no divifors but prime numbers of the form 4;^ + 1. 

And in the firft place let us fee whether a prime number p 
of the form 4;^ + 1 will anfwer for n. Wc have already men- 
tioned that )^ is the fum of two fquares a^-|~ /^* > ^"^ ^^ h^ve 
now to add that^ can be the fum of two fquares only one 
way. 

In like manner we ftall find^* =: (a* — 0^,* + ^%*rJ ; nor 
can^* be refolved into two fquares in another way. Proceed- 
ing to the fourth power, we (hall find, 

p^ = (a* — 6a»/S* + /3*)'-i- (4«'/3-4a/3')* 
p^ =/^V-H/>*p'. 

And thefe two are all the ways that p* can be refolved into 
two fquares. Therefore, no fingle prime number of the form • 
4X + i will anfwer the conditions required. 

Let us now try the produ£l of two prinlc numbers of the famd 
form as p and f. Then according to what has been (hewn we 
(hall have 

p^ = /^V -h/*3«. 
And in like manner. 

Therefore, combining the two values of p^ with the two 
values of ^^ the biquadratic p^p'^ will be the produft of the 
fums of two fquares four different ways. But the produ£l of 
two fums of two fquares is the fum of two fquares twice : 

^ for(M*4-N*)-(P*+Q») 

t= (MP + NQ)* + (MQ — NP)* 
~ (MP — NQ)- + (MQ + NPj*. 



/4 
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Therefore, by combining the two values of p^ with the two 
values of />'*, the biquadratic ^'*)&* will be the fum of two 
fquares no lefs than eight different ways. To thefe eight 
we may add four other ways, by combining p^ with the two 
values of />'*, and p'^ with the two values of ^*. Therefore, 
the fourth power of a number which is the produ£l of two 
primes of the form 4^: -^ i, is the fum of two fquarM, no lefs 
than twelve different ways. 

We fee then that no prime number of the form 4Jr 4- i, 
can fatisfy the conditions required in the question. But a 
number which is the produfl of two fuch primes is the fum 
of two fquares twelve different ways, one fquare of each fum 
being even, and one odd ; therefore, as every combination of 
three out of the twelve, will give one folution of the queftion : 
and, as twelve things admit of 220 combinations of three, 
there will be fo many different folutions, unlefs fome are ex- 
cluded as producing negative numbers. It is eafy to fee that 
one combination of three will give only one integral folution. 

The two leaft primes of the form 4X -|- 1 are 5 and 1 3, and 
their produ£l 6j is confequently the leaft number that will 
iatisfy the queftion. We have, 5 =: a" -H 1, and 13 = 3* 
+ 2* : whence 

6s^ = 37i3» + aoi6* 
65* == 2047' + 3696* 
65* z=: 2145" -h 3640* 

which are only three of the twelve ways that 65^ is the fum of 
two fquares : And taking the three even fquares for /x, /x^ 
andv", our formulae give a=: 1826720; ^ = 2237536; cz=z 
11422880, and dz^z 2363489, which is one folution. 

In like manner if we take another three of the twelve ways that 
6^^ is the fum of two fquares, as 

65* = 2047' ^" 3696* 
65* =2145' + 3640' 
65^ = 4095^ -h 1040*, 

we (hall derive another folution; a = 746208; i= 12914208; 
^ = 335392 ; d = 3854817. 



XXIV. QUESTION 24, 3;/ Jack Chance. 



A in a + b relations, tells b lies ; and B in c + ^ relations 
tells doi them falfe : What is the probability of the truth of a 
fiory in which the/ both agree ? 
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Solution^ iy the Propo/ir. 

(a + b) X [c+d] = ac+bc + ad^bd=z all the cafes. 
ac = the number of times both agree in telling truth, 
id =: the number of times both agree in tdling lies. 
ic z=z the times B tells truth, and A lies. 
ad:=z the times A tells truth, and B lies. 

Therefore, cc -{■ bd= the whole number of times they both 
agree in telling both truth and lies. 

But they are fuppofed to agree in their relation (by the 
quelUon) : 

therefore, — - — ^j = the probability required. 

CoROL. If the ftory were untoldy the probability of their 
both telling true would be : — > — - — y-r— t->» that of their 

both lying would be , — : — 7 r^, and that of their con- 

tradi£Ung each other r j — r j» 

^ ac + PC + ad -¥ ia 



Me^rs. Bazley, Codling, Hearding, and Hopper* al/b fent 

Solutions to this queftion. 



XXV. QUESTION 25, 3yQuiNBUS Flestrin. 



Given the bafe, the difference of the adjacent angles, and a line 
from the vertical angle to the middle of the bafe to conflrufl the 
plane triangle. 



First SoLutioN, ^^Afr. John Wright, Norley^ 

Construction. Bifeft the given bafe AB inO, (fig. g8, 

p). s.) wi/J) the right line ON, forming the angle NOB equal 

^ the complement of half the givg;i difference ; and draw BQ 
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perpendicular to ON. Conftitute the right-angled triangle 
ONC, having its hypothenui'e OC equal the given bife£ling 
line, and fuch, that its area may be equal to that of the tri- 
angle OQB ; then draw AC, BC, and ABC is the triangle 
required. 

Demonstration. Becaufe OQ x BQ = ON xNC, 
if the right line CI, terminating in AB, be drawn parallel to 
ON, it will bifefl the angle ACB, as appears from Prob. 36, 
page 306 of Simpfon's Algebra. Hence the difference of the 
angles ABC and BAC is equal to twice the complement of 
CIB or NOB, the given magnitude by conftru£lion. 

Q. E. D. 



Second Solution, by Mr, John Dawes, Birmingham. 



Analysis. Let ABC (fig. 39, ph 2.) be the required 
triangle. Circumfcribe it with the circle AMCB, and draw 
CM parallel to the bafe AB ; continue C£ to G, unite M, G ; 
and M^ £; and becaufe EG is given (Euc. III. 35.); and 
ME and the angle MGC =r the difference of the angles at 
the bafe are given by the queilion ; therefore, the triangle M6£ 
is given ; confequently the triangle ABC is given. Hence 
this 

Construction. Upon the give line CE (as radius) con- 
tinued, and centre E defcribe the fcmicircle NMC and take EG 
fo that GEC may be equal to the fquare of half the bafe ; 
make the angle EGM equal half the given difference of the 
angles at the bafe, circumfcribe the triangle COM with the 
circle GMCB, and parallel to MC through E, draw AEB ; 
then AC, CB being joined, ACB will be the triangle re* 
quired. 

Solutions were alfo received from Mejfrs, Butterworth, Collins, 
Farey, Johnfon, Hopper, Morley, Myers, Pickering, ani 
Scurr. 



XXVI. QUESTION 26, ijy Mr. James Cunliffe. 

In a plane triangle there is given the perimeter, one of the 
angles, and the rectangle of the fides including that angle, to 
con&ru6l it. 
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First Solution, ^y -Mr. John Wright, NorUy. 

CoNSTRUCTiONT. Fig. 40, pi. 2. Draw AB zi the given 
perimeter, and make the angle OAB = ABO = half the given 
pne ; with the centre O and radius OA or OB defcribe a circle, 
rutting BO produced in D ; divide DB in Q, fo that BQ may 
have to DQ the ratio which the re£bngle of the fides has to 
the fquare of BO, and concentric to the circle DAB, defcribe 
another through Q, cutting AB in I, through which point 
draw the diameter COIH, and having joined AH, BH, make 
the angles AHE, BHF, refpeaively equal to BAH, ABH, fo 
Ihall HEF be the triangle required. 

Demonstration. The angle HEF + HFE = 2HAB 
+ aHBA = HOB + HOA = AOB ; confcquently, EHF 
= 2OAB zz the given quantity ; and EH being = EA, and 
FH =z FB, EH -H FH + EF = AB, the given perimeter. 
Moreover becaufe the angle H£I = BOI, the triangles EH I, 
BOI, are equiangular, as alfo are the triangles FHI, AOI» for 
a fimilar reafon. 

Hence EHHF : AO-BO :: HP : IB-IA (HMC) :: HI : IC ; 

that is, EH-HF ; B0» :: BQ : DQ. 

g. E. D. 

Scholium. If the circle QII falls wholly below AB, the 
thing is impofGble. 



Second Solution, iy Mr. Bazley. 

Analysis. Suppofe ACB (fig. 41, pi. 2.) the triangle 
' required, C the given angle ; then fince the refbngle of the 
fides AC X CB is given as well as the angle C, the area of 
the triangle is given ; but the area of the triangle is equal to 
half the reflangle under the perimeter and the radius of the 
infcribed circle, and fince the perimeter is given, the radius 
of the infcribed circle is alfo given. Now, if O be the 
centre of the infcribed circle, and COL be drawn to meet the 
circumfcribing circle in L, and OP be let fall perpendicular to 
CB ; we fhall have the right-angled triangle COP wholly 
given, becaufe the angle OCP is equal to half the given one, 
and OP being the radius of the infcribed circle ; therefore. 
CO is given. But the reftangle AC >c CB is given, and is 
HreJ) known to be equal to OC x (2LO-+-OCJ; but OC is 
S^'yen, confequently, LO and LC arc given. Whence this 
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Construction. Make ACB equal to the given angle, 
which bifed with the given line CL« on IT as a centre, and 
with the radius LO defcribe a circle cutting CA, CB in A 
and B ; join AB, and ACB is the required triangle, as is plain 
from the Analyfis, and page 7, Vol. II. of the Old Series of 
the RepoHtory. 

And thus the Queftion was anfwercd by Meffrs. Butterworth,- 

Cavilly and Farey. 



Third Solution, i'^' Afr. J. Collins, Kenfington. 



Analysis. Let ACB ffig. 42, pi. 2.) be the required 
triangle, ACB the given angle which bifcft with the indefinite 
right line CFW. In CA produced take CP = half the given 
perimeter, make PW perpendicular to AC, and let it meet 
CW in W; then the right-angled triangle CPW is wholly 
^iven, and CS is known, becaufe CS x (CF + SF) = CS x 
SW z= AC X CB the given reftangle ; tnerefore, all the parts 
of the triangle are known, and the con(lru£lion evident. 

Thus the Quejlion mas anjwered by Mejfrs. Dawes and 

Hopper. 



Fourth. Solution, by 3fr. Morlily, London. 

Draw any two lines CP, CP' (fig. 42, pi. 2.) to contain 
the given angle,, and take CP, CP' each ec|ird! to half the pe- 
rimeter, and ereft the perpendiculars PW, P'VV meeting each 
other at W, and join CW which is known to bifetl the verti- 
cal angle ACB. In CW find the point S. fo that CS x SW = 
the given reflangle, bife6l SW in F and with the radius FS and 
centre F defcribe the circle ASBW, cutting AC, CB in A 
and B; then AB being joined, ACB will be the triangle re* 
quired. 

Mr. Johnfon alfo anjwered this Quejlion. 

Vol. I. PartL (I) XXVIL 
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XXVII. QUESTION 27, hy Mr. Thomas Bazley, 

Bolton. 



In any plane triangle whereof C is the vertex, O the centre 
of the infcribed circle, Q tlie centre of the circle touching the 
bafe and fides produced, D the point where the line bifefting 
the vcitical angle cuts the bafe, and S the point where the faid 
line cuts the circumfcrihing circle below the bafe. Then the 
points being joined it is QD ; CD : : SD : OD ; required the 
dcmonflration. 



First Solution, ^y Mr. Jons Farey. 

Let the trianrrlc ABC (fig. 43, pi. a.) be circumfcribcd by 
the circle ACBS, let its vertical angle C be bifefted by the 
line CQ, cutting the bafe in D, and the circumfcribing circle 
in S ; on S as a centre defcribe a circle to pafs through A, 
and cut CQ in O and Q. Then, bv Mr. Lowry's ift. Prop. 
of the Rtpofuory^ Vol. II. page 7, Old Series^ O is the centre 
of the infcribed circle above i\\ii bafe, and Q the centre of the 
infcribed circle below the bafe ; the circumference alfo paflcs 
through B the other extremity of the bafe. Now, fmcc the 
circles ACBS and AOBQ cut each other, and ADB joins 
their points of inter feftion ; we have, 

byEuc.IIL35.CDxSD=ADxBD,alfoODxQD=ADxBD; 

Hence CD x SD zi OD X QD, or QD : CD :: SD : OD. 

il. E. D. 



Second Solution, By Mr. John Butterworth. 



Let ABC (fig. 44, pi. 2.) be any plane triangle circuni- 
fcribcd by the circle ACBS ; join the points as dire6led in the 
queftion ; join alfo the points A, S; draw 0£ to make the 
angle 0£C equal to the angle ODB. Then it is well known 
that the points C, O, D, S, Q, are in the fame Araight line 
CQ. and that QS zr SA - SO ; and the angle OEC being 
e:qusk\ to. the angle ODB, that is equal to the angle ADS, and 
ihc angle DCB equal to the angle SAD, the triangles COE 
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and SAD are fimilar ; hence, AS (QS) : SD :: CO : OE, 
and bv compofition OS ^SD n QD : SD :: CO + OE : OE, 
but OE is equal to OD, becaufe the angles OEC and ODB 
are eqi al ; therefore, QD : SD :: CD : OD, or QD : CD :: 
SD : OD. 

5. £. D. 



Third Solution', iyAfr. John Dawks. 

Let ABC be the triangle (fig. 45, pl.t.). Becaufe C, O, 
D, S, Q, are in a rioh* I'nc, perpendiculars from thofe points 
to the bafe AB will form (imilar triangles. 

BvhvpotherisQD:CD::SD:OD,theref.HD:DE::DK:DL; 
but. DK = DL + LKand HD = HE + ED =: EL + ED; 
therefore, ED+EL : ED::DL+LK : DL, or EL : ED :: LK:LD; 
therefore, ED : EL :: LD : LK, which is a well known pro* 
perty. 



Fourth Solution, hy Mr. Tnos. Hopper, Manckefler. 

Let ABC (fig. 45, pi. 2.) be the triangle circumfcribed bjr 
a circle whofe diameter SF is perpendicular to the bafe AB ; 
C, O, D, S, and Q, the points mentioned in the queftion. 
Join SB and from Q upon AB, and CA produced let fall 
the perpendiculars QH, QI, which (as is well known) are 
equal to each other; alfo SB = SO and the angle SBE = 
QCL Wherefore by fimilar triangles, 

IQ : IE :: CQ (= CD + QD) : BS (= SD + OD). 

and HQ = IQ : SE :: QD : SD ; 
confequently, CD + QD : SD-4-OD :: QD : SD, or 
CD -h QD : QD :: SD + OD : SD ; and by divifion 
CD : QD :: OD : SD ; whence, QD : CD :: SD : OD. 

g. E. D. 

According to one or other of thefe methods were the Solutions 
given by Mejfrs. Bazley, Cavill, Collins, Johnfon, ani 
Morley. " 

(I 2) 
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XXVm. QUESTION 28, *y JVfr. BazleV. 

Given the vertical angle, the radius of the infcribed circle, 
and the sum, difference, or ratio of the rectangle of the two 
fides including the vertical angle and the rectangle of the two 
lines drawn from the extremes of the bafe to the centre of the in- 
fcribed circle ; to con(lru£l the plane triangle. 



Solution, iy Mr. ]ohu Cavill, Beighion. 

Analysis. Suppofe ACB ffig. 46, pi. 2.) the triangle re- 
quired, O the centre of the infcribed circle through which 
COS is drawn meeting the circumfcribing circle below the 
bafe in S ; now it is well known that a circle defcribed 
about the point S with the radius SA or SB will pafs through 
O and interfeft the greater fide AC in b, making Cb = 
= CB. Let R and P be the points of contafl of the radius 
of the infcribed circle, with the bafe AB and the fide CB ; 
and join OR, OP. Then, becaufe the angle PCO zz half the 
given vertical angle, and the angle P ri^ht, and fince OP the 
radius of the infcribed circle is given, the hypothenufe OC is 
given. Again, by a well known theorem 2SO X OR := AO 
X OB, and by what is done above, AC x CB =: AC x Cb. zz 
(by Euc. Cor. to 36. III.) OC x (2SO-f-OC;. Hence, 
when the fum or difference of the reftangles is given, (2SO -+- 
OC) X OC + 2SO X OR is given ; that is, 2SO X OC + 
OC- + 2SO X OR = 2SO X (OC + OR) + OC» is given, 
but fmcc OR and OC are given, SO is given. 

Laftly, when the ratio ol the reflauglcs is given we (hall have 
(by taking AC >c CB : AO X OB :: n : tn in the given ratio) 
71 : m :: 2SO x OC + OC : 2SO X OR; therefore, fince 
CO and OR are given, SO is given. Wherefore, SO being 
found, all the cafes of the conftru£lion may be as follows. 

Construction. Having drawn the lines CA, CB to. 
include the given angle and having alfo drawn the given in- 
fcribed circle to touch them in P and p ; through O the centre 
draw COS making OS of the given length found in the Ana- 
iyfis, and on S as a centre with the radius SO defcribe the 
circle AOB cutting AC and CB in A and B refpe&ively; join 
AB and ABC will be the triangle required. 

And thus the Queftion was anfwtredhy Mejfrs. Bazley, Butter- 
worth, Collins, Dawes, Jobnfon, and ikiorky. 
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XXIX; QUESTION 29, by Mr. Bazley. 

There is an hemifpherical bowl, whofe diameter at the brim 
is so inches, placed with its axis perpendicular to the horizon ; 
an uniformly heavy thin inflexible rod or right line, whofe 
length is 24 inches and weijfht 8 ounces, is fuftained in 
equilibrio by refting on the edge of the brim at fome dis« 
tance from the upper extremity, whilft the lower end refts 
againft the concave furface of the bowl. It is required to 
determine by a general inveftigation, the pofition of the^ rod 
and the refpe£live prelTures at the two points of fupport. 



First Solution, ^jt Amicus. 

Let ARE (fig. 47, pi. 2.) be a fe£tion of the bowl and rod 
perpendicular to the horizon ; O the centre of the bowl, and 
AO£ an horizontal diameter ; let G be the middle of the rod 
DR, or its centre of gravity, and draw GH perpendicular to 
A£ and OK perpendicular to DR. 

Put OE =: r iz 10 ; RG zr a = 12 ; and the pg^t of the 
rod within the bowl, RE = ;t ; then, EK=:-, and OK 

= /('■' — — ) '' ''"t OE : OK :: EG : GH, that is, r : 

4 

V^(r»— -) :: * — a : GH = - [x-a] /(»•— — ). 

In whatever point of view the Theory of Statics has 
been confidered, the following propofition has either been 
afTumed as a felf-evident maxim, or it has been fhewn to be 
a necelTary confequence of ihc firft principles on which every 
Theory is built ; viz. That a fyftem of heavy bodies will be in 
equilibrium when the common centre of gravity has reached 
the point of lowed defcent, or of highefl afcent ; or to fpeak 
more mathematically, when the common centre of gravity is in 
that particular point of the locus which it defcribes, when it 
paiTes from dcfcending to afcending, or afcending to defcend- 
ing. But although the fyftem of bodies will be equally in 
equilibrium when the common centre of gravity exaftly occu- 
pies the point of lowcft defcent, or of higheft afcent, yet there 
will be a great difference in the ftates of equilibrium in the two 
cafes. For in the one cafe, when the centre of gravity is in 
the jpoiat of loweft defcent, or whca it ^Sc% liom &^^c.^tA- 
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ing to afcending, the equilibrium will have {lability; and 
although the centre of gravity be difplaccd a little iiom the 
cxaft fituation it fliouH occupy, it will have a tendency to re- 
gain its place, and will ofcillatc about the point of equili- 
brium. On the other hand, when the centre of gravity is in 
the point of higheft afcent, oc when it pafles from afcending 
to defcending, the equilibrium will be unliable; and if the 
fyllem be moved fo as to difplace the centre of gravity from 
its prccife place ever fo lirtle, there will he no tendency to re- 
gain the fituation of equilibrium; but, on the contrary, the fyftem 
will remove more and more from it. 

In thi' prcfent problem ii is m?.nifcJl thit the centre of gravity 
G will dcfcend, and the fituation of the rod, where G is the loweft, 
will be the equilibrium required. Now G will be in the loweft 
place, when GH is a maximum, that is, when its fluxion, 

A* X 

making a: variable, is n o. Therefore, (r* — — ) — ^ (x-a) 

4 '4 

rr o ; whence, x' — - x zz 2r', and .v z: i/(2r*+ -r ) H . 

In the particular cafe propofed x =v^2ogl-4-3 •= 17'4,5. &c. 

To determine the preflures at E and R draw RL perpendi- 
cular to AE, and let it meet OK produced in S. Then the 
forces by which the rod is fuflained in equilibrium are thefe, 
viz. the gravity of the rod afting in the direftion SR ; the 
prefTuic on the brim of the bowl at E a6ling perpendicularly 
to the rod, or in the direftion KS; and laftly, the prcITure 
at R afling in the direftion RO, perpendicularly to the 
bottom of the bowl : and the proportions of the forces will 
be the fame as the proportions of the fides of the triangle 
SOR formed by lines parallel to direftions in which the forces 
aft; or, the forces will be as the fines of the angles of the 
triangle SOR, that is, as the lines RK, KO, OL. Hence, 
putting w for the weight of the rod, the prelTure on the brim 

OK •(r'--) 
of the bowl = jr^ X By = xZ~^ — X zozz 4*4703, 



-iX 



And the preflure on the bottom ^= -,yv^ X w z=. {- — — -) 



RK ^ ' V X 



X w '=. 4*8 ounces. 



Second Solution, by the Propofcr. 

Ixi ABCOD (fig. 48, pi. 2.) be a feftion of the bowl and 
rpd pufling through the axis CJJ, and thcrodROGDj Gth^ 

middle 
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middle of the rod, or its centre of gravity ; from O draw OS 

Eerpendicular to RD, and from D through the centre C draw 
)CS to meet OS in S, from S draw SIG, meeting AGO in 
I ; join AD, and draw GT parallel to DS, meeting SO in T. 
Then by the nature ot the Queftion, the re-a8ion o\ the edge of 
tlie bowl at O is in the diredion OS, and the re-a3ion of the 
concavity at D is in the direction DCS ; therefore, l^y Emerfon's 
Mechanics, prop. 53. 410 Edit, the line SIG paflii'g ihrougli 
the rod's centre of gravity is perpendicular to the horizon ; 
whence, SI is perpendicular to AGO. Tiiis being prcmifed, 
put AO the diameter of the bowl — //, GD or GR zr «, and 
DO = X. Then, AD = SO ir v/(af^ - ;c'), and by the fi- 
inilar triangles ADO, GOS, it is OD : AD :: AD = OS : 

OG, that is, X : ^[d^ — x") :: y/{d^ - a') : '^^^^ = GO, 
whence, DGr=fl=:J? — ; therefore, 2x*-^d^ = ar^ 

X 

or jc* - ^ax = irf*, and confequcntly, x = l/(|^' + tt'**) "*" 
Ja, by which the pofition of the rod is determined, and in the 
cafe propofed, where ^/=:2o', a = 12, we get x =: OD =3 
17"45683 inches. 

Again, by the Principles of Mechanics, the rod is fuftained 
by three forces, whofe quantities and direftions are as SG, 
GT, TS, refpeftively ; that is, the weight of the rod, the re- 
aflion of the concavity at D, and the rc-aclion of the brim at 
0. Hence putting the weight of the rod ir. w, by the fmiilar 
triangles SGT, SDG, we get 

SG : GT :: SD:SG::d: 5 vK-^*i •• '^ • ^^—^ " ^ ^ 

=z the preffure in the direftion SDiz(in the prefcnt cafe where w 
8 oz. and x = 17*45683) 4*472784 ounces. 

Alfo, SG : ST :: SD : DG :: ^ : a :: ry : ^ X » = the 

preffure in the direftion SO z: 4*8 oz. in the prcfent cafe. 

Corollary, li a =l d, the cxprefllon for r becomes zz 
d; and in this cafe the exprefflon for the preffure againft tlie 
concavity becomes = o, whilll that for the preffure on the 
brim becomes m zv. Again, when a vanifhcs as is the cafe 
when a weight =: zv is connected to the lower extremity of the 
rod, (the rod itfclf being conlidered to have no weight) we 
have X = 4^*, which fhews that the point D then coincides 
with B the loweft point in the bowl ; and in this cafe the ex« 
preflion for tlie preffure again fl the concavity becomes =zt a;, 
whilft that for the brim vanifhes, as it ou^Vil^ l4\o\t.o\^\ vl 
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evidently appears that a muft not exceed d^ as otherwifc the rod 
would fall out of the bowl. 



Third Solution, iy Mr. H. Codling, South Waljham. 

Suppofe BIH (fig. 49, pi. s.) a perpendicular feflion of the 
bowl thrcfUgh the centre C, CI the axis, RD the rod in the 
required pofition, G its centre of gravity for middle of the rod), 
RZ, LGMandBK parallel, and RK perpendicular to the axis 
CI. Then, in order to fimplify the problem, let us fuppofe 
the weight of the rod to be coIle£led in the point G, for fuch 
fuppofition will mak^ no difference with regard to the preiFures 
on R and B. 

Now, if the weight of the rod be reprefented by BR, it is 
evident, by the refolution of forces, that it will be fuftained 
by two forces RK and BK, the one a6ling perpendicular and 
the other parallel to the axis of the veiTel ; then, if the total 
prefTure be reprefented by RK, that exerted at R will evi« 
dently be as RL« and that at B as the fum of the forces BK» 
KL, or by compofition as BL; but thefe forces cannot be 
known till the pofition of the rod is determined, which may 
be done as follows : It is a known principle in Mechanics, 
that the centre of gravity will defcend to the lowed place it can 
get when the rod refls in equilibrio ; therefore, MG muft be a 
maximum ; then making HZ = v, BH zz d, GR = r, by 
fim. As. HR»=HB-HZ - dv, and RB rr ^/(^—^t;), there- 
fore, G^z=zy/{d^ — dv) — r, and d: ^{dv) :: /(rf"-rfw) 

r . rvr — ^(d\^ — d'v^) — ry/{dv] _ ^^ . „„. 

— T : IjM srz J — ^ a maximum ; 

this being put into Cuxions and reduced gives vz=>\d — 

^^ , = 4*70295 ; coniequently, BL zz HR z= 

^[dv) = 9760072, RL =: flf— 21/ = 10*474099, and BR = 
17'45683. Now putting w zz the weight of the rod zr 8 oz. we 

have the preffure on R=: « X ^ ^^(li 7") X w = 

RL 
4*47274 ounces and the preffure at B =: -g^ X ^^=^ 

-^^^^ X ^ = 4-8 ounces. . 
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XXX. PRIZE QUESTION 30. by Philalethes 

CANTAfiRIGI£NSIS. 



Given -r r = ^ = /» in which 

*• — x^ +^x^ + 5JC* — 6x + 6 

equation x and ^. begin together to find the value of y when x 
becomes =10. 



First Solution, by thePrbpofir^ Philalethes 

Cantabrigiensis. 



The denominator of the given fra£lion is the produQ of the 
three trinomial faElors, *Af+3x+3f xx — 2* + 2, and *jf — x+ 1 , 
which may be difcovered by Sir Ifaac Newton's method of di- 
vifon» or more eafily by the method explained by Madam 
jignefi^ in her Analytical In/lituHons^ Vol. I. p. i6o« We may 
therefore, refolve the given fra£lion into three fraflions, by the 
method explained in p. 1389 of Vol. II. of the work before 






inentioned, thus : Aflume -x t^, j—. 5 ^ — r-> 

= xx+3r4-3 "^ ^x-2x+a + .,-,,+ , >fc"^>^^'"gth<^ 

coefficient 6, in the numerator of the given fra£lion,- which will 
a little (horten the calculation) and find the values of A, B, C, 
&c. which will be as follow : viz. 

A ?^— n — ^59 

7 X 61 14 X 61 

C = — i, and F= 2-- 

7 H 

Now, the fraflion 

: 18 evidently = = — + ^ , 

" + 3Jf+3 ^-^ + 3*^+3 Jw-i-3r-H3 

Brx+Ex Bjx — Bx (E + B) x 

XX' — 2x4-2 XX — 2J-i-C xr — 2J-+-2* 

Cri+Fx Cxx — iCx . (FH-iCVx 

Vol. J. Part J. {IL) ^5d» 
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the correS fluents of which, are, 
tft. |A X h.l. (— +J^ + i). 

ad. + J B X h. 1. (^ — * + 0, 
3d. •'M C X h. 1. (jo? — * + i). 



I circ. arch of tang. *+ 2 I 
I — circ. arch of tang. 3 J 



v I 117 . i»x ^ f circ. arch of tang. * — i\ and radius 
5th. + (E + B) X ^^ ^jj.^^ ^^y^ ^f ^^^^ J / , ^ 



1 circ. arch of tang, x 1 

{ If 

I + circ. arch of tang. .1 



^. _^ radius 

6th. + f(F + |C) X 



And the values of thcfe fluents, (according to my calculation*) 
when ;r becomes = 10, are as below : vi2. 



»ft. = 0799195, 

fid. = i-33932t, 
6th. = 0-330490. 


3d. 
4th. 
5*. 


= 0-388804, 
= 0-049113, 
= 0*147848; 


+ s'469007 
— 0-518565 




— 0-518565 

• 


i-95044fi = 


V 

li' 




6 







and 7=1 1*702658, which was required. 



Second Solution, ^ ilfr. I. H. Bearding, Adderhury. 

It is eafy to difcover, by Sir Ifaac Newtan*s method of di- 
vifors, or ftill more eafily by Agntfis Analytical Inflitntions^ 
Vol. I. p. 160^ that the denominator of the given fra£Uon is the 
produfiof (j:^-+- 3* + 3) >C (*■ — *+ 1) X (*• — 2* + 8) ; 
therefore, by the above-mentioned Inftitutions, Vol. IL page 

138» 
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138. wc may aff;mc ^. _^. ^ ,,3 ^ ^,,_ 5, ^g = 

Ax + P _^ B*+Q , Cx+R ,, 
t t , *" -i r + -a r-» i^^^ quantity 

6x being here purpofely omitted to Iborten the calculation). 
Then, by reducing thefe fra£lions to a common denominator* 
and equaling the coefficients of the homologous terms, we (halt 
have A+B + C- 1=0, -3A-4-B + 2C4- P + Q + R = o, 
5A— B+C— 2P+Q4.2R:zo, _4A^5P— Q+R=o. 
sA -f-6B + 3C — 4P = o, and sP -f. 6Q -f. 3R = o ; and 

fix)m thefe equations A is found z= — rr-, B=:— ->C=^, 
^ 7'6i 7 61 

P = -^^l-. Q = ^. and R zr — I?. Now, by fubfti- 
1461 ^14' 61 ^ 

luting V — 4, u+|, and et^i, refpeflively for x^ in the three 
foregoing fractions, in order to exterminate the fecond terms 
of tne denominators, and tlicn multiplying the firft Cde of the 

refulting equation by i, the firft fraSion on the laft fide by v, 

the fecood by 11, and the third by w^ there will at length arife 

xr^ AxHrSv BiMi+TiJ Cww-^Vw 

jc*-^«*4-2J^+5i*-6x+6 "" i;cr -f- i "*" uu+i zozu +1 * 

where -1A + P=- ^Js put =S. iB+Q=f = T. 

and C+Rz= — -^ =V. 

01 

The three fraflions on the right hand fide of the laft equation 

are evidently equal to the fum of thefe fix following, viz* 

• • • • 

Aiw St; Bui ^ Tu ^ Czow Ww 



»»+ i t/f+i uu+i ««+i WW+ 1 ww-^i' 
the fluents of whicbgives the fluent of 



jt* — •** -h 2x' -f. gx* — 6r ^ 6 

iAxhyp-log. {vv+i)+iBxh.\. {uu ^i)+\Cxh. 1. (ww+t) 

•). ^ X circular arc to tangent v and radius |/3» 
3 

-f^ ^ X circular arc to tangent i^ and radius iy^St 

3 
•|L V X circular arc to tangent w and radius i. 

( K 2 ) Ar< 
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And, by rcftoring the values of v^ «, and a;, this laft exprcf- 
fion becomes = 

ixh.l. (x»-f.3r+3)+xBxh. L(a*-T+i)+iC xh.l. (a*-2x+2) 
4- — >C circular arc to tangent Jr-f- | and radius |v^3, 

4- — >C circular arc to tangent J? — ^ | and radius jv^3, 

^ V X circular arc to tangent x — i and radius i. 
But as this fliould vanifli when ^ =r o, the fluent of 

^^-x->+2/+fflr»-6x+6 = I ^»^^« properly correaed is 
|Axh.l.(i;if*+* + i)+|Bxh.l.(**-;t+i)+|Cxh.l.(i**-jc*+i) 

"^ 3 I X circular J x+| [ minus the J ^ [ and I JV'S 
4T V arc to >*—- |< arc whofe >— i< common V|v^3 
"T" Q I tangent j ;c— | f tangent = j — 1 f radius zz \ x. 

= 1 •9504408 
And, confequently, y = 1*9504408 X 6= ii'7026448. 

Tkis Quejlion was alfo an/wered by Mejfrs. Johnfon, Mabbott, 

and Wright. 



Philalethes Cantabrigiensis is requefled to Jind to 
Mr. GLENDiNNiNG'sybr the Mcdal Jor Solving the Prize 
dueJHon. 



ERRATA. 

In Queftion 51, No. I. For, " is f /(A* + r») + \S^is ;" 
Read, *• is a mean proportional between |y^(A* + r') + JS + 
^j and rr 
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NOTICES 



RELJTING TO MJTHEMJTICS. 



I. Regular Polygon of Seventeen Sides. 

Mr. Gauss, of Brunfwick, publiflied at Leipfic, in iSoi, a 
work called Difquifitiona Arithnutica. In this work the author 
annoVinces that we may always infcribe a regular polygon of 

s + I fid^s in a circle, whep n is a whole number, and 2 4- i 
a prime number. Mr. Legem ore has given to the French 
National Inftitutc a demonft ration of this very curious propofi^ 
tion, in the cafe when the number of fides is i/. It is founded 
on thefe two lemmas. 

Lemma L Let a be an arch of a circle, m and n two whole 
numbers, then 

2 cof. ma cof. na zz cof. (« — »)« + cof. (m + ») a. 

« 

Lemma II. Let a be the 97th part of the whole circumfer- 
ence, n being a whole number, then 

cof. a + cof. 2a + cof. 3a -H &c + cof. na zz o. 

Thefe two propoiitions are generally known. 

By the fecond of them we have 

cof.a+cof.2a+cof.3/i-)-&c. . .+cof.i5a+cof.i6fl+cof»i7«=o. 

and, becaufe cof. lya = i. 

cof.a-f cof.2a-f-cof.3a + &c. . . •+-cof.i5a+cof.i6az: — i . .(E). 

Now, if we remark that cof. a = cof. 16a, cof. 2a = cof. 15^, 
cof. 3a = cqf. 14a, &c. it will immediately appear that equa- 
tion(£) may be decompofed into two others (£0 and (£^0- 

cof. a -j- cof. 3a + cof. ^a -+- cof. 7^\ ^ ^ i tvj\ 
+ cof, ga + cof. iia + cof. 13a -V- cof. t^aj "" t • • i ) 

cof. 2a + cof. ^a -j- cof. 6a + coL %a\ _ ^. ^C61*\ 
'j^CQf. loa + co/; 12a + cof. 14a + col. i^a J "^ ^** 
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Again, equation (E') may be refolved into ihefe two, 

cof. 3a 4- cof. ffl -f: cof. 7a ^ cof. i\a -=. rn\ ,. 

cof. a + cof. ga -+- cof. 13a + cof. 15a = « J ' ^ 

where ;» and n are two fuch quantities that m -f. ra = — ^ and 
mn = — 1. 

This fecond refolution may be verified by taking the produ£l 
of the equations, {e') and changing, by the firll lemma, the pro« 
du£ls of the cofijies of the arches into the coGnes of their fum 
and difference. 

Again each of the equations (^) may be decompofed into two 
others by making m =: p •\- q,n :=: r -\' s^ thus, 

cof. 3a -4- cof. ^a •=! p cof. a -f- cof. 13a — r^ . r^ 

cof. 7a + cof. \\a zz q cof. 9a -4- cof. 15a :=. s] • ' * '* ^/^ 

Here, pa z=: rs z=:z i ; the truth of thcfe equations may be 
verified as before. 

We have now obtained fix equations 

«ii, + «zz— I p ^q zz M r, ^ s ^ n 

mn zz — 1 /9 = — T rj=:— ^ 

and from thjefe the values of m, n, p^ y, r, s, may be found by the 
refolution of equations, each of the fecond degree. 

The four equations (J") may, by lemma 1, be written thus, 
cof. 3a -f. cof. 5a zz p cof. 6a + cof. ja zz q 

S T 

cof. 2fl ^^^* 5* = - cof. &i cof. ja zz — 

cof. a + cof. 4^ 3: r cof. 2a + cof. 9a = x 

cof. a cof. 4a = — cof. 2a cof. ga ri ^- 

thefe eight coiines, viz. cof. dr, cof. 2^2, cof 3a, cof. 4^1, cof. ja, 
cof. 6fl, cof. 7<i, cof. 9a, may be found by the refolution of equa- 
tions of the fecond degree. The remaining eight, viz. cof. i6tf, 
cof. 15a, cof. 14a, cof. 13a, cof. 12a, cof. iia, cof. loa, cof. 8a, 
are refpeftively equal to the former eight, as has been already 
obfervcd. Thus it appears that the defcription of a regular poly- 
gon of 17 fiiles is a problem which may be effefted by means of 
ilraisht lines and circles; that is, by the methods of conllruflion 
employed in the elements of plane geometry. 



II. Orbits of the New Planets. 

The elements of the orbits of the two new Planets have now 
been determined with tolerable accuracy : they are thus given 
by La Lande *. 

* From the Jmirnal dc Pfyjt^t^ lUumiiC, lA. vi% 

Piazii^ 
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Piazzif or Cercs^ difcovered January i, 1801 • 



Revolution 4 years, 7 months, 10 days. 

Mean longitude, January i, 1804 10s 11'' 59' 

Annual motion 8 18 14 

Aphelion 10 26 44 

Node ....« 2 31 6 

Equation of the orbit . . : o 9 3 

Excentricity O'ogj 

Inclination o 10 37 



Olbers^ or Pallas^ difcovered March 28, 1802. 

Revolution 4 years, 7 months, 11 days. 

Mean longitude, January 1, 1804 ^s 2,^ ^^ 

Annnal motion 2 18 11 

Aphelion 10 1 7 

Node 5 22 28 

Equation of the orbit o 28 25 

Excentricity 0*2463 

Inclination o 34 39 



III. Figure of the Earth. 

The length of a degree of the meridian, meafured in Lapland 
by Maupenuis, le Monnier, &c. agreed fo ill with theory, and 
with the other meafurements, as to give good grounds to fufpeft 
confiderable error. The Swedifh Aftronomer Melanderhielm 
has caufed all the operations of that meafurement to be carefully 
repeated : and the rcfult of this labour differs from the old de- 
termination no lefs than 1 96 toifcs : the length of a degree of the 
meridian in latitude 66^ 20' coming out 57,209 toifcs inftead of 
57,405 according to the French Academicians. The new refult 
agrees better with the various meafurements in different latitudes. 

The French Aftronomer Mechain is employed in continuing to 
the Balearian Iflands the meafurement of the meridian in France, 
condufied by him and Delambre. 

In the Eaft Indies, Major Lambton, who is employed by the 
Prefidetlcy of Madras to furvey the Myfore country, has already 
meafured an arch of the meridian 1" 34' 56"'43 in extent^ 
which giTCi the ddjpnec in latitude 12^ ^2' «(\oai vo &o^\^\ 
(kbomsB 
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IV. Mathematical Works lately Published^ 



The PhihfophicaJ TranfaSions of the Royal Society of Londonm 
Abridged hy Charles Hiitton, L. L. D. F.R.S. George Shaw, 
M.D. F. R.S. F, L, S. Richard Pearfon, M. D. F. A. S. 

A Courfe of Mathematics, defi^ned for the tife of the Officers 
and Cadets of the Roval Military College. Vol. L By Ifaac 
Dal by, Profrjfor of Mathematics in the /aid College. 

TraBs on the Refolution of Cubic and Biquadratic Equations* 
By Francis Maferes, Efq. F. R. S. Curfdor Baron of the 
Exchequer. 

A Geometrical Treatife of Conic SeSlions, in Four Books^ to 
which is added a Treatife on the Primary Properties of Conchoids^ 
the Ciffoid, the Quadratrix^ Cycloids^ the Logarithmic Curve, and 
the Logarithmic, Archimedian^ and Hyperbolic Spirals- By the 
Rev, Abrani Robertfon, A. M. F. R. S. Savillian Profejfor of 
Geometry in the Univerjity oj Oxford. 

An EUferimental Enquiry into the Nature and Propagation of 
Heat. By John Leflic. 

Recreations in Mathematics and Natural Philofophy ; con* 

taining Dijfertations concerning the mojl proper SubjeSs to excite 

curiojfty and attention to Mathematical and Philofophical Sciences* 

The zthole treated in an ea/y manner y and adapted to the compre^ 

kenfion of all who are in the leajl initiated in the Sciences of Arithm 

mefic. Geography^ Navigation^ ArchitcBure^ Chemijlry^ &c. &Cm 

Fir/i compofe.i by M. Ozanam, and now tranjlated into Englifh^ 

and improved^ with many Additions. By Charles HuttoOi 

L.L.D. F-R.S. 

f 

A General Hi/lory of Mathematics , from the earliefl times to 

the middle of the Eighteenth Century, Tranjlated from the French 

of John B<*{riit. To which is affixed^ a Gironological Table of 

themoji eminerit Mathematicians. By John Bonnycadlc. 

Mathematical Works in the Press. 

Pr off /for Robin fon^ of Edinburgh^ has in the Prefs a Work on 
the Elements of Mechanical Philofophy^ winch will contain the 
fuhflance of the excellent LeSures he has Jor many years read in 
the Vni'ucrjity oj Edinburgh. 

j4 JVew Ediiion ofProkSot Playfair's Elements of Geometry is 



J'late.U.aiioJ/. 
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ARTICLE II. 



Solutions to Qiieflions propojcd in Number I. 



I. QUESTION 31. iy Mr. T. Milner. 

Seing out with a quadrant, fomc of my pupils were defirouf 
of knowing the heiglit of the pariOi church fpire, which rxfes 
to a confiderable heiglit in the middle of the town of Sheffield ; 
to gratify their curiofity I found two (lations in Church Street, 
diflant h'om each other 70 yards, exaflly on a level with the 




fpi re's top 

found to be 367 degrees. From hence it is required to find 
geometrically the height of the faid fpire, and its diftance from 
the lad ftation, fuppofing the quadrant to be held q feet from the 
ground at each ftation. 



First Solution, by Mr. Thomas Hopper, Manctujler. 

Construction. On any given line AB (fig. 52, pi. 3.) 
taken at pleafure, defcribe the two right-angled triangles BCA, 
BDA, making the angle BCA = 36^0 and BDA = 35$^ 
Draw CF at right angles to AC and equal to 35 yards, and 
thereto apply A E = AD, let AE produced meet FG, drawn 
parallel to AC, in G ; draw GH parallel to FC meeting AC 
produced in H ; and draw HI parallel to CB meeting AB in I. 
Then will G and H be two Itaiions and AI the height of thr 
fpire. 

Demonstration. Join EB, then it is evident from the 
conftru£lion that the points D, A, C, E, F, G, and H, are in the 
fame horizontal plane. Now, becaufe HI is parallel to CB, the 
/. AHI is n ACS =z 36^", the an^le fiibtended by the fpire 
at the middle Ration H. Again, by fim. As, AB : AI ; : AC : 
AH : : AE : AG : : EB : GI ; therefore GI is parallel to EB, 
and therefore z. AEB 1= AGI ; but the right-angled triandet 
EAB, ABD, having BA common, and AD ~ Pv.t ?Lit ^i^m va 
every rtjpcS; hence the z. AGl =z ADB zz ^5V % ^^ «»At 

Vol. 1. Par t 1. "( L ) W\iV«A^\ 
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fiibtcnded by the fpirc at the ftalion G ; which, bccaufe GH ~ 
FC = 35 yards, is zzrihe given diftance from the ftation H. 

Calcu LATiON, The fides GA, AH of the A GAH being 
in the ratio of the cqtangents of the given angles, we have cotan. 
351** : rad. = i : : cotan. 36 J*^ : fine ^ HGA = 76° 37' 10". 
Then, as cof, iC HGA : GH = 35 yds. : : fin- Z. HGA : AH 
~ 147*8 yards. And as rad. : AH : : tan, X. AHI : AI = 
327*815, to which add 5 feet the height of the eye, gives 332'8i5 
feet the height of the fpirc. 



Second Solution, hy Mr. Gr. Williams, Caermarthen^ 

Fig. 53. pi. 3. Construction. Draw the line AE at 
right-angles to AB, and from any point c in AE, draw cb fothat 
the anglf* Kcb may be equal to 37 J° ; from the point b where cb 
meets AB, draw he fo as to make ihe angle Khe equal to the com- 
plement of 36^*, and let it meet AE in c. Upon Ac dcfcribe the 
fcmicircl^ Kdcy and apply therein Ad ~ A^, and join Dc, iix 
whirh produced take dfN zr 35 yards, the diftance between the 
'middle and the extreme Rations ; draw NC parallel to Arf meet- 
ing AC in C ; then from C draw CB parallel to cl meeting AB 
in B ; fo will AB be the height of the fpirc abpve the eye of 
the obfervcr. And if CD be drawn parallel to Nrf meeting Ad 
produced in D, then AD will be the diftance from the laft 
ftation. 

DiMONSTRATiOM. Join de and take AE = AD; join 
alfo DE, EB ; in CD produced take DG = DC ; then will 
C and G rcprefent the two extreme ibtions, whofe diftance, 
(becaufc i)CNV is a parallelogram, and GD =: DC = </N = 
3,5) is =. the given one, and being at equal diftanccs from the 
ioot of the fpire, the il ACB (= Acb) the obferved altitude at 
C is=: tliatat G := 3^^" by conftru£lion. Again, by parallels 
Ad : AD : : Ac : AE : : Ac : AC : : Ab : AB, or A^ : AE : : 
Ab : AB ; therefore BE is parallel to be^ and the angle Aeb = 
AEB 37= ADB (becaufe AE is = AD by conftr.) = 36^*^ the 
given ai; *lc. •' 

AD is eafily found from the above = M7'S yards, nearly^ 
and ABm 109"3 yards, which being added to the height of the 
obfcrvci *s eye,givc$ 332*9 feet for the height of the fpire required. 



Third Solution, *y Afr. J. Collins, Kenfington. 

Let A, F, E (fig. 54, pi. 3.) be the three ftations, and let DO 
reprcrcin the height of the fpire, excla&Yc o£ (.5 tcet) the height 
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of the obfcrver's eye, and draw the lines FD, AD, AC, ED, 
and EC. Then becaufe the altitudes at the extreme (lations are 
iequal, thofe Itations mud be equally diftant FroTn t^e Church, 
or ED = AD. Now the right-angled triangles FDC. ADC 
have DC common to each Z., DEC =36° 30', and /. CDA = 
85" 45'. therefore, it is manifeft, that the fides FD, AD of the 
right-angled triangle FDA are in proportion as the cotangents 
or thofe angles refpeftively, that is, as 1 to 1*0279 nearly, and 
fince AF IS given =: to 35 yards, the method of conftrufting 
the triangle FAD and determining the height of DC is fuffici- 
ently obvious. 

• The calculation is alfo extremely eafy, for AD being to FD 
as radius to the fine of DAF, wc find that Z. = 76** 37' 10", 
and Z. FDA := 13" fl2'5o'', from whence FD is found = i47f» 
and then in the triangle FDC we find DC = 327*832 feet, 
and adding 5 feet, we have 332*832 feet for the height of the 
fpire. 



Fourth Solution^ by Mr. John Dawes, Birmingham. 

Fig. 54, PI. 3. Let CD reprefent the fpire, and E, F, A, the 
three ftations; then (Euc. I. 47.) FD* (x*) + FE" (a*) = 
ED"; that is, ED === -/(jc* + a*). Again, rad. (1) : FD (a:> 
: : un. DFC [c) : CD = xc, and rad. (1) : ED ( /(a- +a^) 
: : tan. DEC (I) : CD = b ^{3? + a*) = xc. This equation 

gives X = ^7T'^ZZk^\ ^^ H7"224 and CD r= 110*606 
yards. 

The fame was alfo ingenioujly atifuDCrcd by Mejfrs. Cavill, John- 
fon, Merones Minor, Milner, Myers, and Pickering. 



IL QUESTION 32, ^7 Tyro Philomatheticus, HulL 



A gentk-man has put out 500/. at 5 per cent, per annum, com- 
pound intereft ; and, by agreement, the intereft is to be payable 
half yearly, (luery, what fum muft he take out of the ftock at 
the end of the firft halt year, fo that by continuing half yearly die 
lile fum for 25 years, he Ihall then have received the whole^iprin- 
cina) and intercR, 

(La) ^1^^-^ 
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First Solution, ly Mr.THOz. Myers, HamiMrJmik. 



It is manifeft, from a little confideration, that this queftion is 
no more than to find what annuity payable half-yearly for 2^ 
years may be purchafed for .500I. allowing compound intereft at 
the rate of j per cent. Then, from the Theorem on page 168 
of Simpfon's Differtations, we have the half-yearly payment = 

X A z= 17I. 12s. 6d. 3|^qrs. ; where A = 500, 



R« 



R=: i*095, and n m 50, the number of payments. 

The fame refult will alfo be obtained it we find the amount 
of ,5001. at g per cent, per ann. compound intereft for 2j years, 
and then find what annuity, payable half-yearly, for the fame 
time, and at the fame rate per cent, will be equal to the fonn^ 
amount. 



Second Solution, by Mr* Hopper* 

In this cafe jool. may be confidered as the prefent worth oi 
an annuity to continue 25 years ; which annuity may be found 
by Theo. 2, page 238, Simpfon's Algebra. Thus, by ufing the 
fame noution, we have R = 1*025, n = 40, V 3= 500 ; and 

log. A = log. V + log. (R _ 1) _ log. (1 — i~) = 17I. • 



R" 



125. yA. nearly, the required annuity. 



Third Solution, by Mr. Gborge Pickering. 

Let X be the fum to be deduced at the end of each half-year, 
r =: the ratio, and a = 500 ; then 

ar — X is the fum remaining after the ift half-year, 

tf r* — xr — X • 2d half-year, 

nr' — xf^ — xr-^x ...,. 3dhaff*year» 

&c. till 
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«r** — jrr*» — ;rr** xr — x .•..•. 50th half-year. 

chat is, ar*^ — * X : 1 -»- r -t- r* + r^ + r* » is equal 

to the fum remaining after the 50th half-year ; but the fum of 
the geometrical fcries 

1 + r -I- r* -+- r* * + r^ ® is , and 

becaufe the whole fum was to be received at the end of the joth 
half-year, therefore, the above expreflion muft be equal to no* 

thine, that Is, ar*** — a? x = o, or x X = 

_ ar^° X (r— 1) _ ar^* — ar^'' 

— 1 
lyl. i2s. 7d. nearly. 



flr* <» ; confequently x- ^,o_, - r^o 



Other Solutions were given by Mfjfrs, Cavill, Collins, Johnfon, 

Marratt, and Merones Minor. 



111. QUESTION 33, hy Mr. I. H. Hearding, Addcrbury. 



J jc+^+ ' +iL + JL+iL + &c.adinfin.=:3 
rivcn< 1-3 »8 2-5 3-5 ' 37 

1^1 -f ^ -4- 2/4- V'J'' +5;^* + &c.adin6n.= ^ 



to find X and y. 



Solution, by Mr. Wm. Marratt, Sibfey, near Bojlon. 



By Simpfon's Algebra, page 217, the fum of the infinite feries 

X'\ A 8:c. is =: to 2jc. 

1*3 23 

And, multiplying the fecond equation by 3 we get, 

27JC 

1 +3y-4-6;^' + 10^' -§- &c. =— ^ ; that is, by Simpfon's 






\^tW^^ 
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Heilte the equdtioni given in the quell ion become, 

9^ 1 

lo 3(1 —y)^' 

Now, by writing i — s inftead of y in tbefe two equitionA 
We have 

to 



That is, 15 X (t —z) 



272 
Id 



272* 



or 2* — 2^ +0- =:d, 

01 



Hence, i =-,> = - , andx 



io< 



Nearly in the fame manner was ike Anfwer given hy 
Mr* Heard ing, the Propofer. 



IV. QUESTION 34, byMr.Vf.VK\^cn,Taplow. 

A circular piece of ground, containing fliao acres, is to be 
divided between three perfons, A, B, C, whofe (hares are to 
be as 5, 6, 7. Query the (hares, by conflrufiioni fo that the 
boundaries may be equal ? 



First Solution, by Mr. George Pickering. 

The diameter of the circle is readily found = 131*417 yards. 
Now let this be divided into three parts, AB, BC, CD, (fig. ^5, 
pi. 3.) having the fame proportion as the numbers 5, 6, and 7 ; 
and on AB, AC, CD, and BD, defcribe femicirclcs, then the 
curvihnear fpaces aa^ hh^ cc, are the parts required, as is evident 
from Dr. Hutton*s 8th Traft, where this curious divifion of 
circles into parts having equal perimeters and given ratios was 
(irfl noticed. The content of each (hare is eaGly found, for 
5 + 6 + 7 1= 18, and as 18 is to 220, fo is each of the num- 
bers j, 6, 7, to the refpe6Uve (hares, viz. 617, 737, and 8f f. 

^N J thus it was anfwered by Mdlrs. Collins, Hopper, 

Johnfon, and Myers^ 
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Second Solution, by Mr. John Cavill, Beighton. 

Let PQR (fig. ,56, pi. 3.) be the circular piece of jpound, 
the centre of which is O ; divide the periphery into j 8 equal 
parts» then take PQ = 5, RP = 6, and QR = 7 of thofe 
parts ; take alfo Q^/= one of thofe parts, and with the centre d 
and radius dO 4cfcribe the arc Oh z=z arc </Q ; again, take Rr 
c= one half of one of the ecjual parts, and with the centre r and 
radius rO defcribe the arc Oa =: arc Rr ; join ar and bd cut* 
ting RO in n and m refpeftively. Then will POWzzz A's (hare, 
raObd = C's fliarc, and POar = B's (hare. For the circle is 
evidently dfvided in the proportion required by the radii OP, 
00, OR, and the fpaces wOi, nOa are refpeQivcly equal to the 
fpaces mQ^ and nvK ; and PQ ■+■ Q</ + O/' = ir -+- aO + 
/rO =: Pr + /lO -V- Rr = feven parts ; the radius beins com* 
inon CO each boundaiy. 



V. QUESTION 35, hy Merlin, 

To cut 5 equal and fimilar parts from 5 equal fqnares, fo tha^ 
the 10 pieces when johicd together fhall form a fquare. 



Solution, by Merlin, Jun. 

If 1 be the fide of each of the 5 equal fquarcs.then, into what- 
ever figures they may be cut, the fide of the greater fquare muft 
be ^/s. 

Let ABCD be one of the 5 fquares : bifeft AD in G; then 
if the fquare is cut through the line GC it will bo divided into 
a right-angled triangle GDC, and a trapezoid AGCB ; and if 4 
pther like fquares are cut in the fame manner, and the parts placed 
round the fquare ABCD, (as in fig. 57, pi. 3.} the whole toge- 
ther will fonn the fquare EROP, This is too evident from the 
diagram itfelf to need a formal demon (Iration. 

Suppofe AD = 1, then /i} = GC = RS = SO, and 
a/iJ = /5=RO. 

Nearly in the fame manner was the anfwer given by Mr/frs. 
Boole. Cavill, CollinSi Dawes, Hopper, Myers, and 
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VI. QUESTION 36, hMr. I.T. M'Doneld. 



Given the fum of the bafc and one of the fides, and the 
excefs of the bafe above- the other fide, to conflru£l the 
plane triangle when its area is either a given fpace or a 

maximum. 



Solution, by Mr. John Cavill, Beigh/on. 

Suppofe ACB (fig. 58, pi. 3.) to be the triangle required ; 
put AB + BC = J, AB - BC =:^, BC = x, AC — AB 
z::zy, and the given area =: a^ ; then, by a well known theorem, 

tf'=}/|(i« — *«) (;r» — /)} or i6a^ =z (s^ — x") (x^ 

— v^). Now AC = J — AB, and AB z=: d + x, therefore, 
A(5 = J — 4 — X, and AC — AB = s — d'^2x=zy; this 
value of y being fubfiitnted in the above equation, and then 
properly reduced, we obtain 

3^4 — 12 (s — 2d) x^ -|- 2 (4^* — J{sd — 2i*) Jc*^ _ tf* 

JLs*(^S — 2d)X'^{S—2dj*S^ ^ "" 16' 

From which equation x may be readily determined when the 
given quantities are exprefled in numbers. 

Again, when the area is a maximum, the fluxion of the above 
equation muflbe made ~ o, and then we have 

x''—(s — 2d] X* -h i Ud* -^Asd — 2i') A- n i s^Us — 2d). 

Hence it appears that the problem is not capable- of a georoe- 
tiical con{lru£^tion even in the extreme cafe. 



VII. QUtSTION 37, iy Mr. James Whalley, Bolton. 



IlaviiK^ a circle and a triangle ABC, both given in magnitude 
a?id p<^{ltion ; it is rcquircvi to draw a tangent to the circre, cut- 
ting BC in P and AB in Q, so that drawing PR parallel to AB, 
the fain, difreroiice, or ratio of the two triangles PQB and 
/V? C way be f;:vrn . 
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Solution, jj^ Merones Minor* 



Suppofe the line PQK drawn as required, touchiilg the given 
circle, whofe centre is O at K ; draw DOG parallel to BA, 
meeting CB produced in G, and PK in D, and on GO demit 
the perpendicular BL; then by fimilar triangles, BP : PQ :: 
GB : Bi, and OD : OK :: BI : BL; therefore, by com- 
poundingi BPOD : PQ-OK : : GB : BL. Take m a fourth 
proportional to BL, GB and OK, and then BP-OD = wPQ. 

AjTain,bv fimilar triangles, BP : BQ : : GB : GI,orBQ-GB 
==BPGr; therefore, BPIOizzBP- iGO — GI) = BPGO 
— BQGB, or BP (lO + OD) z= BPBQ = BP-GO - 
BQGB -h m-PQ ; that is, PG-QB - BPGO = m-PQ, or 
(PG Q3 - BPGO)» = m»P(y. Now, putting v = the 
verfed fine of the angle QBP, a z=: BC, b = BG, c = GO, 
JC=:BP, and y = BQ, we have by trigonometry, PQ* = 
(x -^ y)* + 2vxy, and the above becomes 

((A + x) 7j -^ ex)* z=ii m'' (ix ^ yy + 2vxy) E. 

Again, becaufe the angle PBQ is given, the triangle QBP has 
a given ratio to the re^langle BQ'BP ; and the triangTe RPC 
being given in fpecies it will have a given ratio to PC; therefore, 
when the triangles QBP, RPC, have a given ratio, the rcftangle 
QB'BP will have to PC a given ratio, which fuppofc to be 
that of p to (] ; then VC = a — .r, and xy : (a — x)^ :: p : q; 
now from this c(juation, and the preceding one, we may 
obtain the values ot xand^ by an equation of the 6th power. 

Again, when the fum or difference of the triangles QBP, RPC 
is given, the fum or difference of the rectantrle QB, BP and a 
fpace to which PC has a given r.atio is given. Suppofe this 
fpace to be = /rPC*, and that the given fum or difference is zr 
J* ; then xy + w (« — xj^ zr j*, and from this equation and the 
equation E, tlic values of x and y may be found by an equation 
of the fame dimenfions as in the former cafe. 



VIIL QUESTIOH'^S, iy Mr. Willi AM Smith, Liverpool. 

Let AB be the axis of a conic feftion, from B draw BD to 
meet the curve in D, demit DC perpendicular to AB, and 
produce it from C till CP is in a given ratio to BD ; the 
locoi of the point P will be a conic fe6Uon. Recruited the 
dcmonftration. 

Vol,. I. Part I. (M ) ^ ^^^"^ 
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First Solution, hy Mt.Smitu, the Propofr, 

• 

Fig. 60, PI. 3- Produce PC to H fo that BC-CH ~ CD% 
and draw AHE to meet BE (drawn to make half a right angle 
with AB) in E, then becaufe AC-CB has to CD» iBC-CH) the 
fame ratio as the fquare of AB to the fquare of the other axe, 
the ratio of AC to CH will be given, and, therefore, A E will 
be given by pofition, and BE is given by pofition, therefore, if 
EF be drawn perpendicular to AB, BF will be of a given length. 
Now when AB is the greater axe, AC will be greater than CH, 
and the point E mull be below AB. In this cafe BD" = (BC* 
+ CD" iz CO' + CQCH) zz CQQH, therefore, CP» : 
CQQH in a given ratio, but CQ is to CB, and QH to FC, 
always in a given ratio, therefore, CP* : BC^CF is a given ratio, 
and, therefore, the locus of the point P is a hyperbola. 

Again, when AB is the lefs axe, then AC is lefs than CA, and 
the point e will be above AB, and by reafoning as above, we have 
CP* :/C'CB in a given ratio, and, therefore, in this cafe the 
locus of P is an ellipfe, when the given conic fection is an 
cllipfe, but a hyperbola as before when the given fe£lion is a 
hyperbola. 

Again, when the fe£lion is a parabola, HE (fig. 61, pi. 3) is 
parallel to AB, and CH is equal to the parameter of the given 
parabola, and in this cafe BC'CF has to CP* a given ratio^ and 
the locus of P is a hyperbola. 



Second Solution, ^7 Mr. Thomas Bazley, Bolton. 



I. For the ellipfis (fig. 62, pi. 3.) Put the axis AB =: a, and 
its conjugate 2OE' zz i, BC zr *, and the ratio of BD : CP : : 

d : a. Then, per conies, a* : b^ \i ax -^ x^ i CD* zi ~ {ax 

a 

'*^ r 1 »x«* b*^x i* , • b^ ax 
— X'], conlequently, DB* = — ^ — - x^ + x^ =z ~ 

3 7 2 2 

+ ^ 7 •«*> an^» therefore, CP' = %^ x BD* = 

53 = — sr- (^Tzzi^ ' "" "^ ^* '^^'''^ 

(when a is greater than i) is an equation to the hyperbola, 

vrhofe 
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^v-hofc axes arc -^ _i7j5 x a and -^--^,_-_- x a. But 
lib IS the greater, the equation becomes CP* ~ ^"^ La "~^ 
' "" — 5**^ Li a ■''^ — ^^)> an equation to the ellipfis, whofa 

axes are j^~—, x a and ^ ^^ J, _ ^,^ . Moreover, if 
6 =: a, the ellipfis becomes a circle, and the equation for the 
value of CP becomes CP* = -^^ — ; an equation to the para* 

bola, whofe parameter is ^ X ^* 

II. For the hyperbola, (fig. 63, pi. 3.) ; the fame notation 
remaining, DC* ± — ax + t ^^ ^Y ^^e property of the 

curve; confcqucntljr CF* = J X BD» = *^a*+£!^*X 
X* = >, (-rXTa + *')» which expreffes an hyperbola, 

whofe axes are^-5-p^, X «. and 3^*-^-^,-) x a. 

III. For the parabola, (fig. 64, pi. 3.). Put the parameter 
= p, then CD* = px, and BD* - px -\' x"; therefore CP* - 

%T {p^ "I" ^*)» ^^^ equation to an hyperbola whofe axes arc p^ 
and 'mX p^ 



Third Solution, by Merones Minor. 

Firll, let the given conic feftion be a parabola whofe parame- 
ter Is BE, ffig. 64, pi. 3.) and take BF : BE in the given ratio 
of CP : BD ; then, by the property of the parabola, BC'BE z: 
DC*; and. therefore. DB* = BC-BE + BC* = BC-CE; 
wherefore, BE* ; BF' : : BC-CE : CP% and the locus of the 
point P is a hyperbola, whofe vertex is B, and axes BE and BF. 

When the given ratio is that of equality, the axes are ec^ual, 
iod in tbstt csfc the hyperbola, is equilateral* 

(M2) ^«»»^ 
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Again, let the given conic feftion be an clliplV, as in (hg. 62, 
pi. 3.) or an hyperbola, as in (fig. 63, pi. 3.) and BI tlic 

BI 
rcfpeaiye parameters ; then, AB : BI :: AC'BC : DC*, or-.^ 

X AC-BC = DC, and, therefore, DB' =:J^r(AB + BCj- 

RT AT 

EC + BC* = |i • AB-BC + Ji • BC* ; hence^ taking BE 

a fourth proportional to AI, BI, and AB, we have AB : AI : : 
(BE + BCj- BC = BC EC : DB^ Now, take BE» : BH» 
: : AB : AI, and BF : BH in the given ratio of CP : DB ; then, 
BE» : BH* : : BCEC : DB^ and BF' : BH' :: CP« : DB' ; 
therefore, BE' : BF' :: BC*CE: CP', and confequently the 
locus of P is a hyperbola, whofe axes are BE and BF, and ver- 
tex B. This is general for the hyperbola, whether AB be the 
greater or lefs axe; but in the ellipfe when AB is the lefs axe it 
will appear in a manner fimilar to the above, that the locus will 
be an ellipfe. 

Anfzcers were alfo received from Mejfrs, Hopper fl^rfjohnfon. 



IX. QUESTION 39, by Afr. Thomas Bazley, 5(?//^«. 



From the given point. P in the periphery of a given femi- 
circle APR, it is required to draw the rigijt line PB meeting the 
diameter AR in B, fo that^C bcinjcr drawn perpendicular to AR 
meeting the periphery in C ; BC' — BP* fhall be of a given 
magnitude. 



First Solution, by Afr. J. Johnson, Birmhgha?nn 



Construction. On AR (fig, 65, pi. 3.) demit the per- 
pendicular PD, divide OD at B, (O being the centre) fo that 
sOB*BD may be equal to the given differenpe of the fquare^ 
of BC and BP ; draw BP and it is the line required. 

Join OP, BC ; then, BC = OC — OB', and BP = OC? 

(OP') — OB* — jjOB-BI (Eu. 12. II.) ; therefore, CB« — 

PB* is = 2OBBD, the given diflference. The difference i« 

evidently a maximum when OI is bifefied at B, i|nd a miDimuai 

lyhen B coincides with 0# 
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SzGOND Solution, by Mr.'&\zLz\,tke Propofer. 



Construction. Fig. 65, PI. 3. Let NP zz the given 
magnitude. Then, Ironi the centre O draw OS making the 
Z- AOS 1= ^aright il, and on AR drop the perpendicular 
PD ; from D, with a radius equal to the fide of the fquare (OC* 
— PD' — M*), dcfcrihe a circle cutting OS in G and ^, draw 
GB, gb, perpendicular to AG, and join PB, PA, and the thing 
is done, cither of the points B, A, anfwering the conditions of 
the queftion. 

Demonstration. Join OC and OP. Then, becaufe 
Z. BOG zr z. BCO, BO will be zr BG, and DB* + BO» 
^ DG* = OC — PD* — M= per conftr. whence M" z: OC' 
_• OB* — (PD* -h DB') zz BC — PB\ 

g, E. D. 

Cor. If BC be equal to BP, then DG will be equal to 
DO, and the points B, J, will fall in O and D. Alfo, when M* 
is a maximum, GD^ is evidently a minimum, and in that cafe 
]3G is perpendicular to OS, and the points B, A, coincide in 
(he middle of DO. 

f/fgtnious Solutions to this queflion were alfo received from 
Mejfrs. Cavill, Hopper, a/ii Merones Minor. 



X. QUESTION 40, A>'Geometricus, 

Let two circles have the fame centre, and let A, B, be two 
given points in the circumference of one of them. It is re- 
quired to inflefcl AC, BC, to the circumference of the other 
circle, fo that the rectangle AC x CB may be a given 
fnagnitude. 



First Solution, ^^ Afr. Thomas Bazley. 

Geometrical Analysis. Suppofe the lines AC, CB^ 
Jfig. 66,pl. 3,) drawn as required, produce AC lo mceX. \)afc ^^vwox 
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Circle in D, and join BD. Through the centre O and the 
point C draw the diameter F.CF. Then, fincc the circles arc 
given and concentric, the rcHanglc EC'CF is given and conRant. 
But EC-CF = AC.CD; therefore, AC-CD is given, and by 
hypothefis AC'CB is given ; confequently the ratio of ACCD : 
AC'CB is given, that is, the latio of CD : CB is given. But 
fince the points A, B are given, the angle ADB is given, and, 
therefore, the triangle C3D is given in kind; hence the angle 
BCD as well as its fupplement ACB is given. Therefore, if 
we defcribe on AB the fegment of a circle to contain the given 
angle ACB, it will meet the interior circle iq the point or points 
recjuired. 



Second Solution, /|y Mr. Johnson, Birmingham. 



Through the centre O (fig. 67, pi. 3.) draw the diameter CEOH, 
mcetingthe fmaller circle inEand H ; alfo, let AC, BC, meet the 
fame circle in D and F, and join AF ; then becaufe the given cir. 
cles are concentric, CE and CH will be given in magnitude, and 
CB'CF = the given reftangle CE'CH ; but by the queftion 
the reftangle CA'CB is given, therefore, the ratio of AC to CF 
is given, and the angle AFC (the fupplement of the given angle 
AFB) being given, the triangle ACF will be given in fpecies, 
and confequently the angle ACB will be given ; hence it a 
fegment of a circle capable of containing this angle be defcribed 
on AB, its interfeflion with the greater of the given circles will 
determine the point C. 

The reftangle AC'CB will be a maximum, when AC =? CB, 
if ABE be the greater fegment, and a minimum when he = rB, 
but vice vet fa when ABE is the lefs fegment. The folution 
■will be exafclly the fame when A, B, are in the circumference 
of the greater circle. 



XI. QUESTION 41, by Hypatia, 



Three points being given by pofition, it is required to con(lru6): 
a triangle, the fides ol which may be given in magnitude, and 
pafs through the given points. 



So\-\3T\0^^ 
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Solution, by Mr. Thomas Bazley, Bolton. 



Suppofe it (lone, ABC (fig. 68, pi. 3.) the required A, D, E, F 
the given points. Let the points D, E, Fbe joined : then fincc the 
fides of the A ABC are given, the Z.s are alio given ; and becaufe 
DE, DF, and FE are given, the circles defcribed on thofe lines 
to contain the given Z.s, C, A, and B, are given in magnitude 
and pofition. Let DCE, DAF be two of thcfe circles, and the 
queftion is then reduced to this : 

To draw through D, the point of intcrfection, the right line 
ADC of a given length, terminated by their peripherics. For 
then the points A, C, being determined, we have only to draw 
AFB, CEB, tlirough the points F and E, to meet in B, and the 
thing is done. Hence the following conftruftion : 

Let S, O, the centres of the circles DCE, DAF, be joined, 
and on OS defcribe a femicircie, in which apply SG zr \AC^ 
and through D draw CDA parallel to SG to cut the circles 
in C and A; draw CEB, AFB, meeting in B, and ABC is the 
A required. 

Demonstration. Through O draw OGK to meet AC 
in K, and SI parallel to OK meeting AC in I ; then becaufe Z. 
G is right, and GS, KI, as alfo GK, SI, parallels, therefore, 
GI is a rectangle, and SI, GK, are perpendicular to AC ; con- 
fequcmlv KD = 4AD, and Dl =: i-DC, therefore, KD + DI 
= {Kl=z GS) IDA + iDC = |AC : that is, GS = -JAC, 
and the reA is plain from the analyiis. 

And thus the Q^ueftion was anfwered by M'Jfrs. Collins, John- 
fon, Lowry, Merones Minor, Myers, Pickering, a«^ Smith. 



XII. QUESTION 42, i;^ Geometricus 



A triangle being given by pofition, and two points being alfo 
given, it is required to draw lines through thefe points to inter- 
left each other in one of the fides of the triangle, and meet the 
other fides fo as to cut off fegments adjacent to given points in 
them« fuch that the reftangle contained by thefe fegments may 
be equal to a given fpace. 



^v^'^-^ 
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First Solution, hy Mr. Lowry, tt. M. Colleges 



Analysis. Let ABC (fig. 69, pi. 3.) te the triangle 
given by pofition, E and F the given points, through which lines 
are to be drawn to meet in one of the fides as AB, and H, L, the 
given points -in the other fides AC, BC. Now, fuppofe the 
problem lefolved, and that IFG, KEG, are drawn 10 interfeft 
in AB, and meet AC, BC, in I and K, fo that the reftangle 
HILK may be equal to a given fpace. Draw FD parallel to 
AC, meeting AB in D, ana join DE ; then DE will evidently 
be given by pofition. Through the points F, E, draw a line 
meeting AC in N, and B A produced in O, and draw IQ parallel 
to OE, meeting GE in Q. Let AQ joined meet GE iti M, draw 
MP parallel to EG, and join NP. 

Then, by reafon of the parallels, AP : PG : : AM : MQ : : 
AN : NI ; therefore, PN is parallel to GFI, and, confequently, 
OP : PG : : ON : NF : : OM : ME : : OA : AD; therefore, 
AM is parallel to DE; but, DE is given by pofition, and A is a 
iven point, therefore, AMQ is given by pofition, and M will 
e a given point, and NM, ME, given lines. Draw EV making 
the angle MEV — to the given angle MAN, then EV will 
evidently be a given line; on OE produced take ET = EVy 
and draw TR, parallel to ED, and equal to HN ; then, becaufe, 
ET is a given line, and E a given point, T will alfo be a given 
point, and, therefore, TR, which is parallel to DE will be given 
by pofition, and alfo in magnitude, being equal to the given 
line HN, therefore, R is a given point. Now, join RE, and let 
RT meet GE in S ; then, by fimilar triangles, AM : AN : : ME 
: EV = ET :: MQ : TS, and AM : AN :: MQ : NI. there- 
fore, TS z: NI, and NH is = to TR, therefore, RS is = HI, 
and, confequemly, the rectangle RS'LK is = to the given rec- 
tangle HI' LK ; the problem is, therefore, reduced to this ; viz. 
to draw aftraight line through Eto interfefl BC and TR in K and 
S, fo that the reSangle of the fcgments LK, RS, adjacent to the 
given points L, R, may be equal to a given fpace, which is the 
fame as the Sectio Spatii of the ancient geometricians. See Dr« 
Halley's Tranflation, and alfo the Solution to Q. 220, Old Series 
of the Repolitory. 

It is obvious that the above analyfis is applicable, when the 
points K, L, are in the fide AC inftead of BC, viz. when the 
problem requires IFG, ^EG, to be inflefled to AB, meeting AC 
in 1 and ^, fo that the reflangle IW'kl may be equal to a given 
fpace, H and / being given points in the line AC ; which is a 
cafe that Irequcntly occurs in the folutiouof problems. 
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Second Solution, hy Mr. W. Smith, Liverpool. 

Analysis. Let Ayj (fig. 70, pi. 3.) reprefent the given 
triangle, d^ w the given points in the fides, and P, Q the other 
given points ; and fuppofe QR/, PRT to be drawn as required to 
interfeft Ayin R, and meet ds in /, and As in T, and make the 
re3angle wT x ^/ = to a given fpace. Join Q^, and draw QI 
parallel to ds meeting Aj in I, and IS parallel to Q^, meeting 
Q/ in S, then I will be a given point, and IS will be given by 
pofition. By the fimilar triangles Qdf/, QIS, we have dt x IS 
= the given reftangle Qr/ x QI, but by the problem the rec- 
tangle dt X wT is given ; therefore, the ratio of IS to wT is 
fjiven. We have, therefore, to infleft two lines QRSj PRT, 
rom the given points Q, P, to interfeft A^ in R, and meet IS 
in S, and AS in T refpeftively, fo that IS may have to wT 
a given ratio, which reduces the problem to the fame as 
queilion 17. 

Mr. Johnfon alfo anfzvercd if. * , 



XIII. QUESTION 43, *;^SiDROPHEL. 



If a triangle given in fpecies have two of its angles upon 
ftraight lines given by pofition and the fide adjacent to thefe an- 
gles pafling through a given point ; required the Locus of the 
angle oppofite to that fide. 



First Solution, iy Mr. W. Smith, Liverpool. 

Analysis. Let LX, LY (fig. 71, pi. 3.) be the lined 
given in pofition, O the given point, and ABC the triangle 
given in (pecics. Draw BD making the angle BDC =: ^ BLA, 
then the ratio of AD to DC is given ; alfo the locus of the point 
D is a right line given in pofition, as LZ, for the points 
L, A, D, B are in a circle, and^ therefore, the angle BLD 
(= Z- BAD) is given. Draw AF, making the angle LAF 
5SS Z. BAD, and from C draw CF parallel to LD meeting 
AF in F, then the angle AFC will be givcn^ axvd \^ OCi Vi^ 
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drawn to meet AL in G making the angle OGA = L. AFC, 
then G will be a given point, and ihc triangles OAG, C AF will 
be fimilar; ami, therefore, AG : OG : : AK : KG. or AG-FC 
r= OGAF. From G draw G/K, meeting LF in k. and CF 
in K, then if AF meet LD in /. the raiio of AD : DC being 
given, that of AF :/F will he given, and the lotus of F will be 
a right line given in pofiiion, as LF ; therefore, AG ha» to kY a 
given ralio ; viz. that of GL to O, and AF has to LF a given 
ratio al To, viz. that of G^ to iL, and OG being a given line, 
r 4he rcftangle ((F-FC will be equal to ihc rcflangle under LF ■ 
iuid a given line, equal, fnppofe to LF-LR, and, therefore, 'tMn 

fiarallelogram ,*FCH ■:=. the parallelogram LFRc, or the parak^ 
elogram IrCH ^the parallelogram LKIR, that is, thcreflangl' 
If'C (^ V.k-h\"i is given; and, tbcrcforc. the locus of< 
will be a hyperbola, whofc afymptoles are \r and IH. 



Stcos'D Solution, by \\t. Lowry, R.M. College. 



Let ABC (Hg. 72, pi. 3.) be the triangle given in fpecia, • 
having the angles A. B, on ihc ftraight lines EA, EB given by ] 
potition, and the fide AB pafTing through the given point P, 
Draw EH to make the angle BEH equal 10 the given angle 1 
BAC. then EH will be given by potition. Conceive CH and 1 
BH to be drawn fo as to make the angle CHB equal to the given 
angle BF.A, and join BK, K bc'ing Uie point where CH meet* ! 
AE : then. beCdufe, ibc angles KilB, K£B are equal, the poinii 
E.H. K, B are in a circle; therelorc. the angles BKC, BEH, 
BAC are equal, and, conrequeuilv. the points B, K, A, C are 1 
alfoinacircle; and. therefore, the'angles EKB, (EHBJ. ACB ( 
are equal ; the triangle EBH is, ibercfori^, fimilar to ACB, an4.fl 
it PF be drawn parallel to AE. and FG parallel to BH, the f 
angle EFG will be equal 10 ihc angle ABC, and FG, EG will be ^ 
given in magniiude; and, moreover, if GL be drawn parallel to 
CH it will be given by pofiiion, becaufc the angle FGL is equal 
10 the given angle BEA. 

Again, becaufe ?F is pamllc! to AK. the angle PFB is equal 
to AEB (CHB). and the angle PFB is equal to CBA. there, 
lore, adding the common angle APH, the iiuiiglcs BFP, BH(X J 
Bppear to be equiangular, and, conlcquemly, BF : BH : : PF i"* 
CH ; but the ratio of BF : BH ii compounded of the r, 
HG : HE, and FG : EF ; wherefore. PF ; CH : : HG-FG \ 
HE-EF. Take IG : PF :: EF : FG. then IG : CH :; HQ 
.- HE: ar)d. by divifion. CD : IG : ; HG (ID) : EG (ID \>t\S 
lirjwa parallel to EH, meeting CH in D); therefore. CD-I^ 
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is = GI'GE =: to a given fpace, and the locus of the point C 
is a hyperbola, whofe afymptotes are IL and ID. 

Afr. Johnfon likewife anfwtrcd this Quejlion, 



XIV. QUESTION 44, ^>i\fr. John Wright. Norlty. 



To find three fquare numbers in harmonical proportion 
fuch, that, if from each of them its refpeftive root be taken, 
the remainders thence ariflng (hall be rational fquare numbers. 



Solution, by the Propofer. 



Let X*, j^*, and 2* be the three required numbers. Then by 
the property of harmonical proportion, 

^ — / •/ — ^* : : Af* : z' ; hence, >' = ;, \ , , 

_ xz /2 (r' — i^ + grj) (J* — r» + 2rs) / 

as will appear by fubftituting 

Affume now 

/ --- \ — HI — L— , and putting az=Lr^ — J*-»- ^rsi 
[2n — tn) n 

k — i« — r' + 2ri, and f =: r* -|- j* ; the expreffions for *, 
V, and z above, will be transformed into 



n» i«* , i*« 



, and r r refpe&ively. 



(fin — »»)«* (a» — m) cm {2n — m) am 

Now,per queft. **— ;t,>*— >,and z* — z are all to be fquare numbers: 

but ** — ;^ = - ^ ^" "*" ^l a is aUeady a fquare number, 

-^ ^ (211 — my C m* I -? 

will be a /aeiarr, when ^» «* — (an — mVkcm \^ lo\ vo ^^58^ 

(N a) ^Vv2cv^ 
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which, affume i* n* — (2a — m) • bcm = (iii — pmf ; which 
will give m z= aiw x , ^, . This value of »i being writ- 
ten inftead of it in the expreflion for z lad found, we (hall 
get 

2 = — —7 ^^4 — rx» 2i"<l hence 

(bc — p*)^ 



z' — z 



"• i6a^p^{c — py(b^p/ ^ 

^(bc^p^y — ^ap(b — p)ic—p)} 

which muft be a fquare number, confequently 
{bc—p*^ - 4fl/> (A — p)ic — p)=z b^ c* — 4fl;fr^c — (2ic 
— ^ac — 4^^) ^* — ^ap^ -^ p^ z:l z fquare - (3r+ 2ap-^p*/ 
fuppofe ; whence is obtained 

2bc s^ — r* + 2rs (r« +>) 
p = -— / = » X 5 ^-^ -^ 

where r and s may be expounded by any two numbers taken 
at pleafure. 

Ex. Gr. Take r = 2, and s = 3 ; then 

iii826ff ,. _ 6 1 5,5 1 87015 
wrs: — 5 , alio x z= r — 5-, 

78455 504^563384 

6155187025 ^^j ^ _ 61551870 2^ 

^ 3855313176' 2075937864 



XV. QUESTION 45, by X- Y. 



It is required to invefligate a rule for finding the area of any 
polygon whatever by means of its fides and angles. 



Solution, by Mr. Lowry, 



The inveftlgation of a general rule for finding the area of anv 
reBiVmea] polygon, by means of its fides and angles, will be mucn 
^ciliiat^ by tht following Lemmas : 
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ift. Let a, b, c be any three arcs, then, 

fin (3 + c) =r <^^" ^ fin c + fin ^ fin (a + ^ + c) 

hn i^a 4- ^) 
It is well known that the fin (^ + c) =z fin b cofc 4- cof i 
fin c ; and, therefore, fin (a + * + c) = fin /z cof (^ + c) •+• 
cofa fin (^ H-f) = (ifcofi co{ c — fin A fine be put for 
cof(^-i-c)) fin tf cofi cof c — fina fin ^ fin r + cof a fia 
(^ -p ^) » ^"^» multiplying by fin b and adding fin a fin r, we 
have fin a fin c -V- fin ^ fin (a -f- ^ -|- c) = fin a cof A cof r 
fin ^ + fin a fin c Cot ^b •+• cof a fin i fin (^ *+ c) z: fin a cof b 
(fin b cof c + cof ^ fin c IT fin (i + c) H- cof a fin i + fin 
(A+c) - fin a cof i 4- cof a fin ^) (fin (*+0) = fin («4-*) 
fin {b -^r c)\ therefore, it is manifeft that 

-, , , , fin a fin ^: -f- iin b fin (a -f- i J- c) 
fin (f + c =z jr—- 7- x: — . 

It might be fliewn in a fimilar manner that 

^ , , fin rt fine — fin i fin (a — ^ 4- c) 
fin(*-c)= fin ;a - b) ^' 

fid. Let a, ^, c, ^ be four arcs, then 

^ . , , fina fin (c-|-flO 4- fini fin(a4-i-4-r-|- ^ 
fin(* + cH-«/)= fin (a + ^) ^^- 

This is immediately deduceable from the i ft Lemma, by writ- 
ing (e+ d) inftead of e, and by that means may be extended to 
any number of arcs. 

3d. If there are five arcs a, b, c, dy e, then 

- ,, . ,^ V fina fin ff + ^+^) + finifiriffl-4-J + f-f i-f tf) 
Cn{*+.H-^+0 = '■ fin (a+i) 

And in general for any ftumber of arcs a, b, r, &c x, 

- ,, . rma{in(c + d-{- . . . .n) '^(ir\bGn(a-}-b'\'C . .n\ 

fin (a + 0) 

To proceed with perfpicuity wc (liall firfl End the area of a tra- 
pezium or polygon of fo ir fides. Let two of rlie fides, as AB, DC 
(fig 73, pi. 3.) be produced till thcv rnect at b ; then it is evi- 
dent that th(t trapezium A BCD is equal to the difiercnce of the 
triangles A^D, BbC. Now twice the area of the triangle AiD 
is = A^iD • fin ^ = (AB + Bb) <DC + C^) fin b, and 
twice the area of the triangle BAC zr Bb*Cb' fin b; and, there- 
fore, their difference or twice the area of the trapezium is =r 
(AB-DC + AB-C^ -^ DC-BA) fin ^; but Ct- fin b is = BC 
. in B, and fmBC* Onb = BC • fin C, toA ^tv b -=1 x^cv^Kvc:^ 
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of the {iim of the exterior angles B + C, therefore, twice! the 
area of the trapezium is rr= 

AB-BCfinB 
+ AB-DC fin (B + C) 
-HBC-DCfmC. 

Cor. Twice the area of the triangle ABC jp zr 

AB-DC ' fin (B + C) 
+ BCDC • fin C. 

Again, the area of the pentagon ABCDE (fig. 74, pi. 3.) 13 
equal to the fum of the areas of the trapezium ABCD, and the 
triangle DAE. Let the fides AB, DC be produced till they 
meet at b, then from the above we have twice the area of the 
Urapesium ABCD = 

ABBC • fin B 
+ AB-DC- G»(B + C) 
H- BC-DC • fin C. 

And twice the area of the triangle DAE is r: 

Ai-DE • fin (b + D) or fin. (B + C + D) 

+ D*-DE • fin D. That is zz 
AB-DE- fin(B+C -f D) 

+ DC-DE • fin D 

+ B*-DE • fin (B + C + D) 

HL C4-DE • fin D, 

n * i>7 BC • fin C , ^. BC • fin B . 

But B^ = >— td r^\f and C^ =: ->— 7f>— . -v^t» there- 
fin (B -f. C) fin (B -h C) 

ibre, the laft two terms together become 

BC-DE (fin C • fin (B + C+D)-h fin B fin D) zz fin (B + C) 

(by the ill Lemma) BC-DE - fin (C + D). Now the various 
terms being colleded, and arranged according to the order of 
the fides, we have twice the area of the pentagon = 

AB-BC • fin B 
+ AB-DC • fin (B + C) 
+ AB-DE • fin (B 4- C + D) 
-h BC-DC • fin C 
+ BC-DE- fin(C-*-D) 
4- DC-DE • fin D. 

The fame refult will be obuined with equal facility by 
finding the difference between the trapeziuum A^J^E and )he 
triangle B^C. 

Co JR. Twice the area of the triangle DAE is = 

AB?DE-fin(BH-C + D) 
+ BC-DE- fin(C+D) 
H- DC-DE • fin D- 
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Ia a fimilar manner we obtain the area of a hexagon hf load* 
ing the fum of the areas of the pentagon ABCDE (^. 75, pi. ft.) 
and the triangle AFE ; for by the latt rule twice the area of uie 
pentagon is zz 

AB-BC • fm B 

+ AB-CD*fin(B+ C) 

-h AB-DE • fin (B -t- C + D) 

+ BCCD • fin C 

+ BC-DE-fin(C4-D) 

-hCD-DE- fuiD. 

And twice the area of the triangle AEF = 

Ai-EF • fin (B -*- C + D + E) 
+ D^-EF • fn (D + E) 
-l-DE-EF-fmE 
equal AB-EF • fin (B + C + D + E) 
-hDC-EF- fin(D + E) 
+ DE*EF • fin E 

+ Bi-EF • fin (B + C + D -+- E) 
+ C^-EF • fin (D + E). 

BC • fin C 

and writing for B^ and Cb their refpcflive values j — p ^ r, 

and -jx T . p the fum of the laft two expref&ons becomes 

3C.EF • fin C . fin (B+CH-D-HE)4fm (D^ fin B ^ 

(by the 2d Lemma) to BC-EF- fin (C -H D + E). and coUea. 
ing and properly arranging the federal terms we have twice the 
area of the hexagon = 

fin B 

fm (B 4- C) 
fm(B-|-C + D) 
fm(BH-C + D+E) 
finC 
4.BC-DE- fjn(C + D) 
+ BC-EF • fin (C ^ D + E) 
-f- CD-DE- finD 
+ CD-EF • fin (D + E) 
+ DE-EF • fin E. 

The fame refult may alfo be obtained by taking the difference 
of the areas of the pentagon A^DEF, and the triangle BbC ; 
and we have alfo this 

Cor, Twice the area of the triangle AEF is = 

AB-EF- fin(B-f-C-t-D + E) 
+ BC-EF- fin (C + D+ E) 
+ CD EF • fin (D + E) 
4- DE-EF • fin E. 



ABBC 
+ AB-CD 
^- AB-DE- 
AB-EF • 
BCCD 
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Ib a like manner may the area of a heptagon be found, by 
finding the fum of the areas of the hexagon and the adjacent 
triangle, and from thence the area of an ocUgon, and fo on fur 
any other polygon. 

' The law of continuation is, however, fufficiently obvious 
from what has been done above, to enable us to extend the rule 
to any polygon whatever, without further invcftigation, and it 
may be exprefled as follows : 

Twice the area of any polygon is equal to the fum of 
the reflangles of its fides, except one, taken two and two, by the 
fines of the fums of the exterior angles contained by thefe 
fides. 

In the application of the rule to any praOical purpofe, it 
will be mod convenient to divide the polygon into two 
parts by a diagonal, and compute the area of each pare 
feperately. 

Thus if the trapezium be divided into two triangles by the 
diagonal AC» twice the area will be equal to 

AB-BC • fm B 
+ CD-AD-finD. 

And if the pcntaj^on be divided into the trapezium ABCD, 
and the triangle ADE, we liavc twice the area ziz 

AB-BC • fm B 
+ AB:DCMiniB-hC) 
+ BCDC • fin C 
+ DE-AE • fin E. 

4 

In like manner the hexagon maybe divided into two trapeziumip 
and then twice the area will be = 

AB-BC • (in B 
4- AB-DC'iin(B+ C) 
+ BC-DC • fin C 
+ DE-EF • fin E 
+ DE-AF-fin(E+ F) 
-i- EF-AF • fin F. 



XVI. QUESTION 46, ^j^Naoticus. 

Siippofvj a great circle to pafs through a given point of the 
equator and make with it a given angle, it is required to find iu 
/jrojcftion on Mercator's Chart. 



I 



1 



r 



( 105 ) 



Solution, ^^Afr. Wallace, R. M. College, 

• 

Let the curve, whofe nature is fought, be referred to the ftraight 
line reprefenting the equator, as an axis; and let the origin of 
the abfcifles be at the given point in which the great circle meets 
the equator. 

Let a denote the given angle; let (p denote an arch of the 
equator between the given point and a meridian pafling through 
any variable point in the great circle, and %)/ the latitude of that 

f>oint : put x and j' for the ftraight lines in the chart which repre- 
cnt the arches (p and >{/, or for the co-ordinates of a point in the 
curve whofe latitude is >{/ and longitude (p. Then, from the na- 
ture of the projection. 



Cof. V 

And from fpherical trigonometry, 

tan. %)/ = tan. a. (in. f ; 

and from thefe equations wfi are to deduce the relation between 
X and y. 

Taking the fluxion of this laft equation, and putting tan. a == 
a, we have 

^ f, , = a ^ cof. (p, and, therefore, yz=.a^ cof. (p cof. >J/. 
But from the equation, tan. -J/ == a fin. cp, we find 



Cof. \|/ 



1 



/(i +a» fin.*?y 



Therefore, ^=:-~7;^i^4 



V/(1 -4- a' fin.^ip)' 
and uking the fluents fo that ^ =: o, when x or <p — es 

y = hyp, log. I J fin. (p + y/{i + a" fin.* (p) | . 

Hence the nature of the curve may be exprefled thus : 
Let ^ be any arch of a circle to radius i. 
Take jf = 9, 

y = hyp. log. |a fin. (p + -/(i + a* fin.« (p)| . 
Then x and^ arc co-ordinates to a point in the curve. 

Vol. h PartL ( J XNW. <2\3^^- 
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XVII. QUESTION 47, /^y Geometricus, 



Let A, B be two given points in AB a ftraight line given 
by pofiiion, and let C, D be two given points without that line j 
let CV, DV be drawn, meeting AB in F and G, fo that the 
reflangie AF X BG is given : It is required to determine the 
Locus of the point V. 



Solution, iy Mr. Lowry. 



Analysis. Join AC, BD, (fig. 78, pi. 4.) and draw DE pa- 
rallel to AC meeting CI drawn parallel to AB in I. Let the rer- 
fanjojle AC'CR be taken equal to the given rectangle AF*BG,draw 
SRQ parallel 10 AC, and Cake RQ — EB ; draw CO to meet EI 
produced in K, and DP parallel to AB meeting AG in r ; a I fo draw 
VLparalleltoACrtieetingPDin H,CIinO,aud CKinL ; then 
the triangles ACF, CRS, being (imilar, AC-CR == AF*RS. 
and by the hyppthefis AC'CR =z= AF.BG, therefore RS is ' = 
BG, and RQ is =z= Bt , therefore, SQ is = EG. A/^ain, by 
fmiilar triangles, DE : EG = SQ :: VH ; HD, and SQ : CR 
:: VL: CO = PH; therefore, DE ; CR :: VH'VL : DH-HP. 
Now in the trapezium. CPDK, VL is drawn parallel to the fides 
CP, DK, and PD parallel to another of the fides AE, and the 
reftangles of ^he fegments VH'VL, DI^ • HP are in a given 
ratio, namely, that of DE to CR ; therefore, the locus ot the point 
V is a conic fetHon, (fee Hamilton's Conies, p, 56, p. i.) and 
is the celebrated Locus Solidus of the Ancient Geometricians. 
Newton iji his Principla has given a folution to the general cafe 
of this Problem, and enumerated feveral of the particular ones, 
and the Problem has been ftill ipore diftindly confidered by Dr. 
Pemberton, in an ingenious paper printed in the Philofophical 
Tranfactions for the year 1763. In what follows we (hall endea- 
vour to determine the fpecies of the Locus in as brief and gene- 
ral a manner as poflible, without entering into a particular detail 
of the various cafes for each fe^lion ; and \n order to do this, let 
DP,KC, be produced till they meet at X, and XM bedrawn tobifeft 
CP, DX at Z and N, and meet the fe^lion in T and M ; then it 
IS evident that TM will be a diameter of the fection, and VY 
3/2 prdinsLte to tl)at didmctcr. Now let MW be dra>vn parallel 
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io VY, meeting XD produced in W; then MW will be a tangent 
to the curve at M, and by the general property of the fcctions, the 
rcflangles VH'VL, DH'HP, are as the fquares of the femiaxes 
parallel to VLand PD, and (Hamilton, p. ;:^i, B. iJ MW* is to 
DW-WP in the fame ratio; therefore, MW* : DW-WP (Vlpi- 
VL : DH-HP) :: DE : CR :: DECK : CR«. Again, by fimi. 
lar triangles, WX : 2MW :: CI : IK; therefore, WX' : MW« 
:: 4-Cr : 1K» :: 4CR* : RQ"- = BE\ and fex aequo J WX* : 

bWWP:: DECR: . 

4 

Now It is evident from the figure of the feftions, that in the 
fellipfe WX' is greater than DW-WP, in the parabola equal, 
and in the hyperbola lefs; theiefore the locus will be an ellip'fe 

parabola, or hyperbola, according as DE'CR is greater, equal to, 
or lefs than the fquare of half BE. 

When the points BE coincide, the lines CI and CK will coin- 
cide, and the trapezium will become a parallelogram, and in this 
cafe the locus will be an ellipfe, except when AC, DB, are 
perpendicular to AB, and the given rectangle = AC'DB, and 
then it becomes a circle whofe diameter is CD, and from thence 
we derive the following properties of the circle, 

ist. If from the extremities CD of the diameter of a circle, ffig. 
79, pi. 4.) any two lines CV, DV, be intlefted to the circum- 
ference, nieeting the fide AB of a reftanglc defcribcd on CD in 
F and G : then the retlaiiglc AF'BG will be equal to the fquare 
of AC or BD. 

2dly. If from CD, the ends of the diameter, (fig. 80, pi. 4.) 
any two Vmcs CV, DV, be inflected to the circumference, meet- 
ing any ftraight line in F and G, and the perpendiculars AC, DB 
be drawn to AB. then AF'BG will be = CA-DB. 

There is alfo another cafe in which the locus is a circle, name- 
ly, when the diameter VM is perpen<licular to the parallels AC, 
DK, and the given reftangle r±= to AC*DE. In this cafe {hg. 
81, pi. 4.) PD is rz CK, and if VY be produced to meet the 
circle again in tf, VY will be m aYy VH zii: aL, and VL = 
aH ; rheiefore, PH-HD z= VH-H^/ = VH-VL, as it ought to 
be. From the above we deduce the following curious theorem, 
viz. 

If two equal chords PD, CK, be infcribed in a circle, and the 
lines CP, KD joining their extremities, be produced to meet any 
ftraight line AB drawn parallel to PD in A and E, and DB be 
drawn, making the angle EDB equal to the angle made by the 
chords produced till they meet ; then if any two lines CV, DV, 
be inflefled to the circumference meeting A£ in F and G, the 
reflangle AF'BG will be equal to CA'DE. 

There is alfo a cafe in which the locus becomes a ftraight line, 
tiz- when the line joining the points CD, (fig. 82, pi. 4.) inter- 

(O 2) fe^^ 



/ 
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fefls AB at £, making the reflangle AE'BE equal to the given 
one. In this cafe draw ICK parallel to AB, and let the line 
joining BD meet CKI in K ; take AH = BE, and draw KHV, 
which will be the locus fought. For join AC, and produce VD 
to meet KC at I; then bv reafon of the parallels AH = BE : 
BG :: KC : KI :: HF : HG; therefore, by permutation and 
compofition, AF : AH = BE :: HB = AE : BG; and therefore 
AF-BG is = AE-EB. 

Mfjfrs. Hopper and Smith alfo anfwtud this Queftian. 



XVIII. QUESTION 48, by Mr. W. Smith, Liverpool. 

Given the perimeter, the area, and the differenere of the 
angles at the bafe of a plane triangle to conftruct it by the conic 
fcfiions. 

First Solution, by the Proposer. 

Construction. Fig, 76, pi. 3. Form a reftangle HN 
M r fuch that its longeft fide HN may be equal to half the given 
perimeter, and its area equal to twice that of the given triangle ; 
through the middle points of HT, NM draw CF, and through 
the point T with the afymptotes CF, CM defcribe the 
equilateral hyperbola TS. Divide TH in V fo that TV may beta 
VH in the ratio of the line bifeQing the vertical angle to 
the perpendicular, which ratio is given, l>ecaufe the difference of 
the angles at the hale is given; now with the focus T, vertex 
V, and directrix HN, defcribe the hyperbola VS interfe^Hng the 
former one in S, draw SQ parallel to CF meeting TF produced 
in Q, and join QC mcctingTM in O, and on OQ defcribea circle 
cutting FC in A, and CB drawn to make the angle QCB=:ACQ 
in B ; then if AB be drawn, ACB will be the triangle required. 

Demonstration. By conftru3ion, the points A,0,B,Qare 
in a circle whofe diameter is OQ; and the angle ACB is bife6led 
by CQ, therefore, by a well known property of plane triangles, O 
is the centre of the infcribed circle, and Q the centre of a circle 
touching the bafc and the continuation of tiie two fides of the tri- 
angle ACB, and, therefore, the perimeter is equal to twice CF, 
Let SO produced meet CF in G, then SG is equal and parallel 
to FQ, and OG equal to the radius of the infcribed circle ; and 
becaufe the angles OSQ, OTQ are right ones, the jDoints T, S 
are in the circumference of the circle defcribed on OQ, and if 
XS be drawn, it will be a diameter, and therefore equal to QO. 

Now 
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Now by the property of the hyperbola and the conftniSIon OQ 
or TS : HQ : : TV : VH. Draw CD and QW perpendicular 
to AB, the latter meeting the circle in X, and join OX ; let I be 
the point where AB meets CQ. Then it is well known that 
QX is z= to QH ; and, therefore, OQ : QX :: IC : CD :: TV: 
VH, that is, IC, the line bilecting the vertical angle, has to 
CD^ the perpendicular, the given ratio; alfo the area of the tri- 
angle ACB is equal to the rcftanglc ¥C x OG, or PC x CM, 
that is, equal to the given fpacc. Q. £. D* 



Second Solution, by Mr. Lowry. 

Analysis. Let ABC (fig* 77» pi- 3-) ^^^ ^'^^' triangle re- 
quired, DC ihe line hireciing the vertical angle, and O the centre 
of the infcribed cirdo; draw the radii OE, OF perpendicular to 
AB, BC, and on CB produced take CO z=: to half the given pe- 
rimeter, and draw CK pcrpcniilcular to AB ; then it is well 
known that FG = AB. and ABCK =20F (or 20E)- CG, 
therefore OF = OE is given in magnitude; moreover the angle 
DOE= DCK = hall the difference of the angles at the bafe is 
given, and, therefore, OD is given in magnitude ; and the ratio of 
DC to CK being the fame as the ratio of DO to OE, it will be 
given ; and, therefore, AB'PC will bc = to 2ODCG =: to a 
given fpace =: to MC'CG (if CM be drawn perpendicular to 
CG and =: to 2OD). Now let FO be produced till FH = DC, 
and then BF-FH = AB-DC == CG-MC, therefore the locus of 
the point H is a hybcrbola paffing through M, and having CG 
and a line GZ drawn perpendicular to CG for its afymptotes. 
Again, bifett CM at L, and draw LI parallel to CB, meeting FH 
at I, and HN parallel toIL, meeting CM produced in N, and take 
LS =OF, then NH = CF and LN = IH = OC, and, there- 
fore, LN* — LS'z=HN* or aLN'LS =HN*, and consequently 
the locus of H is another equilateral hyperbola, whofe vertex is 
S and centre L, and thefe two loci being defcribed, their inter- 
fedion will determine the point H, and then the fides of the tri- 
angle become known. 

hUJfTS. Hopper and Johnson, alfo sent Solutions to this Qujlion* 



XIX. QUESTION 49, by An alyticus. 
Required the area of a curve whofe equation is 






So\.\3T\0'^^ 



( iio 1 

Solution, by the Propoftn 
From the given equation we have 

add, therefore, xy or the fluxion of the area is 

^J X • • Now to transform thi?» 

fluxion to one more convenient for integration, let us affume 
z z=: ~ + *, then 2* r=: ~,H-2 4-Jt*and^2 — 2+2'=-i-*-<2 4-A*. 

Alio z =: X — -r = j and - = ^ — ; — 57- 5 

x' 0, 2 ( 1 + j: jjc 

therefore, by fubftitutioh, xy = + — y, — ^ ,^, it being 

pofitiveor negative accordin^r as x is greater or left than i. 

The fluent of this expreflion may be found, as in Examp. 3, 
Art. 303, Stmpfon's Fluxions, and when a is greater than 2, it 






- -4- a: 



• But when a is left than 2,- ther 



expreflion .. — - will be impoffible ; and in this cafe the 

fiuem will be expounded by 

--r ; X circ. arc, whofe fecant = -; -, ( = — ; ; 

V^(a— 2) ^/(a— 2) \ x^(a — 2)/ 

10 rad* unity^ 

XX. QUESTION 50, by Amicus. 

If a reprefent any arch of a circle, that arch is ec^al to the 
infinite product 

sin. a X stc^a x sec. ^ ^ X sec. y « 3<c sec, tt ^ ^ &c. 

As this very curious expreflion for a circular arch does not 
fcem generally known, it is required to find its demonftration. 
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Solution, 6y Mr. ]oim Dawes, Birmingham, 



It is well known that fin. 2a =: 2 fin. a cos. a, and if for a 
we write the fucceflive values ^a, ^, ya, .... — a, we obtain 

2'« 

1st Sin, a z=z 2 Sin. 7 a Cos. 4^ a 

2d Sin. -Ira = 2 Sin. i a Cos. ^ a 

3d Sin. I^fl = 2 Sin. \ a Cos. y ^t 

^th Sin. ya = 2 Sin.-ya Cos. -^a 

And Sin. — a = Sin. — a Cos. i-a* 
2« 2^ 2* 

Now if the fine \a as found in the fecond equation, be fubr 
fticuted for fin. ^a in the firft equation, we have fin. a =: 4 fin. 
^ COS. \a COS. tA and fubftituting for fin. ^a, its value found 
in the third equation, we have fin. a =: 8 fin. ya cos. \a cos. ^ 
COS. ytf , and by continuing this fubftitution we at lail obtain 

fin. a:=z2^ fin. — a cos. ia cos. ^a cos. yii . . • . cos. — a. 

2" 2* 

Now when « IS indefinitely great, the arc— a will be indefi* 

nitely fmall, and therefore may be confidered as equal to its fine^ 
and the cos. —a will be equal to the radius (1) ; therefore^ th^ 

above expreffion becomes 

fin. a = a cos. ia cos. ^a cos. ja cos. ^y^ &<^» 

fin a 



or a 



cos. -2-a COS. 7a COS. ya cos. y7 &c. 



Sin. a X — ^ X t" X r* ^ r- • 1>"^ ^'^ ^Y *rcl| 

cos. ya cos. ^a cos. ya cos.-jV 

rad 1 
the fccant is = — ^r= therefore by subflitution. 

COS. COS. ' 

a = fin. a x fee -^ a x fee. i aX fee. y a X fee. -rr ^9 &c* 

• 

The inveftigation of this expreffion for a circular arc is given 
by Lacroix, in the Introduction to his Traite du Calcul. dificrentiel 
ct iiytegral, page 79; but the invention belongs to Euler. 
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XXI. QUESTION su h Curiosus. 



In a work entitled ** Hemifpharium D\JftEtum\'^ Authorc 
Ricardo Albio, 410. Rome, 1648, it i& faid that the convex fur- 
face of a fcalenc cone is equal to a circle whofe radius is 
i«mean proportional beiwcen-yv/( A' + r') + ^S + iJ and r, where 
h is the cone's perpendicular iicight, r the radius of the bafe, S 
and s the greater and Icfs flant heights. How is this rule 
derived ? 



Solution, Z^yMr. Lowry. 

Let AIEZ (fig. 83, pi. 4.) reprefentthc circular bafe of the 
cone, C its vertex, and AC, CE the greater and lefs flant fides rc«- 
fpecHvely ; driiw the diameter AOEG and demit the perpendi- 
cular CG, which will evidently reprcfent the perpenaicular al- 
tiuiue of the cone. Let It be two points inthe circumference of 
the bafe, indefinitely near to each other, join CI,Ci, and draw the 
tangent IS meeting" AG (produced if necclFary) in S,aud»lctCK 
be drawn at right angles to IS. 

Then becaufe the arc Iz is indefinitely fmall, the triangle IC^ 
%vill be equal to the arc I?, muhiplied by half the perpendicular 
CK, or taking (on the diameter produced) AH, Ah equal to the 
arcs EI, Ez refpertively, and the perpendicular HK = half CK, 
the triangle ICi, will be equal to the rectangle hHK. ; and as the 
furface oi the cone is made up of an indefinite number of thcfc 
little triangles ICi, or their equals the redanglcs AHK, it follows 
that if AF be taken equal to the semi-circumference AIE, and 
ordinates be taken at ever}' point H correfponding to every point 
I round the circumference, equal to half the perpendicular CK 
drawn to the tangent at that point, the area of the curve AIE will 
be equal to half the furface of the cone. To determine the exa6l 
area of this curve, is however no eafy ta(k, nor would it be of any 
ufe in the inveftigation of the rule mentioned in the quellioii, 
which is only an approximation, and feems to have been derived 
from fome luch method as follows : 

When the pointy AI coincide, it is evident that CA and CK 
will alfo coincide, and therefore FT the ordinate correfponding 
to the point F (or A) will be equal to half CA = { S, and in the 
fame way it appears that AL the ordinate correfponding to the point 
A (or E) is equal to half Cfi z=:{s. Let AF be bifeded at H' 
Mild draw the orditMc H' K^ then H' is the point correfponding 
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to I the middle of the arc AIE, and in this cafe the tangent IS 
will be parallel to the diameter AE, and the line joining GK will 
be equal and parallel to 10 the radius of tJie cone's bale.; there- 
fore C Kji^c^= /( G C/ — GK» ) ind H'K'=="f^^ 

=3= i \/k^ + r^. Now it. is very evideiU that the area of the curve 
wili be nearly equal to the fu^n of the two trapezoids TFH'K'an4 
H'K'EL, the fmall defect in the one being nearly compenfated by 
the excels in the other, therefore the area may be confidercd as 

equal .o(0:+H'K'+^)LA^^, ^,.-qp7i+?^i) 

FA 

X , and therefore the whoJe conyex furface of tlie cone will 

2 

• . ■ • 

be equal to twice that fpace:=:/ J^ v/(^* H- ^*) "^ -+ ■ ) X. 

r X 3'i4i59&c. (FA being equal to r X S'^^^o9) ^'^ich is 
evidently equal to a circle whofe radius is a mejdi. proportional 

S s 
between i^{h* H-r*) + -+- and r. 

4 4 
This Rule will bc-fufficiently exaft for pra6lical purpofes, ef- 
pecially when the flant fides are nearly equal ; and in cafes where 
greater accuracy is neceflary, the area may be approximated to any 
degree of exafhiefs, and with thcgrcatcfl: facility, by the method 
&l equididant ordinates. 



XXIL QUESTION 52, i;fALiQU IS. 

Having given the bafc of a triangular pyramid, and the three 
plane angles at the vertex ; to find the other dimenfions ? 



Solution, iy Mr. Lowry. 

To render the Solution of this Problem as fimple as poffibic, 
Jet us conceive the furface of the pyramid to be expanded on a 
plane as reprcfented in fig. 84, pi' 4 ; then we fhall have givea 
the angles BAG, CAD, DAE, and the oppoiite fides BC, CD, 
DE, to find the other f.des Ali, AC, AD and AE, whereof AB, 
and AE are equal. Nowaffume AF=: Al of any given length, 
a^d draw FG, GH, HI parallel to BC, CD and DE rcfpca. 
ivdy, and drop the perpendiculars FL, IK; then the figure 
FGHIA will be fimilar to BCDEA, and therefore the lines 
J'G, GH, HI will have the fame ratio as the given lines liC^ 

Vol. 1. Part I. (P) CT^. 
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CD, DEj ini hecaufe AF ^ AI is given, the lines FL, AL, I 
IK and AK will alfo be given. Now put FL = a. AL := *, 
lK = f, AK = ^. cof. z. El>C = u, LG=:r, KH =» 
«nd let «. n, r reprefcnt the ratios of the fquares of FG. CS 
and HI refpeftively ; then FG» =: a* -+- i' and 1H» =: c* + Ji* ^ 
iherciore, a' -l-i* ; £*-+->* :: m : r 

or ar^; — ^■•4-- 

Again, by trigonometry, GH* ^ GA' 4- HA* — ar.GA, I 
AH, andif lor AG, and AH. There be written ^^ + i,andrf + )r," 

and »' be put for A' 4- <^' — awW. we have GH* = i' _' '_ 
t{i— vd — »)'}■'+ a(rf — 1/4) y+tu' and, therefore, i*, + j^ ^ 
' ■ vy)x-\'3{d~vt>)i 



;*- 2l^ — vd - 



,b)y~ 



'-i-/ 



and this by reducing becomes afi — vd — vy) x^- c^-\ — 



y* — i' — B(rf— vh)y - 
found above, we have, 



w*. and fubllimting for * its valu< 



w*+^ I 



which beiogexpanded and properly reduced, we may obtain tha I 
value of jF by a bi quadrate, when the given quantities arc expreflel J 
in numbers, and from thence the other parts will readily bccoma.J 
known. I 

It is clear from the above, that the problem cannot in general^ 
be conftrufled by plane Geometry, but it may be eafily done by'l 
the conic fe£lions ; the locus exprcfTed by each of the above equa« 1 
tions being an hyperbola. I 

Or if it Oiould be more deGrcable to have the rcfuUing eqita* j 
lion expreffed in terms of the quantities given in ihe queftio: 
without firft finding the dimcnfions of a fimilar pyramid, we mi _ 
proceed as follows: Put jc, y, and z, for the three flant fidea 
n, n and s for the cofincs of^ the given angles, and a, b, t 
the fides of the bafc oppofite to thofc angles; then by trigonoA J 
inetry we have the following equations, 
jr* + y* — axym r= a" 
_y' + z^ — 7.yzn=Lb* 
** + I* — 2IZJ r^ c*. 

Now let us alTume^ ^= mx and z =: vx, then our equatiovj 

I «• ft + lu* — si(;iB):r=fl' 

*^ jt*(x -t-i.* — aw) =t*. 

And from hence wc have three values of ** which being eqiq 
ted we obtain 

a* (jij* + w' — iwvn)-^zb* (i -+- lu' — scm) 



L 



a* [t +»» — fiw) =c»(i-f-tt 



m) 



v—t*(i -^ii;*— awTO)— a* i 



^ 



Nc 



-c'd- 



-saws)— a'^0 



exierminate 
vuina*, Q=:i' fi + 



f ilie unknown quaniiiiei, as v, pill 



R = 8j4 



tul S =^c* (i + ai* — 2ajm) — a* ; then we have 

a' I-'— Ru — S =0. 
Subtrafl the fccond eqiutiun from the lirA, and there refulis 



(R- P)i. + S-Q = 



Again fublraEl ihe fecond equation multiplied by Q, from tbt J 
irtl equation multiplied by S, and divide the remainder by pj j 
ind we have 

_ PS — QR 



"«\Q-S}' 



I 

I aiii 

A" 
Hi 

IK 



i»(Q— S)»-PS+QR=o; 
ind equaling thefe values of v, we have 
»'(Q— S)'=(PS — QR) ■ (R—P); which. by fubmiuting 
"or P, Q, R and S, their refpeflive values become 
{*«^)[l+»»-la.-")-)-I-«.'>=[(Bi.i»-«»)CI+tt;'-a™)+C«o*-<o«)<i*]-*(««i>«. 
Where the value of w may be found by an equation of the ^ih 
<ower, and from thence » and x (and of courfc y and x} become 



X:in. QUESTION S3, By Mr.-Wu.W ALLACt. o/tht 

Royal Mililary College. 

he AB, AC be two flraight lines given by pofilion, and lei 
I>E b a hne of a given length terminated by them at D and E, 
UtD', EV, be perpendiculars to the lines AB, AC, meetine ia 
V. Jt is required to determine the Loots of the point V. 



FiR3T Solution, i> Mi/i Maria Pobtek, London^ 



I 



Supfofe that AB, AC, {fig. 85. pi. 4.) are the two Hnes placed 

ibeii given pufition, DE the given line drawn as per queltion, 

id DV, EV the two perpendiculars. Then, (Jncethe Z.sADV, 

AEV are right ^s. the A A + ^ DVE muft be equal to two 

right angles; but ihe Z. A is given, therefore, the i. DVE is 

given, it being equal to the fupplement ol the i. A. 

(Pa) '^^^w 
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Take PQ=: the given lineDEand (Euc. 33. b.iii.) defcrib« 
fe^mcritof a circle PmQ to contain an angle equal to the give 
angle DVE; draw Pm to make the angle QPm z=z DEV ; at 
join Qm. Let be th.e centre of the circle, draw the dianiet* 
fno n and join.Pji, Qn ; and draw AV : then, becaufe the ang 
DEV = m PQ, and ^ EVD = PwQ, therefore, the ti langli 
PmQy and EVD are equiangular ; therefore, becaufe PQi= D 
the two triangles are equal in every refpect, and Fm zzz EV ar 
mQ zzz VD. And becaufe the two ri^ht angles wP« and VE. 
are equal and the twopans77?PQ and VED likewife equal, the r 
maindcrs AED and »PQ are equal : Hence it is manifeft that tl 
two triangles AED and wPQ are equiangular, therefore, thrv a: 
equal in all refpefts, becaufe ED zzz PQ. And becaufe EV : 
Vm and EA =z P/i and the angles at E and P are right angle 
therefore, AV is equal to m «, that is to the diameter of a give 
circle : therefore, the locus of the point V is a given circle t 
which A is the centre. 



Second Solution, ^y J\/r. Tjios,.Mvers, Hammcrfmitl 

F^g- 85, pi. 4. Tlie angles at D and E being n'nht anglqj 
the points A, D, V, E, are in the circumference of a circl 
whofe diameter is AV, and if the diameter DF be drawn mcetir; 
tlie circle again in F, and EF be joined, the angle DFE is eq'ul 
to the given angle DAC, and DEF is a right angle, and DE s 
j;iven in magnitude ; therefore, DF and ns equal AV will Ic 
j;ivf»n, and, confequently, the locus of the point V will be a ci c.a 
whofe centre is A and radius AV. 



Third Solution*, by Porus. • 

Draw EG (fig. 86, pi. 4,) perpendicular to DEand V6 per- 
j^\:(lirii]ar to VJJ meeting EG in G; join DG, AV, and.aking 
A C z=z AV Kn fall CB perpendicular to AB. Then will V, G. 
'1.. I;, L>L* points in a circle v/liofe diameter is DG, and A, IX V, E 
J; m:U;; in a c\rc\c whole diameter is AV. Confequenty, the 
cr:;.Us VEG, VDG, andAVD, AEDareequal. but VEG is 
t -kJ tv* AED, bccai'.fe GED, VEA :iic equal by conflricHon; 
1I fivfore, in theniiiTi'Tlcs DVG, DAV. the amrlcs VDG AVD 
.*.! i i'/Vi"), ADV are equal, and the fi<lc D V is common to both ; 
i: : Hf^ DCV is c(|;ial to AV. Now the angle EVD or its equal 
1V\C ii equal 10 KGD, the angle ADC c.Mial to DEG, a!!id AC 
i.jmlt)AV'or DG by the conllrurtion ; coiifequentlv, BC iis 
fy. '.'./' .'o ]}K, but DE and the angles BAC, ABC are':ojjIbm 

by 



by lliehypotliefis and conftruftion, wherefore, AC or its equal 
A V is conftant, arrl the locus of V is a circle. 

Cor. It is evident ihat if DV, W. had been drawn fo as to 
make the angles ADV, CF,V equal, the locus of the point of con- 
courfe V would have alio been a circle, for if the angle DEG be 
madeeqnalto AKV, the angle DVG equal to CEG, and ABC 
equal AEV, the fteps of the demon ftration will be cxa6lly the 
fame. 

Solutions were alfo receivedfrovi Meffrs, Bazlcy, Dawes, Hopper, 

Johnfon, Lowrj', and Smith. 



XXIV. QUESTION 54, by Ursa Minor. 

Three ftraight lines being given" by pofition, and three points 
being alfo given, it is required to defcribe a re6lilineal figure, 
wfaule fides may pafs through the given points, and whofe angles 
may be upon the lines given by poiition. 



Solution, by Mr. Lowfty, R. hL College. 

The Analyfis which I have given to the 4&d Qucftion, will 
aflift IIS in refolving this problem, and alfo in defcribing a re6ii- 
jineal figure of any number of fides wliatever, fo that its angular 
points may fall on ilraighi lines given by pofition, and its fide> 
pal's through ^iven points. 

Let AB, BC, AC, (fig. 87, pi. 4.) be the three ftraight lines 
given by pofition ; D, E, F, the given points, and IGK the 
triangle to be defcribcd, fo as to have its angular points on the 
flraight lines given by pofition, and its fides pafling through the 
given points. Now proceeding cxaftly as in that Analyfis, (fup- 
pafing the points H, C to coincide,) we may find a point R, 
and the pofition of the ftraight line RS, fuch, that drawing KG, 
IG, through the points E, F to intcrfctl in AB, and meet RS in 
S, and AC in 1, KS may be equal to IC. And in the fame 
manner wc may find a point L, and the pofition of the ftraight 
line LM, fucli, that drawing OK, ID through the points E, D 
to interlctt in BC, and mcci RS in S, and LM in J\I, RS may 
be equal to LM ; then it is obvious that the lines RS, LM, 4111I 
IC will be equal, whtii the triangle is defcribcd in the m.ir.ncr 
required, and, thtrcforc, wc have only to draw IK through tho 
point D, to meet AC in I, and LM in M, fo that IC m:jy be 
equal to I-M, which is a p.irti:uldr cafe of the SccHo Rdlionli of 
Apolionius. 
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XXV. • QUESTION 55. hy Quinbus Flestrik, 

Givcp the bafe and the length of a line from the vertical angle 
to a given point therein, to con{lru6l the triangle when the ver- 
tical angle is a maximum. 



First Solution, by Mr.T\\o\iK% Hopper, 



Let CB (fi^. 91, pi. 4.) be the given bafe, and P the given 
point ; with tlie reiitre P and diftance equal to the ^riven line 
ilcfcribe a fcmicirclc AFD meeting the bafe pro«1ucod in A and 
J); take DE. fuch, Aat DE : CD :: BD : AB — CD, and 
from E draw EF to touch the fcmicirclje at F ; join BF, CF and 
BFC will be the triangle required. 

Through the points BpC defcribe a circle; then b^'caufe DE : 
CD :: BD : AB — CD, we have by compofition DE : CE :: 
BD : AC, and again, by alternation and compofition, DE : BC 
:: CE : AE; therefore, BC-CE=: DE-AE= EF^ and, conr 
fequenily, EF is a tangent to both the circles, (Eu. 3-. b.iii.) and, 
therefore, they touch each other at F, and the angle BFC will ia 
that cafe be a maximum, as is well known. 



Second Solution, Z»yAfr. Collins, Kcnfinglen, 

Let AB (fig. 02, pi. 4.) be the given bafe, D the given point 
therein, with which as a centre and radius := the given line, 
drawn from the vertex to the given point, dcfcribe the circle 
aC3, then by Prop. 45, Simpfon's GcomctrVj defcribe a circle 
to pafs through A and B, and touch the other circle in C, join 
AC andBC, and ABC will be the triangle required* 

Demonstration. By tlieconftruflion the bafe AB, the 
fegments AD, DB, and the line DC are all equal to the giveu 
ones. We have therefore only to prove that the angle ACB is a 
maximum. To do this, let anv other lines be drawn \o the circle 
as at c, and the angle ACB will be equal to the angle AtB, and, 
confequently.greaterthanthe angle A/7B formed by any other Jtwo 
lines A(/, B(/, drawn to any other point in the circle dC^. 

Third 
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Third Solution, 3>' Mr. Thomas Bazley. 

Analvsis. Suppofe it done, ABC, (fig. 93, pi. 4.) the 
^required A, S the given point in th^ bafe, SC the given right 
line, and ACBK the circiimfcribing cirdc whofe centre is O. 
Then, becaufe the z. C is a maximum, the circle defcribcd from 
centre S with radius SC muft touch the circumfcribing circle in 
C. For if C be fuppofed to fall in any other point of the exte- 
rior circle than the point of conta6l, it is plain then, that the Z. 
C would be lefs than the Z. in the circumicribing circle, that is, 
lefs than that at the point of conta6l. Now it is known that C, 
O, S are in the fame right line: produce it to meet the circum- 
fcribing circle in R and drop OD perpendicular to AB. Then 
AD=|AB is given, and fince the pomt S is given, therefore SD is 
given; confequently, AD* — DS« =: AO» — OS» = CS x 
SR is givjen. But CS is given, ther^ore SR is given, and, 

CS — SR 

confequently, — = OS is given, and the conftru&ion 

is very evident. 

LiMiTATiOM. It is requifite that SC he grater than either 
of the fegments SA, SB, when the vertical Z. is required to be 
a maximum ; and /g/i when a minimum^ 

fngenioiis Solutions were likezoife received from Mejfrs. John- 
fon, Lowry, Merones Minor, Myers, ani Pickering. 



XXVI. QUESTION 56, by Mr. James Cjjnliffe. 

Divide the fum of three fquare numbers in arithmetical pro- 
portion into three other fquare numbers in arithmetical propor- 
tion, an4 give an example in whole numbers as (mall as 
fnay be. 

Solution, by Mr. James Ivory, R, M. College. 

When three numbers are in arithmetical progreflion, it is eafy 
to prove that the fum of all the three is triple of the middle num- 
ber : therefore, if two fees of three numbers in arithmetical pro- 
greflion have the fame fum, it is obvious that the middle term of 
each fet muft be the fame ; and, on the contrary, if the middle 
t^rms be the fame, the fums of the two fets will likewifc be the 
fame. 

VoL.L PartL (Q) \j^ 
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Let then a", i*, c' and a", i*, c'* be two fets of fquare num* 
bers in arithmetical progreflion, having the fame middle term 3', 
and, confequently, the fame fum 3^* : then 

a^* z=:a^ +c^ = a'» + c" 

It is manifeft, therefore, that the Queftion is reduced to the 
finding of a fquare number that may be refolvcd into the fum of 
two fquares twice. Attending to the principles laid down in 
the Solution of Queftion 23d, No. II. of the Repofitory, it will 
appear that the number fought mud contain prime divifors of the 
form ^x + 1; and, as a lead value is wanted, we may negle£l all 
the other divifors which would only increafe the number fought 
without rendering it more adapted to the Solution of the Queftion. 
We may infer likewife from the fame principles, that no fingle 
prime number of the form 4X+ 1 will fatisfy the required con* 
ditions ; becaufe a prime number of the form 4:1: + 1, as well as 
its fquare, can be the fum of two fquares only once. Taking 
then a number compofed of two fuch prime fa6iors, we (ball rea« 
dily find that the number itfelf is the fum of two fquares twice, 
and that its fquare is the fum of two fquares no lels than four 
times. Thus if /> = a* + ^» and j/ = a" ^-g'« : then 






And 



^ vi_J {C»— DV4-4C'D* 
LA'»/^*+B'*/ 



Hence it is evident that the number fought muft be the pro* 
d\x& of two primes of the form 4^ + 1 » smd that each fuch num- 
ber will furnifli no lefs than 6 Solutions of the Queftion, viz. as 
many Solutions as there are combinations of two things in 
four. 

The twoleaft primes of the form ^x + ^ are j and 13 ; their 
produ£l is 6 j : now 

63* = 33* -+- 56' 
64* = 63« +. 16* 

63' = 32* + 39» 
65* = 25* + 6o». 

From tbefe we derive the following fets of three fquares ifi 
mfhmctical progTct^QXU 
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47*» 65% .79* 

35% 65% 8^*- 
The fum of each fet beinfir the fame and equal to 3 >t 65 " ; and 
thefe fets of numbers furnifh 6 different Solutions of the Quef- 
tion, by taking all their combinations, two and two* 

But if we iuppofe^ =/'', then the four forms for ^' p^ wjll 

give only two forms tor^* (vide Queft. 23, N. 2.) : and thus the 

iquare of every prime oi the form 4* + 1 will give an example, 

^adniitting only one Solution of the Queftion. The leaft pnmt 

jBlf the form 4X + 1 is j : its fquare is 25 : and we have 

25* = 15* -^ 2o* 
whence we have 

3»*» »5*. 17' 
which are the leaft numbers that fatisfy the QueQion. 



XXVIL QUESTION 57. iy Afr. Cunlifie. 

• 

Let a flender heavy inflexible rod AB, loaded with a weight, 
be placed with its upper end B leaning again ft an inclined plane 
D£, and its lower end A upon the curve DA, fituated in a 
vertical plane at right angles to the inclined plane. It is re- 
quired to invefligate the nature of the curve DA, fo that the rod 
may reft in equilibrio when placed in any inclination* 

Solution, by Mr, Lowry, J?. M. ColUgc. 

Let ^D rfig. 94, pi. 4.) be the given plane making ai^ given 
angle with the horizontal plane IDK, DAQ a portion of the re- 
quired curve, AB the given rod with the weight attached refting 
in equilibrio in any affumed poficion, and £ their centre of gravity, 
then becaufe AB is of a given length the parts A£, B£, will alio 
be given. 

Now by a well knowu principle in mechanics, when the rod 
refts in equilibrio, the centre of gravity will beat the loweft place, 
or the neareft to the horizontal plane IK that it can poiSbly get ; 
said as the rod is to veft in equilibrio in whatever pofition it is 
placed, it is manifeil that the centre of gravity muft in every pofi- 
tion be equally diftant from the plane IK, for if it was not the rod 
^p0Sld not be at reft, but would Hide along the curve till it came 
l^fCoihat pofition wliere the centre was at the loweft. The /oca; q{ 

(Q a) ^^ 
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the centre of gravity will, therefore, be the straight line QEC,, 
drawn parallel to IDK, G being the centre of gravity of the rod 
in its initial pofition, and a given point, becaufe CD is = AE, 
and, therefore, CEQ it given in pofition. 

Now to inveftigate the nature of the curve, draw AS parallel to* 
QC, and put a = A£, izm AB, cofinc of the angle ASB =r, 
CS = X, and AS =: y ; then, by fimilar triangles, a : x : iB : 

— = BS, and, by trigonometry, ^*-f- -^ x* + 2 — *y = ^*, 

which is manifeilly an equation to a conic fe£lion. And becaufo 

the cofine of an arc is always lefs than the radius — p , or the 

fquare of half the co-efficient of ly is lefs than — ^the co-efficient of 

X* ; and the fquares jr*, y^ have the fame fign ; therefore, the 
curve is an eJlipfe, wliofe centre is C. Maclaurin's Algebra, 
Part iii. Se£lioD 89. 



XXVIIL QUESTION 58, iy Afr.BAzti* 

AC, CB arc two rods or right Gncs conncSed at C by a move- 
able joint, and whilft the end C of the rod BC revolves round 
the fixed point B let the point A of the rod AC be carried along 
the right line AB paffing through B ; it is required to determine 
the equation and area of the curve defcribed by P, a given point 
inAC. 

Solution, ty Mr. Lowry- 

With the centre B (fig. 95, pi. 4.^ and radius BC defcribe the 
circle bCH, then becauTe the rod BC is of a given length, and 
revolves round the fixed pole B, the end C will move round in 
the circumference BCH, while the point A moves along the 
ftraight line aU. ' • Let ab be uken equal to AC; and ap = Up' 
= AP ; then when C is at i or the rods are extended fo as to 
coincide with/zB, the point P will coincide with ^, and when C 
comes to H, then P and p' will coincide; therefore,^^' are the 
points where the curve meets the axis AH. On Afi drop the 
perpendiculars PQ, CE, andputAC=tf, AP=:3, PC =r, 
BC=r:r, J = 3-14159 &c. /Q =jr. andPg=>; 

Ihen, bv fimilar triangles, AP : PQ : : AC : CE= J y, m^, 

therefore- 
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tliercfore, AE»= fl'—"!.^*. Again a\: c' : : AE' : QE*= c* 
— ^,/ or, Qi: = ^ /;^' — ; ') ; and BE' = BC»— d£*= »* 

— Jt/ or. BE = . ^ (i—^ ^y^y Now B^ = r+ r , and. 
therefore, />Q, or x=r+c:— BE— QE=r+c — - 

V^('*~ >*)""" \/v^* — >'*), wliich IS the equation of the 

curve ; and tlie fluxion of the area xy is 

v y by y 

= ~2'T2 "*" "rl^I^) ^^^ fluent of which, by Article 

279 of Simpfon's Fluxions, is 

A and B are the circular" arcs, whofe fines arc -^, and s the 

radius being unity. Now when x becomes = to pp\ y is =z= o, 
and in this cafe the arcs A and B are each equal to half the cir- 

r 

cumference, and hence the whole area isz= — (r* -4- ac.) 

It is obvious from the manner of defcribing the curve, that it 
is of an oval form, having the parts on the different sides of^^' ex- 
actly equal and iimilar, and is a line of the 4th order in all cafes 
except when the rods are of equal length, and then it becomes 
an clllpfis, whofe centre is B ; for if a be wrote for r in the ge- 
neral equation of the curve, we obtain after proper reduction, 

a^d + r) ;c — ;c^::=( — r— J ^*, which is an equation to anel- 

lipfe whofe femi-axef are c + a and b. 

When P has defcribed a quadrant of this ellipfe, BC wiy be 
perpendicular to the diameter ZH, and the rods will coincide, so 
that during the remaining part of the revolution, P will defcribe 
the quadrant of a circle concentric to the given one ; unlcfs we 
Jappofe the rod AC to make a tranfit at B, and Aide pad tlic 
other rod, fo that A may continue to move from B towards H, 
and then P will defcribe the remaining part of thfe semi-ellipfe. 

Moreover, if the rod BC, be loiij^er than AC, it is obvious 
that BC can make only a pariial revolution round B, fo that A 
may keep in the line ali. for \\-[]cn A<J becotacs ^«^<y^4vc\5\^x 
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to tBat Iine» it is manifeil that if BC was moved any nearer to H* 
the point A would neccffarily quit aH, and move in some other 
line aearer to'the circle, and, confequently, when flC has arrived 
at that pofition where AC is perpendicular to flH, it muft move 
back again till it coincides withB^; and then it' l^ be taken 
= PC, P will coincide with />'', and pp" will be the axis of the 
curve. 

Mfffrs. Dawes, and Bazley iht propojir^ alfo anfwered this 

quejlion. 

XXIX. QUESTION 59, ly Sir Titus Triplicate. 

Suppofea given cylindrical tube or pipe [5" — ^ 

ABC, whereof AB is perpendicular, and 
BC parallel to the horizon, to revolve 
round AB as an axis with a given angular 
irclocity ; the lower end A flanding in wa« 
ter, whofe furface is at A, and the whole 
tube being previoufly filled ; it is required 
to determine the velocity with which the 
water will iffue from the extremity C. ....... 



Solution, bythcPropofcr. 

Put 

a = length of the arm BC in feet 

I = height of AB in feet 

/ = time of a revolution in feconds 

g = i6yV feet, the fpace defcended by heavy bodies in 1" 

i =z 3-1416 =:periphery of a circle whofe diam. is 1. 

If wc fuppofc the centrifugal force to be as the velocity gene- 
ratcd thereby in 1^; then by the laws of central forces we (hall 
have the centrifugal force of a particle x at x diftance from B, 

equal to f-^V^* -^ x z=, ■ ^ ^ , and the fluent — ^ — is 

the centrifugal motive force of the coluHino:; whence, when 
4r z= A, the whole centrifugal motive force of the water in 

the arm BC is -^^ — . But by the laws of gravity 2ga : « : : 

<^j— : -^^-^ zn the length of the column whofe prefltire ii 

equal to the centrifugal force. 

Now it is plain fronithc nature of the queftion that the column 



mpellwg the water out of the extremity of the arm BC is , 

— b 



( "7 ) 

— r .^ Bnd that the column moved isa + b which alio exprefles the 
fpace through which the water is accelerated. Hence the cir. 
cumflances of the problem now appear to be the fame as if a con« 

ftant head of water of the height C— - — /i, impelled a column of 
water horizontally at the bottom of the length a-i-ip Therefore^ 
tlic accclcrative force is (^.i * ) -r- (^ +^). and the 

\ o 

fpace or length of acceleration zzna + b; and, confequently, 
the velocity generated = (ttiz: 2 y^^j) ^g yV'^ ^Jt 

or to adapt it to prafiical purpofes, we may fubftitute for ^g^ the 
qlumtity 5-3 as determinea by the Experiments of TAbbe Bofluei 



,a.»' 



aod others; and then the velocity is 5'3v/(>-^ — b ). 

It may alfo be added, that b mud not exceed 33 feet, becaufe 
p greater column cannot be fupponed by the atmofphere's 
preflure. 

Solutions were alfo received from Mejfrs. Collins, Myers, and 

Pickering. 

XXX. PRIZE QUESTION 60, by Mr. Jas. Ivory. 

Theorem. Let n be any integer number, and let m be ano- 
ther integer number lefs than n : then 

Qzzn -»-»•(»— 1) +«• •C«— 2} — «' • •(«— 3) + 

a * 23^ 

&c. the co-efficients being the fame with the co-efHcients of the 
binomial auantity [a^b) , and the progreflion, n , (tz — 1} , 

(« — 2) to be continued till yre arrive at 1^. Required the in« 
veiligation. 

First Solution, by the Propofer^ Afr. Ivory. 

Let A + B;t + Cjt* + Dx' + M^'^be an inte- 

gnd fim£lion of x, in which x^ is the higheft power oi x : Sup« 
uofe the feveral terms of a feries in arithmetical pio^^Svi^'W^V^^ 



( I2S ) 

fnbAiiuted for ;r, and denote the refulting values of the function 
by . 

/. r* >" r^ *^- 

Then, according to vhat is dcmonftraicd by all the writers on 
finite differences, the fcveral differences of the wth order in the 
p^ogreffion v', y'\ y"'^ >i^', &c. will be ail equal to one another; 
and of confequence the differences higher than the /wth order will 
be equal to nothing. Now the general cxprcffion for the firii of 
the nth order of differences is 

B ff , ^ ^ /// ^ — \ ft 2..-, 

y^ny+n, —^ . f'-n. — - • ——.y^^Uz. 

which expreffion will be equal to nothing when m is lefs than w, 
according to what has juft been (hewn. It is evident that the 
Queftion is only a very particular cafe of the propofition now dcf 
monftrated. 

The Quellion may like^vife be demonfirated in the following 
manner. Let t denote the number of which the hyperbolic 
logarithm is unity ; then 

^ = 1 +0? 4- — -h H + &c, 

therefore, ^* — i = a: H -i- 1- &c : 

For the fake of brevity write S for the feries on the right 
hand of the equation and raife both fides to the Tztb power ; 
then 

nx (n-i> „_, («-2)x (»-3>*^- 

o»=<; -n't +«•- — X ^n . — ie H-&C. 

2 23 

devclope each term of the expanded binomial into a feries pro- 
ceeding by ihe powers of t, and having collcftcd ail the co-effi* 
cients of \he fame power of x into one Turn, the equation may be 
thus written, 

where 

A'^>= 1 ^«+».!LZL?_„. llZJL^ tLirJ r&c.=:o 

2 23^ 

A^^- =n — a X (» — i)-t-w • ^^=^ X (« — 2) — &c. 

2 

A" z=\ X J»' — n X (a— i)» + « . ^1^ X (»-2)*-&c. 

A^'=-^x5«*— n >c(«-i)' + ». lUx(n--s)» — &c. 
i'Ji-3 e « 
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And in general, 

AC") =2 ! X \ »'»-7i X (n-a >"+»•— X («-3)» o,^ 

1.2.3.4 m I 2 ** -«c. 

A* denoting the co-efficient of x^ whatever number m may 
reprefent. Now the equation that has been found is independent 
o( the value of x, which could not be the cafe unlefs the two 
feries were identical, and the co-efficient of any power of x 
in the one feries equal to the co-efficient of the fame power of «r 
in the other feries. But all the powers of jr, lower than the nth 
are evidently wanting in the fenes S': therefore, the co-efficients 
4>f the fame powers of x must be all evanefcent in the other 
feries, that is, wc mud have A» =: o, fo long as m is lefs than 
n ; or when m is lefs than ;i, 

n* — w(;2-i)'"+ w.^ZJ («-«)"• — &c. = o. 

2 

Cor. 1. The loweft power of * in the feries S* is ^ and its 

co-efficient is 1 : therefore, we muft likewifc have A(») =: 1, 

that is 

1= ? X |«''-«(n-ir + n'''-:ii(n-2)" — &c,} 

1.2. 3. 4.... n ^ 2 ^ 

or |n»— .«(«— 1)*+».^^^«— a)"— *c.|=i.2.3,4 ». 

CoR. 2. Let = 1 + - •+- -^ + -^^ + &c. then 

2 1.2.3 1.2-3-4 

the co-efficient of x»* in the feries O* will be 

___J x]n -«(«-!) +ii.^«-2) — &c. 

1.2.3.4 . .(W+/W) i. a 



Second Solution, *y Mr. Bazley, Bfton. 

If we take any refidual (z — 1) whofe fir ft term' is any vari- 
able quantity, and the fecond term unity, and involve it by the 
binomial theorem, we have, as is well known, 

n — 1 _ n — 2 

zn^nz + «. ^— i. z — &c.=(« — 1)"; 

2 

but in what follows it will be convenient, for brevity^s fake, to 
put A = », B = n. ■ I L* = n. — — . ~ — » occ# 

. Vol. I. PartI. (R) ^^ 



( tSo ) 
fo that 

Take fluxions in this exprcflion and divide by z, then 

«*"^-<»-iliAz"'^^+B(/i~2)*?"3-&c.=w(2-if "' (i) 

which when z = i, or 2 — 1 = o gives 

If — A(n— 1)+ B (»— 2) — C(n— 3)4. &c.=:o. 

Multiply the exprefBon (1) by 2, take fluxions and divide 
by 2 : then 

I!(Z — !)'*■' ^+11. (n— 0.2 (2—1) "~^ (2) 

which when 2=:ior2 — imo, gives 

n«_A(« — i)* + B (;i — 2y* — C (« — 3)* + &c. = o. 

Multiply the expi'eflion (2) by z, take fluxions and divide by 
X : then 

«^z"~' -A(ii-.i)'z"'~^+B(«-2)V-3&c.=«.(2-i)"^* 

+ 3n(n— 1)(«— 2).2{2— i)'''~"^+ii(n-— 1)(«— 2).2*(2-i}'*'~3(j) 

which when z =1 or z — 1 = 0, gives 

;,s_A(n— i')+B (n— 2)'— C («— 3)'+&c.= o. 

In like manner by contifiually repeating the fame operations we 
fliall at length arrive at a value of the expreflion 

n z — A (n — 1) z 4-B(»— 2) z ^— &c. 

which value it is manifcft will involve (z — 1) in each of its 
terms when m is kfsthan n : therefore, putting z = 1, or z — 1 
= o, we {hall have, when m is lefs than n 
«"•— A,(» — 1)«+B (« — 2)«— C(a— 3)«+ &c. = o. 

This lAethod has the advantage of being applicable to the va- 
luaiion of the expreflion n*» — A (« — i)«+B(«-2)« — &c. 
whether 7n is lefstlian n or not. 

Cor. 1 — »+ II. fi. . — r- +&C. tilli, = o. 

223 



Third Solution, /^^ Afr. Lowry. 

In the ferie n™, (« — 1 )'",(ii — 2) «», &c. where the quantities 

«, « — ir n — a,&c. arc in arithmetical progreflion, the mth 

^jrder of differences arc equal (fee Emcrfon's Differential Method, 
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Prop. 4) ; and, therefore, all tlie orders of differences higher .thaa. 
the mih mud be equal to o : but by the qiiefiion n is greater than 
w, therefore, the ;;th order of differences in the above feries muft- 
be equal to o. Now (by Prop. i. ibid; thegiven feries 

fi"'-n-(«-i^"'-f «— ^. ( ^-2)"-^. - . -^^ fit - 3)^ + &€• is 

^ 2 ' 2 y 

the Sift term of the nth order of difTerences in the feries 

n'^ + (n—t)^ + (w— 2)*", &c. and which is Diewji above to be, 
= to o, therefore, 

2 23 



Fourth Solution, hy Porus. 



n — 1 n 



By the binomial (1 — 1)» is =: 1 — n + «. «. 



2 

fi 2 

1- &c. and by Simpfon's celebrated theorem (Mathema- 

3 

tical Differtations, page 62) if the terms of this feries be refpec^ 
tively multiplied by any quantities',^, r, i, &c. and the dUiffc^ 
Fences of thefe quantities be continually taken, and the firft dif- 
ference of the firft order be denoted by D , the firft of the fecond 

order by D^, the firft of the third order by D , and in general the 

firft of the «th order by D , the feries 

n 

p~nq^n. .r-n. — -. . j+&c. thencearifing will be — 

/(i-i)»+nD .(1-1) +«. D .(1-1) 

+w. D • (1 — 1) ^-f-Scc. 

233 

Now it is manifeft that all the terms of this latter feries vanifh ex. 
ccpt the one, in which the index of (1 — 1) is o, for (i — 1 )z is 
equal to nothing in every cafe but one, viz, when zi=:o, and 
then (1—1} =z: o" = I ; confequently the feries 

p — w^, &c.isr=:«. .... XD ^D , 

^ ^ 2 n n n 

from which general theorem the proposed one is direftly deduci- 
blc. For if/^=n'", q-=,[n — i)*", r=:(n~2)'". s = (« — 3)" 
&c. it is well known, and might be cafily demonftrated bv means 

(Ra) A 
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of the binomial theorem, that all their difTerences of the 772tK 
order are equal to each other, and, con&qucntly, all their dif- 
ferences of a higher order vanifh; but vi is Icis than n by the hy- 
pothefis, therefore, D isz=z o,- and becaufe D == /^ — »^4-&c, 

we have by fubftitution 

2 ^ 23 

(n— 3)m+&c Q. E. D. 

Scholium. From the genera! theorem; p — nj + n. . 

r — &c.z=:D , a number of very curious properties may 
be derived; but the fubjefl is foreign to the prcfcnt qucftion. 



The Mtdal for folving the Prize Queflion is decided in /avour 
ej Mr. Bazley, who will pleqfe to fend for it to Mr^ 
Glendinning's. 
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NOTICES 



RELATING TO MATHEMATICS. 



I. Prize Quejiion of the National Injlitute of France. 

•• To give a Theory of the Perturbations of the Planet Pallas, 
difcovered by Dr. Olbers.*' 

The labours of Mathematicians have now fo far fucceeded in 
overcoming the difficulties that occurred in the celebrated 
Problem of the Three Bodies, as to be able to determine with the 
requifite cxaftnefs, the irregularities oF the Moon, and of the old 
Planets, arifing from their mutual Perturbations. In the cafe 
of all the old Planets, as well as in that of the Gcorgium Sidus dif- 
rovcred about 20 years ago by Dr. Herfchell, the excentricities of 
the orbits are fmall, and the inclinations to the plane of the eclip- 
tic are confined within narrow limits ; circumftances very favour- 
able to abridge the computation of their numerous inequalities. 
The Planet Pallas, lately difcovcred by Dr. Olbers, of which 
the excentricity is greater than that of Mercury, the mod 
excentric of all the old Planets, and the inclination no lefs than 
35** 37'« °'" "I'^^c ^^2" ^^'c times greater than that of any other 
Planet, offers a new cafe of the Problem of the Three Bodies to 
the confideration (»f Aftroiiomers, for which the formulae invefti- 
gatcd for the old Planets can be of little ufe. The intention of 
the Mathematical Clafs uf the Inftitutc in propofingthe prefent 
fubjeft for its Prize, is to call the attention ol Mathematicians 
and Aftrf)nomers to this new cafe ot the Problem, an<l to invite 
them to develope and difcufsthc formulae, in order to give them 
the degree of precifion neceffary in theaftual circumftances of the 
new Planet. As the Planet has not been obfcrved for a fufficient 
length of time to determine with accuracy ti.e elements of the 
orbit, it is required that the competitors for the Prize, (hall give the 
analytical coefficients independent of numerical values. TVvm^ 
every new difcovery in nature requires a coiit^^oii^'Wv\. vkvy^^jn^- 
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ment in theory. It is not clifTicnlr to forcfce that Mathemati- 
cians will be obligcH to find out mctho'ls of rcfolving the Problem 
of Perturbations cntireK new ; and that tlic wants of Aftronomy 
will not be completely fatisficd until a folniion be accompliihed 
that fhall be independent of the elf'menls of the orbit, and that 
fliall converge only by the powers of the disturbing force. 



II. New Plankt. 

On the firft of September laft Mr. Harding, al t'.o Ohfcrxatorv 
at Lilicnthal, near Bremen, difcovcrcd a moveable star, in the 
fign Pisces, in light and apparent magnitude finiiiar to the new 
Planet Ceres, and moving weft ward with a retrograde motion and 
incrcafing fouth declination. This S^ar is now confidered to be 
a new Pfanet, of the Clafs of Ceres and Pallas, and in the fame 
region. It has the appearance of a ftar of the eighth magnitude. 
Its place, as obferved by Dr. Olbers, on Sept. 8th. 8* 1 1"' 20' 
M. T. was 

Right afc. Declin. South 

i"* 29 39" 0° .]7' 19". 

the daily motion in A.R. 7' 16" or 31 '7" in time retrograde, 
the daily motion in Declin. 12' 34" South. 

In the Philofophical Magazine for 0^tobe^ a chart of the ap. 
parent path of this new Planet is given. 



III. Death of Mv:ciiain-. 

On September the aoih, 1804, died tliC cclcbiated Fiench As- 
trononicr M. McCiMin. He was employed with M. Dc! iinbre in 
the meafuremeni of the Meridian ironi Dunkirk to B.ircelona, 
whirli they complcifd in 1798. In i^'03 he fci out to cojitiniic 
the Meiidional mt-afujc^nent as tar as the Baleiirian I lies ; and he 
has fallen a vidini .u t!.^ labour of Ins nu lertakiiig, and to the 
unhealthincf& of ihv.' coaiL oi Valentiu in Spain. 



IV. Mathematical Works lately publishf d. 

The PhilofojthicQl TranfaQioni of thr Roya ■ Sociriv of Londofi. 
.j^^r/W.j^ii H CharJes Hiitton, L.L.D. F.R.S. George Sliaw. 
M.D. F.R.S. F.L.S. Richard Pcaifon, M-D. l\A-S. 
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The original work, of which the prefcnt is an abridgement, 
extends to about loo volumes, and contains a mafs of information 
not to be equalled by the proceedings of any other Society in the 
world. A woik thus made up of the labours of the mod learned 
men in Britain, as well as many in other parts of Europe, for a 
century and a iiaif pad, muft be of infinite importance to all who 
are delirous of bt^cumin^r acquainted with the origin and prefent 
ftate of human knowledge. Nothing therclore could be more 
aufpicious to the caufcof science than the prefent undertaking, 
which propofes to bring within a reafonable compafs all that is 
truly valuable in the original work. Four volumes of the abridge- 
ment have now appeared, and have fidly juftified the public ex- 
pe6lation, a circumfisiiice which will not appear remarkable when 
It is recolleftcdthat the execution of the work is confided to men 
of the highefl eminence in the departments of Science they have 
engaged to fuperintend. 

An Account of the Aflronomual Difcovcries of Ktplr; in* 
eluding an Iliftorical iieuiew of the System ^ which had fucccffiudy 
prtvaiUd tcfort his Tun^. By Robert Small, D.D. F.R.S^E, 

The Principles of Analytical Calculation. By Robert Wood- 
houfe, A.M. 

An Analyfis of the Principles of Natural PlvJofophy, By 
Maihew Yourig, D.D. S.F. T.C.D. lati Bijhop of ClonJ'ort. 

A Si't>pl''inf.'nt to a Trratife on the Conflrutlion and Properties 
0f Arches^ pubijiiedin 1801. By George Atwood, Efq. 

The Philofophical TranfaBiom of the Royal Society of London 
Jbr 1804. Part I. 

A Collection of Mathematical Tables^ for the ufe ofStudtnts : 
jot the Prallical Navigator, Geographer, and Surveyor ; for Men 
of Bufinefs^ &c. By Andrew Mackay, L.L.D. &c. 

The Elements 0/ Natural and Expcrunental Philofophy. By 
Tiberius Cavallo, F.R.S. 

A Pra&iial Treafife on Perfpedive^ on the Principles of Dr, 
Brook laylor. By Edward Edwards. 

EUments of Science and Art : ie^ng a famihar Intrnduflion to 
Natural Phil'o/ophy and Chcmiftry^ together with ihnr A\>);il\cal\on. 

t^ a Vaneiy of elegant and ttjejul Arts. By 3o\\t\ W\W • 

McltoTologital 
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Meteorological Objervations and Effays. By John Dalton, 
Profejfor oj Mathejnatics and Natural Philqfopky^ at the New 
College^ Manchejler. 

The Complete Navigator ; or^ An eafy and famihar Guide to 
the Theory, and Pra&ice of Navigation ; with all the require 
Tables: illn/f rated with Engravings. By Andrew Mackay, 
L.L.D. F.R.S. 

Elements of Natural Pkilofophy ; exbUining the Laws and 

Principle of AtcraSion, Graxntation^ Mechanics, Pneumatics^ 

Hydrojlatics^ Hydraulics, Eleffricity, and Optics : with a gene* 

ral View of the folar Syfiem^ adapted to public and private In- 

JlruBion : illujlrated with Engravings. By John Webfler. 

The Elements and PraSice rfMenfuration and Land Surveying ; 
with an Appendix^ containing Rules for ?neafurin^ Hay Stacks, 
Marl-pits, and Canals; with numerous Figures and Copper •'plates. 
By Jofeph Beckct. 

The Tranfa&ions oj the Royal Irijh Academy. Vol. IX. 
Tran/dBions of the American Philofophical Society. Vol. IV^ 
and V. 



V. Mathematical Works in the Press. 

The fifth volume of the TranfaSions of the Royal Society of 
Edinburgh willfpeedily be publijhed. 



Nearly ready Jor the prefs, and will be publijhed early the en* 

fuing year. 

A Mathematical and Philofophical Gloffarv : exhibiting the 
derroations of words in the various branches of Mathematics and 
Phjiofophyfrom thar original languagts : with their accentuation^ 
and accuj ate pronunciation according to grammatical propriety^ 
and u/age of the mofl rflcemed Authors. The whole being fo ar- 
ranf/dy that the words appropriate to each fubjcQ may be found 
colltchd alphaleticdlly under the general term, each concifely eX' 
plained y and a reference for farther elucidation to the mofl explicit 
writers. By Henry Clarke, L.L.D. Profeffor of Experimental 
^yi//£f/cf^//^' in 4he Royal Military College^ Mar low. 
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ARTICLE III. 



Solutions to Que/lions propofed in Number II. 

I. QUESTION 6i, J^^A/r. Thomas Squire, Baldoci. 

A tree growing upon the fide of a hill which rifes due North 
at an angle of 30**, had the upper part blown oflF la feet from 
the ground by a (iroug W. S. W. wind. It is required to find 
the height of the tree fui)pofing it to fland perpendicular to the 
horizon, and the top (betore the other part left the tree) to flrike 
the ground 40 feet ifom its bottom ? 



First Solution, ^^Afr. Thomas Boole. 

Let AEC (fig. ic6, pi. 6.) reprefent the tree broken at E, 
AB an horizont.il line in the direftion of the foot of the hill, and 
C the point where ihe top of the tree falls upon the fide of the 
hill. Conceive tiie line CD to be drawn perpendicular to the 
horizonfal plane ARD, join AD, and draw DB perpendicular 
to AB ; join alfo B, C, and A, C. Then there arc three right 
angled tiiangles ADB, BDC, and ADC : the firfi being on the 
plane of tiie horizon, the fccond on the plane of the meridian, 
and the third on a plane in the dire6tion oi the wind. And there 
are given Z. BAD = 22^ 30' Z DBC = 30* AE = 12 
and AC =: 40, to find EC ; and this will be eafieft done by firft 
finding the z. DAC. Let AK be taken =: to the radius m the 
tables, and draw KI, KL paralh 1 to DB, DC refpeflively, and 
join IL, which will evidently be parallel to BC; then KI will 
reprefent the fine oF 22** 30' and rad. : tane. 30° :: KI : KL 
= fine 22" 30' X tang. 30°. But LK is the tang, of ^ LAK 
to the fame radius AK ; tlierefore, the log. tang, oi Z. LAK = 
(DAC =) the log. fine of 22® 30' + log. tang. 30* = tang, 
12® 27" 30" neariy. Hence Z, EAC = go — ig? 2j' 
30"=: 77° 32' 30" and the two fides AC and AE being given. 
EC is found = 39*204, and confequently 12 4- 39*204 szi 
j 1*804 feet, nearly the height of the tree required. 

Vol. If Part I. (S) ^i.^^^\^ 
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Second Solution, i'jK Afr. John Smith, jilton Park. 

Let ABC (fig. 107, pi. 6.) be a horizontal feftion, ABD a 
vertical fe&ion in a north dire£lion, and ACE a vertical fcftion 
in E. N. E. direftion, or contrary to that of the wind, all paiTing 
from the foot A of the tree AFG through the hill. In the right 
angl«d triangle* ABC, ABD are given the angle BAC=:67° 30' 
and the angle BAD = 30**, whence, by trigonometry, AB, 
AC, and BD (= CE) are refpeftively ai 1, 2*613126 and 
•5773503 ; and in the right angled triangle ACE the ratio of the 
fides AC to CE is given, viz. as 2-613126 to '5773503, there- 
fore the angle CAEiszr: 12° 27' 32", the angle of the hill's 
declivity in the direftion in which the upper part of the tree fell. 
Now in the triangle AFG, AF, AG, and the angle GAF are 
given, viz. AF =12, AG = 40, and the angle GAF (= Z. 
CAF — ^CAE = 90°— 12° 27' 32") = 77"" 32' 28"; 
therefore FG is eafily found zzr 39*2032 the length of the piece 
broken oiF. Hence AF + FG = 51*2032 feet, the whole length 
of the tree. 

Solutions were alfo received from Meffrs. Butterworth, Cavill, 
Collins^ Dawes, Jones, Myers, N. R. D., Pickermg, Ryley, 
and Squire* 



II. QUESTION 62, by Mr. John Cavill, BeightotK 

m 

Id any plane triangle it will he as the bafe is teethe difference 
between the fum oF the fides and bafe, fo is the reflangle 
under half the perimeter and that part of the diameter of the 
circumfcribing circle which is perpendicular to the bafe, and 
£alls below it, to the area of the triangle. Required a demon- 
ftration ? 



Solution, iy JUr, Thomas Myers. 

Let ACB (fig. 108, pi. 6.) be any plane ti iangle, FED the 
diameter of the circumfcribing circle perpendicular to the bafe 
ABt and bife£ling it in E. Join DC, DA, and let O be the 
ftntre^ and OP tbe radius of the infcribed circle. Then the 
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triangles D£A» OPC are rimilar, and therefore AE : CP :: ED 
: OP, or AE : CP :: ED x half the perimeter: OP X half the 
perimeter (or the area of the triangle ACB). But it is well 
known that CP is eqo^l to half the difiFerence between the fumof , 
the fides and the bafe, and, therefore, doubling the two firft 
terms of the above proportion, AB is to the difference between 
the fum of the fides and the bafe, as ED x half the jperimeter 
to the area of the triangle. Q, £• D* 

Thus the propqfition was demonflrated by Mejfrs. Barley, Boole, 
Butterworth, Cavill, Collins, Dawes, Johuson, Jones» Mellor, 
Pickering, Roville fln</ Ryley. 



III. QUESTION 63, by Hypatia. 

A circular ring revolves on the infide of another exa£U/ 
double its fize ; required the locus of a given point in its cir- 
cumference ? 



First Solution, ^;^ Afr. S. Jones, IronHJk. 

In fig. 109, pi. 6. let P be the place where the given point 
in the lefTer ring is in conta6k with tlie greater ring, and let C be 
the point of contaft of the rings when the given point is in some 
other pofition as at />, and join OC, O^, and P/>. Then fince 
every point of the arc^C is fucceffively applied to the arc PC, it 
is evident tliat the arcs ^C, PC are equal, and becaufe the dia- 
meter of the circle APC is double the diameter of the circle O^C, 
it follows that the angle COp on the arc />C is equal to the ^ COP 
at the centre on the arc PC ; therefore the points O,^, P must be 
in the fame ilraight line, and confequently the locus of / is the 
diameter AP* 

Cor. If ^Q be a diameter of the lefTer ring, the locus of Q 
will be the diameter aby drawn perpendicular to the diameter 
AP. 

Second Solution, i^ ilfr. G. Williams. 

Let ACB (fig. 110, pi. 6.} reprefcnt the greater ring, and AO 
the lefs. Let AO revolve to the pofition OA^C, and the point 
A will move from A to A'' along the diameter AOB. For fup« 
pofe A, by the revolution of the ring AO, moves to any point a 

(S2) >»S(2^^^ 
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without tlie diameter AB, and draw the radius Ga meeting AB 
in «. Then fince the circumference AC is equal to the circum- 
ference aC and the radius OA (by the queftion) equal to twice 
the radius GC, the angle'CGa is equal to twice the angle COA, 
confequentiy, G«=iiGO= Ga, which is ahfnrd. Hence if 
the ring AO revolve along the femidianaeter ACB, the point A 
will be always in AB» which is the locus required. 

According to one or other oj theft Methods were the anfwers given 
by hi0rs. Bazley, Boole, Butterworth, CaviH, Dawes, 
Jobnfon, N. R. D., Roville and W. Smith. 



IV. QUESTION 64, *;^3fr. Thomas Hopper, Mj«cA£/?(fr. 

Admitting the latitude of Mancheller to be 53° 25' N. It is 
required to find the (ituation of two other places on the furface 
of the globe, fuch, that when it is noon at Manchefter on the 
third day of March, 1805, the fun *s altitude may be equal at 
all the three places ; and the firft place from Manchefter may 
bear Eaft- South- Eaft, and the fecond place from the firft Weft- 
North-Weft ? 



First Solution, ^^ Mr. John Dawes* 

Fig. 111. pi. 6. Let the primitive circle reprefent the hori- 
zon ; the right circle MN the meridian of Manchefter ; P the 
pole ; Z the zenith ; the fim on the Meridian ; R and S the 
firft and fecond places required; let Z© zrRo =rS0 := the given 
zenith diftance of the fun, which on account of the difference of 
longitude of Manchefter and Greenwich is = 60** 16' 46"; 
let the ^ © ZR be the given bearing of the firft place from Man- 
chefter, and the ^ PRS that ot the firft and fecond place, each 
= €7° 30'; "^^w ^he A ©ZR (being ifofceles) is known, 
and becaufe ZR is known, therefore the a PZR is known: but 
becaufe each of the two places bear under the fame angle, x.e. l» 
©ZR = PRS = ©RZ, therefore PKZ z= ©RS - 33^34' 42", 
wherefore the ifofceles A R© S is given ; and becaufe RS is given 
=z= 1 1 1° 9' 43", therefore the A PRS is given : from thefe 
data, 

the latitude of R the firft place (comp. RP) = ^ 23' 51" 
the diff. of long, of Manchefter and R=: ZPR = 5Q 828 
the latitude of S the fecond place (comp. PS}=: 10 45 00 
iht diff. of long, of Manchefter and S = Zl^ = S5 22 38* 
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Second Solution, ^N. R. D. 

Let M (fig. 112, pi. 6.) be the place on the fphere anfwerii^ 
to Manchrfter, Z and Q the other two places where the fun s 
meridian ahitude is the fame as at M^nchefle^, the place Z bear- 
ing E.S.E. Ir m M, and the place Q bearing W. N, W. from Z. 

Let V be the i)ole ind. S rhe fun in the me^dian PM , and de- 
fcribc the arcs MZ, PZ, SZ, OZ, and QP. Then, becaufe 
of the equal ;lr-tiides, the arcs SM, SZ, and SQ are equal ; and 
the fui's declitiation on the third of March, 1805, being 6^*51' 
55^ fouth, this a-ldcd to the co-latitude of Man chefter gives SM 
= SZ = SQ = 6o° 16' So'- Again, as Z is E.S.E. of 
M, the an^le SMZ is 67° 30', and in tlie ifofceles A SMZ the JL 
MSZ is found r= 79° 4^ 41*4''. Alfo in rhe A PSZ we 
have ?S - 96° 51' 5.5", SZ = 60° 16' 55", and ^ MSZ 

= 79^ 45' 4»'4^ to ^'^^ PZ =^ 84° 36' 21", ind the angle 
SPZ=:59° ^ 33-8". Hence the pU^cc Z is in North lati- 
tude 5** 23' 39'', and in longitude 50° 8^ 33*8" E. from Man- 
chefter. Again, becaufe Q is W. N. W. from Z, ijbe ^ PZQ 
= SMZ = SZM = bf 3q', hence ^ PZS = 101^ 4' 
29^ and Z. SZQ = SQZ = 33"* 3 j' C9"; and in the ifofcelci 
A ZSq, the fide QZ is iound'== 111° o'' 39". Alfo in the 
A QZP the fide QZ, 1 Z, and the includccl .. PZQ arc given to 
find QP = 7? 15 5^ and L ZPQ = 115° 31' 13'': 
hence l- QPS = g^^ 22' 40", the longitude of Q west from 
Manchefter, and the latitude 18** 44' 55' North. 

Mejfrs. Boole, Collins, and Hopper, the Propofer^ alfo anfwtrtd 

this Quylion. 



V. QUESTION 65, /^y Arithmeticus. 

Theorem. Let N be any number whatever, and let a = 
the difference of N, and the next greater fquare number, and 
b =; the difiPerencc of N, and the next Icfs fquare number. Then 
N — A X b will be always a fquare number ? 

Solution, ^^Afr. Samuel Ryley. 

Let N + a = (x + i)% then, by the qucftion, 
N — bz=zx^\ 
tjierefore N = {x + i)" — a = at' + ^, 
and a zz ^x + 1 — b^ 
or '^ ab zz -^ ubx — b + b* ; 
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and, therefore, N — ab zz a^ + b — 2bx — A -j- A* z: {x — • b)\ 
which is manifeftly a fquare number ; or, if for x there be put 
its value, found from the equation az=z2x -f i — ^, we have 

X — bz=, ^^^, and, therefore, N — abz=. ( ^ ""^ j 

a fquare number, ais before. 

Cor. If N =r a^9 x will be =: b^ and in this cafe azrzb 
+ 1 and N =r i* + i ; hence if N be compofed of a number 
added to its fquare, it follows that N — ab will always be = o» 

Thus if N=r:2*4-2=6, then bz=.2 and a = 3 ; and 

N — ab :r=.6 — 3 X2 =0. 
Alfo, if N = 3* -|- 3 = 12, then * = 3 and a= 4 ; and 

N — a^=: 12 — 3 X 4 = 0. 
And again, if N 1= 4* + 4 n 30, then ^ = 4 and a = 5 ; and 
N — ab = 20 — 5X 4=0, &c. &c. 

And thus it was anfwtredby Meffrs. Bazley, Boole, Butterworth, 
Cavill, Collins, Elliott, Limenus, Myers, N. R. D., Picker- 
ing, and W. Smith. 



VI. QUESTION 66, by Mr. S. Wade. 

At what time in latitude 50° 31' (the fun being in the equi- 
nox) will the (hadow of the ilile on the plane of a dirc£l 
weft vertical fun-dial be a minimum ? 



Solution, iy Mr. John Dawes, Birmingham. 

When the (hadow is a minimum it will fall on the (ix o'clock 
line upon the plane, w^hich on account of refraQion will not 
happen at the time the fun fets, nor when it apparently fets, but 
fome where between thofc times ; let EB (fig. 113, pi. 6.) be the 
true, and SC the apparent path of the fun ; the refra6lion for 
this fmall interval of time may be fuppofed conftant, therefore, 
when the fun is in the horizon at 0, it will appear at S, and 
when S moves to C the (hadow is the minimum required ; there- 
fore in the ouadranta! A 0SP are given 0S n 33 min. and L^ 
P0S :=. 39 29' to find the z. 0PS = 20',, ^9", which gives 
im 23s 56th. after (ix the time required. 

JAgfrs. Boole, Collini, Elliott, and Pickering,yfn/ Solutions t(f 

this Queltion* 

.VIL 
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VII. QUESTION 67, iy Mr. Benjamin Bevan. 

In a plane triangle, let w be the centre of a circle pafTing 
through ;J, y^ and 2 ; then will Cw =r Cc, and be in the fame 
right Tine ; and zcx = 7<'^ = a^z ir 2R, or the diameter ot the 
circumfcribing circle ; where x^ y^ z, &c. reprefent the fame 
points and lines as they denote in the Synopfis of Data, for the 
ConfiruQion of Triangles ? 



Solution, by Mr. John Butterworth, Haggate. 

Let S, H and G (fig. 114, pi. 6.) be the points where the 
lines xc^yc^ and zc meet the circumfcribing circle, and draw the 
radii CS, CH, and CG ; also draw xzo parallel to CS meeting 
cC produced in a;, and join yw^ zw ; then w is the centre of a 
circle pafling through jc, y and 2. For it is now well known that 
Sc = S;i:, therefore Cc :=: Cw and CH zz Hy, confequently 
^0 is parallel to CH. But CH is = CS, therefore ^a^ is zz wx 
r= 2CS. In like manner it is proved that zw = xm = aCS; 
therefore w is the centre of a circle pafling through the points *, 
y and z, and confequently the points c, C, v, are in a (Iraight line, 
and Cc = Cw ; and yw z=z xw z=l zw zz tCS = 2R. g- ^' ^* 

Thus nearly was the proposition demonstrated by Mejfrs. Boole, 

Dawes, /zTZi/ Johnfon. 



VIII. QUESTION 68, by Alcor. 

Let A and B be two given points, CD, CE, two ftraight 
lines given \\y pofition ; let AF, BF be inflefted to F any 
point in one of the given lines, and let BF meet CD in G, 
draw GH parallel to AB meeting AF in H, then H wiil 
be in a ftraight line given by pofition. Required the demon- 
ftration ? 



First Solution, i^yAfr. John Butterworth. 

Kg- 1 15» pl- 6- Draw BL parallel to CD, meeting CE in L, 
and join AL, CH ; then fince HG is parallel to AB and BL 
parallel to CD, we have AB : HG :: BF : FG :: BL : CG, 
and by permutation AB : BL :: HG : CG ; therefore the trian- 
gles ABL, HGC are fimilar, and, theiefoie, C\l\s ^^^^xAX^v^ 
AL : JBm AB and BL are given lines -, \\icidoi^, CO Vas vcw 
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GH a jriven ratio, and HG makes a given angle with CG wliicli 
is given by pofilion; wht»refore the iociis of tl.c point II is ihc 
ftraight line CH, and which is alfo given by pofirion, hecuufe 
it pafles through a given point C, and is parallel to AL, which 
is given by polition. 



Second Solution, /;>' A/r. W. Simpson, BoUon. 

Fig. 115, pi. 6. Draw BL parallel to CD meeting CE in L, 
and join AL; draw CH parallel to AL, and it will be the locus 
foucht. 

Becaufe BL is drawn from a j^ivcn point para!. el to a line CD, 
given in pofition and meeting CE, alfo ;;ive:i in pofi»ioM, in L, 
the point L *A'ill be given, arid confequenily AL will be given 
by pofition, and therefore CH will alfo be given bv pi>fition ; we 
have t her.' fore only to prove thar HG is paiailel to AB. Now, 
by parallels, AF : HF :: LF : CF :: BF : GF, or AF : HF :: 
BF : GF, therefore HG is parallel to AB. 

CoR. If DA be drawn parallel to AB meeting BG produced 
in A, the locus of the point A is alfo a fliaight line given by 
pofition* 

Ingenious folutions were alfo receixfcdfrom ^lejfrs, Bazley, Boole. 
Collins, Mellor, Myers, Pickering, Roville tf/iJW, Smith, 



IX. QUESTION 69, ^y Gkometricus. 

Four flraight lines arc given by pofilion, it is required to dc, 
fcribe a triangle whofe angles may be upon three of the lines, 
and whofe fides may make given angles with the remaining 
line ? 



Solution, ly N. P. O. Roville. 

Let AB, CD, AE' (fig. 116, pi. 6.) be the three straight lines 
given by pofition, on which the angular poin:s of the triaiigle arc 
to be, and AH the other line with which the fides of the triangle 
are to make given angles. Draw any line EG to make one ol the 
given angles with AH, and from the points G and E where it 
meets AB, AE, draw GF and EF to make with AH the other 
two angks ; draw alfo AF to intcrfeft CD in Q : Now let QP, 
QR be ^r«u'n parallel to EF, and FG refpcftivcly, and join PR, 
tlj^n PQli is the triangle required t 
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Becaure QP is parallel to EF, and QR to FG, it is evMcnt 
that PQ and QR make the given angles with AH ; .'.nd .\^ : 
PE :: AF : QF :: AG : RG; therefore PQ is parallel ic EG; 
and, confequently, PR makes alfo the given angle with Ai 1. 

Mfjfrs^ Bazley, Boole, Butterworth, Collins, and Simpfon, 
likewife sent neat an/wers to this Que/lion^ 

X. QUESTION 70. iy the Rev. L. Evans, Royal Academy, 

Woolwich, 

It is required to bire6l an arch of a circle by the defcription 
of circles only ? 

Solution, by the Proposer. 

Let BC (fig. 51, pi. 2.) be the given arc, and A the centre; 
with the centres B, C, and diftanccrs BA 01 CA, the radius of 
the circle defcribe two arcs AD, AE, each efjuai to the ^iven arc 
BC. With the centres D, E, and diiiance OC = BE defcribe 
two arcs to interfect at F; then with the radius AF, and the fame 
centres D, E, defcribe two other arcs which will interfc£l in the 
circumference at G, and the arc BC will be bifeded at the 
point G. 

Demonstration. The fides of the three triangles DBA, 
BAC, ACE, being rcfpectively c<|ua!, we have the angle 
BCA equal to the angle CAE; tlieietoreBC is pkirallei to AE, 
and therefore BAEC is a parallelogram. It is proved in the 
same manner that BC AD is a parallelogram, and ihe diagonal AB 
is equal to the opposite lides BD, AC; therefore DC* (DF*) 
= AB* -i- 2AD\ Again, bccaufe DA, AE, arc parallel to BC, 
the points D, A, E, are in the (anu right lino, and the triangles 
FAD, FAE having all their lidis equal, have alfo the angles 
FAD, FAE equal, confcquently thoy are \\\}\\i angles. In the 
^ame manner it is Ihcwn that the anglers DAG, EAG, are right 
angles. Therefore, DF- = DA^ -+- AP = DA' -4- DG«, 
and DG* = AD* + AG' ; wheieForc DF* -- aG^ 4 2AD«; 
confequently, AB* z= AG* and AB = AG tiie radius of 
the circle; ihoretorc, G is in the circumieicncc of the circle. 
And becaufe AG is perpendicular to DE ij will alfo be perpen- 
dicular to BC, which is parallel 10 DE, and ilicrefore the arc BC 
is bife6led in G, 

i4f«^rf. Boole, Cavill, Co'Uns, My rs, rt«-/ Pickering, flw^^r^^ 

th'S Ouejlion, 

Vol. I. Part I. f I'j "*^ 
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XL QUESTION 71. iyWHACVM. 

Let AB be a given ftraight line, and P a given point without 
It, let CPD be drawn meeting AB in C, and let CP be to PD 
a« AC to CB. Required the locus of the point D ? 



First Solution, ti/ Mr. Bazley, Bolton. 

Join AP (fig. 117, pi. 6.) and produce BA till AS = AB, 

draw SF parallel to AP, and PF parallel to AS cutting SF in 

F; alfo draw DOE parallel to AP meeting PF in Oand SA in 

E; and laftlv draw BG parallel to AP meeting PC produced in 

G. Then, by the fimilar triangles ACP and BCG, AC : CB :: 

CP : CG, and by hypothefis AC : CB :: CP : DP, therefore 

CG is equal to DP; and the triangles BCG, OPD being equal 

as well as fimilar; therefore CB — OP zzz AE, and fince AS = 

SB, SE will be equal to AC. Again, fince the triangles CPA, 

ODE are fimilar we have CE : CA :: ED : AP, therefore EC >c 

AP i^ CA X ED, that is SA >c AP - SE x ED ; confcquently 

the locus of D is an hyperbola defcribcd through the given point 

P to the afymptotes SF, S A. 

If, (as in fig.i 1 8, pi. 6,} the point D be taken on the other fide 
of C, produce AP to Q, fo that PQ may be equal to AP, and com- 
plete the re£langles AQSB, and APFB, and let SB produced 
meet PC produced in G, and draw DH parallel to AB and DO 

grallel to SB ; then, as above, CG = PD, CB = OP, and 
H r= AC ; alfo GH = AP = BF = SF, GF =z= GH + 
HF= AP -H HF== PQh- HF = SH. Hence by the fimilar 
triangles GDH, GPF ; GH : HD :: GF : FP; but GH = 
AP = PQ iz SF. and GF = SH ; therefore SF : HD :: SH : 
FP ; conkquently, SF X FP =: Sil x HD ; and therefore the 
locus of the point D is an hyperbola defcribed through the point 
P to the afymptotts QS, SB, whidi is the very fame hyperbola 
as before, only differently fituated. 

Cor. BP is a tanc^ent at P. For when CP falls in with BP 
there is no interfeftion of ihe curve made by BP, and, confc- 
quently, BP touches it in P. This agrees with what is corn- 
monly Ihewn by writeison conies ; for in fig. 117, BA =AS, 
and in fig. 118, BF=FS, and therefore by conic fe£lions BP is 
a tangent at P. 

Second 
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Second Solution, by Mr. W. Smith. 

Produce AB till AS = AB, (fig. 117, pi. 6.) and draw SI 
parallel to AP ; then a hyperbola defcribed through the point P 
to the afymptotes SB, SH will be the locus required when the 
point D is above the point P, but if it is below the point P (as in 
fig. 118, pi. 6,) produce AP till PQ is =z to AP, and draw QS 
parallel to AR meeting BS drawn parallel to AP in S ; then a 
byperbola defcribed through the point P to the afymptotes SQ, 
SR will, in this cafe, be the locus required. 

Demonstration. Draw the line PCD to any point in 
tbe curve, and let PF, DH,be drawn parallel to AB, the latter 
meeting AP produced in N; then, by the property of the 
hyperbola 

HDx HSz= AP xFPrrAPxHN, or 

HS = AP -i-PN : AP :: HN : HD, and by divifion 

PN : AP :: DN : HD ; but by fimilar triangles 
PN : AP :: DN : AC : therefore HDziAC; 
and (ince HN =: AB, DN is = to BC ; and, confequentlyf 
AC : CB (DN) :: CP : PD. It is therefore manifeft diat the 
hyperbola PD is the locus required* 

Ingenious Solutions were alfo received from Meffrs. Boole, Elliott, 

Limenus, and Simpfon. 



Xn. QUESTION 72, by Bombelli. 

To divide } into 5 parts fuch, that either part added to the 
ube of I {hall be a fquare 7 



First Solution, 3;^ Limenus, Bruton, Somerfet. 

Let the five parts into which 7 is required to be divided be 
defignated by a, b^ c, d^ and e^ and let the fquare numbers to 
which thofe parts when feverally increafcd by the cube of ^ or -^ 
are to be equal, be denoted by a*, /S*, y*, 5* and e*, and we Ihall 
immediately have 

04 04 

(T 2) 'WDRX^i\QV^ 



( M8 ) 

Wherefore having determined a, 0, y, &c. the parts a, ^, c , &c. 
will become known, and the only reftriftion dependent on thofe 
equations is that a, /?, y* &c. be each ^eatcr than -g-, in order that 
all the parts may come out pofitive. The remaining condition is 

that the fum of the parts be -, or that - zr a' + /S* -4- y' -f- S^ 

4 4 

+ £« _ 1 , or ^ = «• +/3*- 4- y « + S* + s\ It is therefore 
64 64 ' 

21 
neceflary to divide the fra£lion ^ into five fquares* and to effect 

fuch a divifion it will be requifite to affume fome five numbers 
that poflefs tliat property, and then we £hall be enabled to obtain 
a general folution ot the problem. 

21 . 
The denominator of—- is itfelf a fquare, and the numerator 81 

64 

being but fmall, it will readily be perceived that the only ways 
in which it is capable of being formed into five integral fquares 
are by the numbers 16, 4, !• 0,0; 9,9,1,1,1; andg, 4,4,4,0. 
And each of thefe fets will enable us to difcover an infinite num. 
ber of fraftions poffeffing the required property; but that the 
fame folution may be made applicable to them all, we will de- 
fignate the roots of one of the fcts by m, n^p^ q^ r, fo that 

Let V be fome intermediate quantity, and /, i, X, /ea, v, other 
component parts of the fquares a*, /3*, y*, S*, €*, fiich that a = 
Iv -^ m,fi zzzkv'—n^ y =z:Xt; — ^, S = iw,i;— y, and € = vt;— r. 

And by expanding the equation -- iza* -|- /S« + y* +5*+ €% 

and dedufting from it that of^ = m'-J- »"+/i* -J-^^r*, 

there will rcfult 

and thence v = ^^^ t j^j"^ "^^"^ ^.^^ + ^^\ 

/» -h /4« 4- X' -H /x" + V* 

In this formula the quantities /, ^,X, /tx, v are aflumable at plea- 
fure, and the quantiiics m, n, p, q, r, are to be determined by 
taking one of the fets of numbers before given. Having thus 
found a value of z/, the correfponding ones of «, /3, y, &c. and 
thence the required parts a, b^ c, &c, will become known. 

By 
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By making ufe of the firft fet, and taking /=i» i = i, 

X = — i» /x = 3, and v= 2, we fhall find 1/ = ^, and the five 

o 

parts in this cafe will be ^.. ^, i^. -^^ and -21,. 

^ 4O9O 4090 409b 4090 4090 

Alfo if we take / = 3, ^ = 1, X — — 2, /x = 3, and v — 2, 

then I/ — -, and the five parts will come out ^^. ^* — ^ • 
9 5*84 51&4 6>«4 

— 4- » and — H- ; and with tlic like facility may innumerable 
5i«4 5184 ^ 

other folutions be derived. 



Second Solution, By Mr. Cunliffe, R. M. College. 

Let the parts be denoted by w, Vj x^ y^ and z, and by the 
que ft ion put 

w+^ zifl*, u-h— -=3*, H-/--= t*,v-i-^r-izJ* and 2 +,—=«■. 
04 64 04 ^ 04 64 

By taking the fum of all the equations, 

^ 04 4 04 

Now put 

5-wiiiz:tf, 3_„^--i^ 1 +^^=:c, * -J- ^ii:::^ i, and ^-\-ra-e\ 
Then 

From whence M = ^^^ff fr4^ r-?-i—r.f ^^^^^ »»"» 
^, q^ and r, maybe taken at pleafure; but with this reIlri£Uont 
that each of the quantities a^ b^c^d^ and e^ (hall exceed g. 

Example 
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Example i. Take m = a, « = i, ^ = 3, f = «. and r = i ; 

Q Q Q 6 45 

then u s=5 — ^ — ; whence a zz% — ««= '-• = q J ; 

4x19 8 8 4x19 8x19 

8x19 8^ 8 8x19 8x19 8' 

1.6 25 „ 1 26 „ 

s-ho =: o . Hence again, a;~fl' — ,r*= -t- J ^^*^ — 

8 8x19 8x19 ^ 64 361 

64"" 361' 64— 4x361* -^— ^ 64 — 8x361'^"'' 

64 8x361* 
Example a. Take ;» 3= 2, n = 1, ^ = 2, ^=: 1^ andr = 4; 

then u = ; whence a = | — «« = 5 — -5 — ^ 

4 X 13 8 8 8 X 13 

8 X 13 8 8 8 X »3 »3 8^^ 



^ t 4 _ _iZ_. ^_1 J. >«i 



e 



X 18 "8x13* — 8'^— 8'8xi3- 

*5 J * . * . 8 21 . J 

5--f2 — ; and tf = ^ -+- rw = -.4- ^ = ^ . And 

8 X 13' 8 8 8 x 13 8 X 13 

hence, w:=za^ — /— = 7—; vzzzb* — r— = — ' ^ 

O4 4 X 109 04 4X169 

^ — ^ 64—8 X 169'^ — ^ 64—8 X 169 ^"""^ 



.»-l.=-^7 



64 4 X 169* 

2 1 

Again, in the equation a* + b* + c* + ^ -^- e* = -^^ 

put 

922 2 

2— wuntf ;- — fi»=:^; - — pu=: c; g — 911 =:rf, andru = e; 

then |i=:a«+i»+c* + d* + e^ 

=(i--")'+a-^(i-^-)^(i-^)'-^'-- 

Whence 



Whence u =,— ^- — i-- — ^^^ — 5—; — —7—57. where tn, n, p. 

J and r may be taken at pleafure, but fubje£l to the fame re- 
itriciion as before. 

For example, take m=:2, nrz^, ^ = 2, ^ rz i, and r izt2; 

then u = -7 : whence a =: ^ — wv m — *^t ; ^ = 7, — w» 
3b 8 4x10 8 

= -; c-j — /^«=--Z_; rf--_ytt--; and <r = ri< = 4* 
b 0*^2x10 o'9 3 

And hence w = a' — ,— =1 rf- ; t; -^''- -- = ^ ^ ^^ ; jc = c * 

64 bi 64 i6x36 

t)4 b4X«i "^ t)4 64x81 64 
35 



9Xb4 



Solutions were alfo reed ved from Meffrs. Boole, Butterworth, 
Collins, Myeis, Pickering, aw ^ Ry ley. 



XIIL QUESTION 73, by Hypati a. 



When the bafe of a triangle is given, and one of the angles 
at the bafe is double the other ; what is the locus of the 
vertex ? 



First Solution, hythtPropoftr. 

Let ACB ffig. 119, pi. 6.) be the triangle havin^ the bafe 
AB given, and the ancrie ABC double the angle BAC. Draw 
CD perpendicular to AB ; take DP = DA and join CF; then 
the angle BAC will be equal to the angle BFC, therefore the 
angle ABC will be double Bt'C ; but ABC is equal to the two 
angles BCF, BFQ, therefore tl.e anoles BCF, BFC are equal, 
and hence the lines BC, BF arc equai ; now BF is equal to DF — 
DB, or to AD — DB, therefore BC is equal to AD — DB. 
Bifeft AB in E and draw EG perpendicular to AB, and from C 
draw CH perpendicubr to EG, then E is a given point, and 
EG a flraight line given by pofition ; and becaufe AD — DB is 
equal to 2ED or to 2HC, therefore BC = 2HC or BC : HC 
;: 2 : J, that is, BC has to HC a given ratio of a greater to 



lefs, hence it is evident that the locus of the point C is a hyper- 
bola of which F is a focus and EG the directrix. 

Cob. If upon AB any feement of a circle be defcribed 
cutting the hyperbola which is the locus of the vertical angle in 
K, the part of the circumference AKB will be bifefled in K. 
For join AK, BK, then the angle EBK being double the angle 
BAK, the circumference AK is double BK, therefore BK is 
one-third of HKA. 

This quellion and its application to the trifeftion of an arcli 
conftitute Prop. 34, Book iv. of the Math. Golleft. of Pappus. 

Second Solution, ^v Afr. W. Smith, Liverpool. 

Bifeft thebafe ABin E, and draw the indefinite perpendicular 
EG ; divide RB in V, fo that BV = 2EV ; with the focus B, 
vertex V, and direftrix EG, defcribea hyperbola, and it will be 
the locus required. 

Draw AC, BC to any point in the curve, and draw CH per- 
pendicular to EG, and produce it till HI = HA and join C!. 
Then bv the property of tlie hyperbola EV : VB : : HC : CB, 
but VB= 2EV, therefore CB = 2CH = IC: but fiiice 
AE zz EB, IH z: HC, and EH perpendicular to AB andIC, it 
is obvious ihat AI is =: to BC and the angle BAI =: ABC ; 
therefore IC is = to AE and the angle IC A (BAG) = lAC ; 
and therefore the angle BAI or ABC is equal to twice the 
angle BAC. 

T/iis Queftion was alfo anfweredb\ hUJfrs. Bazley, Boole, Collins, 
Elliott, Johnfon, Limenus, Myers, Pickering, and Simpfon. 



XIV. QUESTION 74, by Mr, George Sanderson. 

Determine the value of — -—-^ when _ -1^, = «, a given 

col.v fin. x}/ 

number, and :p -4-%^z= ^, a given arch. 

First Solution, /y^ScoTicus. 

cof. 3 
SupiK/fe — ~. — ;c, then cof. '^zzx cof. >t and fin. (pziw fin.v, 

hence, putting P for cof. f cof.\J/, and Q for fin. (p fin. 4^, we have 
^o■^ 9=:;eP, fin.»(Fr= nQ, nx cof.*>;z= nP, nx fin.^xj. := aQ, 

ti.v\ tore jtP 4 nO z= col.*-f + fin.* (?= 1, (1 j 

iiiia ni' + x^ = nx (cof.' ^ + fiu.*x{/l = n.r, (2) 

The 
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The arithmetic of fines furnifhes this other equation, 

•P— Q=C9''*(?' + 4'j=:cof.a ...... <«^..(8) 

From the firft andthird of thefe equations we find 
(«-+■*) P r=: 1 -f- « cof. a, 

and from the fecund and third, 

(n -h fj? =i::r (n -f- cof. «)• 

Therefore/ Jr (« + cof. a ) r=: i + n col. a« 

J 1 H- « cof. a 

and X = , g, • 

u + col. a 

Second Solution, i^j^Afr. J. Collins, Kenfingloks 

9 

I 

Put J = fine of the arch a, and c its cofine, the radius being 
denoted by r. Alfo put x =: the fine of the arch 9^ and^ sss 
fine of the arch 4'. 

Then by known theorems. 

s X cof. (p zrz ry -h cji 
s X «of» 4^ = rjr -f- cy* 
From whence 

cof. 9_ry + ex _ y _ rH- ffr A i^ ^ 

col. >p rx + fv f X . r/i + c "^ 

J' 

SoluHoni were alio received from Meffrs. Bazlcy, Boole, Butter^ 
woith, Collins, Elliot, Myers, PicEering, Roville, ani Simpibn. 

XV. QUESTION 75, hy Nauticus. 

I 

Required the reftification of the line which is the projeflion 
of a great circle pafling through a given point of the equatori 
and making with it a given angle in Mercator's Chart ? 

Solution. /^^ Afr.W. Wallace, R.M. College. 

Retaining the fame notation as in the folution to queftion 46, 
in page 105 of the Repofitory, let us put farther z for the length 
of the curve line whofe reftification is required* Then from 
lirhat has been Ihewn in the folution referred to 

^ -K .Is tfVcof.*Ot_^ i/fi + a*)? 
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Hence, dividinjr both numerafor and denominator by v/ ( i + «*\ 
and puttings for the fine of the angle, which the great circle 

makeswiththcequator,thatis, for > — ?, — ,„ we find 

• . . ■ 

. —9 



This fluxion has fcvcral remarkahle properties, which have 
been confidered by Eiiler, Lagranire, and Legendre, particularly 
bv the laft mentioned Author in his Me moire fur Us Transcen- 
dailies Elliptiques. Bv a particular transformation its fluent 
admits of being txprefled In a peculiar and very elegant manner. 
On this fuhjeft, fee the lafl mentioned work, a) fo a valuable 
■paper, on the hrttgration of certain differential expreflions ty 
Mr. Woo DUO USE of Cambridge, in the London Tranfa6lions 
for 1804. I ^^^ ^"'y add, that the fluent may be exprefled by 
two elliptic arches, the fliixion being the fame as that which has 
occurred in the folution of Qucftion 16, in page 38 of this Vol. 
but it is proper to obferve, that in the 11th and 17th lines of that 
page, the word femi-con jugate fcems, in each, to have been put 
by jnillake for femi-tranfverfc. 



XVl.-QUESTIONjG, ^jkTiieodosius. 

Having given the bafe of a fphcrical triangle upon the 
furface of the "Iphcre and its area; required the locus of its 
vertex.? 



Solution, ^7 A/r. LowRY, R: M. College. ' - • 

I 

It lias been- fliewn in feveral places that the locus required is a 
fmsill circle of the fpherc, equal and parallel to afmall circle, de- 
fcribcd through the extremities of the given bafe; and the truth 
of thin has generally been proved, by firft fticwing that fpherical 
parailclogran.s.bn.the fame bafe, and between the fjune equal and 
parnlltl circles, aie. equal in area. This beavitiful theorem is^ 
iinalbgous Xo the thirty-fifUi propofition of the firft book of Euclid;' 
and is a remarkable' inftance of. the analogy wliich ijrcquently 
//>h/Wf.<;'bcf\Nreen fpiierical and reftilineal figtircs. In tvliat follows 
J (baJl determine tliQ Jocus from the profeuics of the fupple- 



Ulcaitary triangle, as iliis method is not only remarkably fimple/ 
but leads to the difcover)' of fome other local theorems. 

Let ABC (fig. 120, pi. 6.) be a fpherical triangle defcribed 
on liie given bafe AB, and having its area, or which is the fame^ 
thefum of its three angles equal to a ^iven quantity. About the 
angular points A, B, C, as poles, d<efcribe the fupplementary 
triangle D£F, and continue the arcs DF, £F, till they meet as 
at G. Then it is well known that the fides DF, EF^and DE, are 
the fupplements of the angles B,A, C, refpe£lively, «nd the angle 
DFE the fupplcment of the bafe AB ; therefore when the bafe 
AB and thefum of the three angles A, B, C, are given, the angle 
DFE, and the fum of the three fides DF, EF, ED (or the peri- ' 
meter of the triangle DFE) are given. 

Conceive a fmall circle to touch the great circles DE, DG, 
and EG at Q, P, and H ; let O be the pole of this circle, and join 
OP, OH, OQ, and QC. Then, by the propertv of tangents^ 
the arc DQ = D?, arc EQ = EH, and arc PF = FH ; 
therefore PF and FH are eacii equal to half the perimeter of the 
triangle DEF, that is, equal to a given arc ; and therefore the 
points H, P, are given, and of confequence the pole O, and the 
radius OQ (OH or OP) are given. 

Alfo becaufc C.is the pole of the arc DE, it is evident that the 
locus of the point C will be the locus of the pole of the arc DE, 
and fince DE touches the circle DQH at Q, the arc OQ is 
perpendicular to DE ; and, confequently, OQ produced will 
pafs through the pole C, and QC will be a quadrant ; therciorc 
the arc OC, is equal to the arc OQ-j- a quadrant, that is equal 
to a given arc ; and O is a given point : therefore the locus of 
the point C is the circle CI, whofepoleis O, and radius OC. 

Becaufc the arcs, HO, PO are perpendicular to GE, GD, 
they will pafs through the. poles A, B, of thofc circles, and 
therefore the arcs AO, BO, are each the complement of the 
arc OQ, or the fupplemcnt of the arc OC ; and, confequently, 
a circle defcribed about the pole O to pafs through the points A, 
B, will be equal and parallel to the circle CI, and will be the 
locus of that point on the fphere which is diametrically 0])pofite 
toC. 

Now fince the great circle AB interfe£ls one of the eqtial 
parallel circles at A and B, it muft neceifarily inteife6i the 
other parallel on the oppofite fide of the fphere. Let this be at 
m and n ; then, when C coincides with cither of thofe points, 
Q will be either at H or I, and the three lides of the triangle 
ABC will coincide. Moreover, if C be beyond either of thofe 
points, Q will then fall between H and I on the lide next to C, 
and the perimeter will be a variable quantity, which is contrary 
to the hypothcfis, and theretore the locus is limited to that par- 

(U a) vvwSax 
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'|jai1ar part of the circle mCn which is includL-il between (hi 
poiris mand n. ' 

We may infer from hence, that when the vertical angle and 
perimeter of 3 fpherical triangle are given, ilic loci of the polej 
of the bafewilibe two equal and parallel circles given in magui* 
tude and pofiiion. ' j 

II is alfo obvious that the arcsA'fl.Bff, are each equal tothffi 
fupplement of the bafe, and that the arc OF birefts the bafc Ay 
atff 

Again, ifafpherical trijinglc be dercribcil on the given bafe 
AB, fothat the difference heiween the vcnical ariijle and the fum 
of the angles at the bafe may he equal to a given angle, the 
locus of lIic veriex will be a circle- 
Let the fuppieniental triangle, DEF (fig, ibi, pi. 6.} 
defcribed as 'before, and let O he iho pole ot the circle PH' 
infcribedin the triangle, and join OQ. OP, OH. and OC ; tin 
becaufethe bafe and ihg difference beiwet-n ilie'veniral angle ai 
the fum of the annlis at the bafe are given, tlie angle DFE andl; 
the difference bet" icn tbe fum of t!ie fiilei DF. EF, and (he bafe. 
DE will be given. Kow ihe arc DP= 1>^. arcEH="EQ' 
andarcFP=FH. il.erefore KH an<l FP i<e each equal to hS 
the difference between the fum of the fides DV, EF, and the bi 
DE, and therefore equal to a given ate. Hence it appears, itk) 
the fame manner as before, ihat the p.iinr O and the arc OC arrf 
given ; and, confeqoemly, ihe locus of (he point C is a circlq,' 
whofe pole it O, and radius OC. 

The arcs OH. OP, produced will puf^ ihro.igh the poles A 
and B refpefiively. and ihe arcs AO. BO, arc each equal to the 
complement of tlie radius OQ. or equal 10 the arc OC, and 
therefore the locus required is the circle which circunifcribej the 
triangle ACB. 

If the arcs AC. BC, be nrodnced lill ihov meet as at G, the 
locus of the point G \vi\\ oe a circle equal and parallel to that 
vhich is the locus of the point C, and will iherefure pafs througH 
the three points wliicli arc diametrically oppofiie to tlic points A, 
B, C. We m»y ihei-efore infer, that if th« vertical angle and 
the difference b^'tween the fum oi the fiiles and bafc are given, 
the loci of the pohs of the bafe ate two given circles equal and 
parallel to each 01 her. 

The circle infcribed in ihe irian^lc DEF. and ihe circle ctr- 
cumfcrihing ihe triangle ABC have the f-ime c-ntre, and tl 
radius of (he one is ilie coinpleinc:it of the radiut of tl 
Other. ' 

That the cirtumfcribing circle is the locus of the vertex when 
the difference between the vertical angle and the fum of the 
ang)e$ at ihe bafc is a conftant quautitv, may he proved in a 

mer Afferent fiom (he above, and ivigS'^la a very (imple 



m 
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method of determining the locus, when the area is conftanf^ 
"Without having recourk tQ the properties of the fupplemeatarjr 
triangi^. 

Let ABC (fig, ia«, pi. 6.) be the triangle whofe bafe and 
area are given, and continue the (ides CA, CB, till they meet at 
X), then it i« evident that the angles D and C are equal, and c 
CAB = 180° — /.DAB, and /.CBA = igo^ — /.DBA; 
therefore the fiim of the angles A, C, B, is equal to j)6o** — 
(/.DAB + /.DBA) + /-D = toagiycn quantity S, or 
/.DAB + zlDBA— /.D = 36o** — S. 

Let O be the pole of a circle defcribed through the points, 
A, B, D, and draw the radii OA, OB, OD; tjien, by reafon of 
the ilofccles triangles, /.OBD ;= ODB, /.OAD = ODA; 
therefore 4P =;OBD -^-OAD; and, confeqqemly, /.D AB 
+ DBA — Z.D =2 0AB+OBA=:20AB=c36o«— S; 
therefore OAB = 180° — -jS = the fiipplement of half the 
given film of the angles, and becaufe AB is given, it is obvious 
that the pole O and the radius OD (0 A, or OB) are given; 
therefore the locus of the point D is the circle DAB. " 

And (ince the point C is always at the di (lance of a ferai* 
circle from D, it is evident that tl^ locus of C is a circle equal 
and parallel to that which i^ the locus of D. 

Tne celebrated Legendre, in the notes to his Elements di 
Ciometric, aifo determines the locus to be a circle: but by 

firinciplei^ very different from ^he above. His invefligation itai 
bllows : ' 

Let ABC (fig. 123, pi. 6.) be a fpherical triangle defcribed 
on the given bale AB, and having a given furface A -f- B + C 
— n z= S ; n being = 180®. 

Let the arc IPK be drawn perpendicular to the bafe AB fo as 
tobife£l it at I, and take IP=^to a quadrant; then P will be the 
pole of the arc AB, and the arc PC, defcribed through Pand C, 
will be perpendicular to AB. Put AB=z:r, ID=:j^, CD=:y, 
AC^=;:^,and BC - a; then AD zr /> -+-^(: andDB ;=/^ — ^. 
And from the right angled triangles ACD, BCD, we have 

cof. a r=: cof. a cof. [p — \c) and cof. b = cof. q cof. [p + \c). 

« . . ,, , , , •« cot. ifl cot I* cof. c 
But It IS well known that cot. ^9 ==: -7-r j — >s ■■ " , 

, . . - - . , cof. c — cof a cof. b 
^d \Yriting for cof. f,its value, . fin. a hn'. b ^' 

t .0 1 + cof. a -h cof. b + cof. c 

we have cot. +S. = r'Tr — n "* 

^ nn. a fin. b fin. L 

pnd by (iibfiituting in thi^ formula the values cof. a cof. ^zz 9 cof. 



{ »58 ) 

^ cof. p cof. Ir; f + cof. f zz ft cof.* \£, fin. 3 fin. C = fin. r 
fin. B = s firt. 1^ cof. \c fin. B, we have 

rnf TC_ C0f.V + C0 f. ^ cof. q 

Ini. a lin. \c iin. B ^ 

But in the right angled triangle BCD, nn. a fin. B = fin. q, 

, r TO cof. |r-+- cof. /; cof. ^ r ' t- ' 

therelore cot. 40 = j. 1 — ; — ^, or col. p col. a zz 

* ini. \c lin. q r y 

cot. ^-S fin. \c fin. y — cof, \r^ which is tlie relation between p 
and y, and ferves to determine the line which is the locus of all 
the points C. 

On IP produced take PK =z x, and Icr the arc joining KC := 
y^ then in the triangle PKC we have PC ::.. \n — q and the 
angle KPC — n — y, and the fide KC found bv the proper 
formula is cof. KC = cof. KPC fin. PK fin. PC — fin. x cof! 
a cof. py in which fubftituting for. cof. p cof. q its value cot. iS 
i\v\. \c fin. q — cof. \c we fliall have cof. y = fin. x cof. \x + 
fin. y (cof* X — fin. X cot. ^S fin. {c) ; hence it appears that if 
we take (cof. x — fin. x cot \S {in. \c) =. o, or which is the 
fame, cot. x = cot. |S fin. \c we fliall have cof. y ~ fin. x cof, 
}r and the value of >' conflant. 

Therefore, if PK be taken fuch that its cot. =n cot. ^S fin. {Cf 
the vertices of all the triangles defcribcd on the fame bafe f, and 
having the same furface S, are in the circunilercnce of a fmall 
circle defcribed from the point K, as a centre, with -the .polar dif- 
lance CK, fuch that cof. KC zi fin. PK cof. jc. 

Legendre adds, that this beautiful theorem is due to Li : ell, 
(See Tom. V. Part I. de Nova Affa Pctropolitana.) 

Mfffrs. Butterworth and Collins ftnt Solutions to ihis Qiiffiion. 



XVJI. QUESTION 77, i;>' Mr. John Wright, NorUy. 

Required the fluent of x v/f. 1. with the aflill 

ance of the conic feftions ? 



Solution, by Mr. Cunliffe, R,M. College. 

In the firft place, 
. , I + X* _ X .1 -4-jr* X , . 

''^u+y?'Tr+iFf'^v-^x^{^^ +^^). 



( «59 ) 



2X . , X Z'^ X 



Put 1 + x' = — ; then ^rr = — i, and 



takingthe roots, y^r^i — jc' -j- j:*) = — v^(i — '- -) • 
therefore ^-^^, ^(i_^» + ^«)— ^i /(i-^'). 
By taking the fluxion of the equation i -J- ** = — , we have 



• 



2VX 2XV r- 1 • . J^l' tfX -^V 

txx z=: 5 which gives vx i^ , or — = • 

Alfo from the fame equation we get x = -^ S or 

vx = 1 — v^(i — V*) ; hence i — vx zm ^[t — r'}, and 
therefore — — ^ — ^ 



2JC t—vx y/(i — I/')' 
. Confequently, . 

I -I V ,, 

wliich is at once reco^nifed to be the fluxion of half the length 
of the arch of an ellipfis intercepted between the conjugate 

axis and a parallel ordinate at the diftancc of v = , from 

1 "T" X 

the centre; the tranfverfc axis of the cllipfe being 2, and coru 
jugaiei. 



Second Solution, l?y Mr. Thomas Bazley. 
Let the given cxprcffion be divided by i + x* and it becomes 

reduce this to a form, more convenient for integration, put 
I'+x^ z=z "-i— ; then — : — . — 7, r;, and by fub« 



( tSo ) 

flttution the above exprefboti becomei. . "^ ^ v f "^ ^jf.j 

The fluent of which is the fourth part of the elliptic arc, reckoned 
from the extremity of the conjugate axis, whofe ordinate 
to the tranfverfe axe is z, lemi*conjugate i, and excea« 
tricity /3. 



XVIII. QUESTION 78, i^URSAiMiNO*. 

It is required to demonftrate, independently of fluxions, tha^ 
when an arch of a circle is fmall^ twice the fine -h the tangent 
s=: threr times the arch nearly ? 



' ( 



First Solution, iy Mr. Ivory, R. M. CoUegi. 

LEMMA. 



Let the fmall arc ACB (fig. 124, pi. 6.) behifiBfied in C| and 
let AC be bifefled in D : then the triangle ACB will be nearly 
eqnal to eight times the triangle ADC. 

For, draw CO, DO to the centre of the circle, and let CO 
meet AB in m, and DO meet AC in n : then, becaufb the arch 
BA is fmall the chord BA Wilt be nearly double of fhe chord 
CA, and the chord CA nearly double of the cliord DA : alfo, 
from the known property of the circle Cm : Dji :: CA* : D^* 
or nearly as 4: 1 ; therefore Cm is nearly quadruple of Dn. Now 
the triangle BCA : triangle CDA :: BA X Cm : CA X Dn :: 



DEMONSTRATION OF THE QUESTION. 

Let AB (fig. 1 85, pi. 6.) be the fmall arch, and AD its tangent : 
take the arch BE = arch AB, and join AE meeting BO drawn 
to the centre of the circle in C : bifcft AB, BE in F and G, and 
join AF, FB^ BG, GE: in like manner bifeft the arches 
AF, FB, BG, GE, and infcribc a figureof eight fides in the 
fegment ABE by drawing lines from the points of bifeflion to 
ibepbinis A, F, B, C, E : and fup^fe the infcribing of fijrurcs, 
bymcdDS of comiaiud bife£tioD^i to be continued ad kifinitum. 



^ 



icn, by the Lemma, the triangle EAB = 8 y triangle 
KA ; and the triangle BFA = 8 x triangle in the 
fci^nieni con'ained by ihe half of the arch FA ; and fo on, ad 
infinitum. But ihc circuLr fegmcnt ABE is compofed of the ^ 
ABE 4-a>cAAFB+4X a infcribed in the fegment AF-*- 
8 X A inrcribed in the regmeni bounded by half the arch AF, 
»nd fo on, ad infinitum : therefore the circular fegment ABE 



= aABE X (i+| + g^ + ^, +g^ +&C. ad infinitum) 
«=* X A ABE*. Therefore ihe femi-fcgment ABC =r ^ 

X A ABC. But DO :OB:;OB : OC, therefore DB :BC :: 
OB:OC; andbecaiifethearch AU isfmall, therefore OB will 
differ Hulc from OC; and, confetjiiently, DB =: BC nearly. 
Therefore A ACD = a x A ABC : therefore femi-fegment 
ACB = -J X AACD. 
Thcrefora the outward fpace AFBD =z J- A ACD = \ femi* 

fegment ABC, but the outward fpace AFBD = (AD — 



I arch AB): and the remi-fegmcnt ABC = 
' therefore, arch AB — AC = -j^ (AD 



AO, 



(archAB-AC): 
- arch AB) : confc- 



P 



quently, arch AB = - 



, or, to fpeak in Ilrift geo- 



metrical language, the limit of the ratio of the fmall arch AB to 

ii the ratio of equality, and, the fmaller the arch 

AB is, the more nearly ei^ual will it bp to the quantity 



Second Solution, i^ Mr. W. Wallace, R. M. College, 
ha f denote a fmall arch of a circle, radius being unity. ^| 



kThen taa. <f — - 



fin. a 



= fin. $ (i — fin' (p)~ 

y'(i— lin'.^) ?=fin,?) + ^fin'.9 + J.Cn».p+&c. 
Mow when the arch <p is fmall, the fifth and all higher powers of 



. * Archiuedes hu fummcJ op ihit progrEffion, in hii Quadniun of 

■ Vol. I. Part I. (X) 



I 



ill Gne will be very fmall, thererore in invefligating au approx 
imation to ihe arch tJicy may he ncgletled, thuj we have 
tan. 9 :=: fiii. ? -1- i (in.' 9 nearly, 
or, finec fm.* $:= i fin, 9 — ^ fin. 3^, 
tan, p — V" f'n. f — | fin. g 9 nearly, 



jiere A, B, C, D, &c. Henote numbers which arc indept^ndent 



m 

en 
W 
lie 

1 



I 



any particular value of $, iben, lincc by the aritliirujtic of 
fines, when p is negative its fine '"■ alfo negative, wc have 

_ fin.? =- Ap-^-Bf - Cf^ + Dp' — Ef!-H&c^^j 
and, fubtratiing the lj»er equaiion from the former, and di^ 
ing boih (ides of the refulling e<)iiatioii by a, 
(in.$= A? -+- C^' -1- E;i + J 
hcoce it appeals thai B, D, &c., the coefHclenis of the even 

ffowersof f, are each neceflarily — o, and. thcfcfore, tbatilie 
(jrics for the fine mull conftlt only of the odd powers of the 
arch. '' 

Let us divide both fidei of the feries by f , and we hai 

[ Now when ^ ^ o all the termn of the feries vanilh except A ; 
' hence it follows, that A exprefles the limit of the ratio of the 
Cue of an arch to the arch itfelf, when that arch is fuppobd 
continually diminifhci!, but it may be rigidly demonllrated 
ijidcpend«il of the doitriae of fluxions, that the ratio in qucf- 
lion IS that of equality, therefore A = i, and (he feries for the 
£ae may be exprelTed thus, 

, fin. ^=f!H-B f» + C? * H- &,c. 
andfubllituting 3p forf 
fin- 3? = 3? "*■ ''7^^' -+- »43Cp, + &c. 
foihal, rejefting the fifth and all the higher powers of the wch, 
for the laine realon as wc have already rejeiled the like powers 
of the fine, we have 

(in. 9=9-1- Bf>» nearly, 
fin. 39 = 3P ■+- *7^P' nearly, 

atnd fince tan. 9 = g fin. ? — 5 fin. 3f> nearly, 

Ian. 9 = ^ — aBf * nearly, 
hence, n being any numi>cr whatever, 
nha. p -*- lan. ? = (n -f 1} ip4-(fl —3) B^» nearly. 

Here iF we fuppole n = 2, the coefhcient of f ' will be = o, 
and thosa (in.ip-+- tan. ip — 351 neaily. And as in obtaining this 
approximation we have r^ jetted no quantities ul a lower order 
ihftn the hlth pnwer ul the fine or ot the arch, it may be Jnfer- 
led that theappioaimaliou is tolerably correft for frndll arche«. 
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Third Solution, by Mr. Thomas Bazlet* 

It is demonllrated by writers on trigonometry, that if a deaotei 
the arc of a circle whofe radius is unity, the correfpondiiig 

line IS zz a j -|- — — Scq, zz s 

6 120 

and 2 X fine is = 2a — — -f 2^ — &c» = sis 

3 60 

and the tanirent = a H + h &c. =: t 

3 »5 

and if the arc be very fmall all the terms after the fecond maybe 

omitted as being extremely fmall in refpeft of the two firft ; 

hence by addition 2S + t :z 3a, which is the theorem in the 

•c|ueilion ? 



XIX- QUESTION 79. ^>iVr. John Wright. 

Given the difference of the angles a^ the bafe, and the length 
of a line drawn from the vertex to the middle of the bafe to 
conftru£l the triangle when the folid of the perimeter, the dif- 
ference between the fum of the fides and the bafe, and the per- 
pendicular let fall from the vertical angle upon the bafe is a 
maximum ? 



Solution, by Mr.]. Johnson, Birmingham. 

Analysis. Suppofe that ACB (fig. 126, pi. 7.) is the 
triangle required, IK the diameter of the circumfcribing circle 
perpendicular to and bifcfting AB at D ; join KC, IC anl DC, 
and draw CP parallel to AB meeting IK in P : then there is 
given DC, the angle CKI, (half the difference of the angles 
at the bafe), or its complement the angle CIK, and the folid 

(AC + CB+AB)(AC + CB-AB)DPzrJ(AC + CB)*-AB*^ 

X DP, a maximum. 
Now (AC Th CjB)' = 4ID X P¥w ani KSi? im /Mi^ x^"^* 

(X2) ^^ 



( <«4 ) 



, therefore ] 



i 

I 



r difFerencc = 4IE 
be a maximitm. 

On DC let a femi-circle be ciefcrlbed whicii will be 1 
locus of the point P, alfo let a fegment of a circle DCIL be 
defcribed upon DC, to contain an angle equal lo ihc angle 
JDIC, or the complement of half the difference of the angles 
at the bafe, and this will be the locus of the point I. We 
have therefore only to draw the chord DI, fo that ID X DP" 
may be a maximum. Let DH be the diameter of the circle j 
DICL. then it is evident that both Dl and DP will increafe till 
DI coincides with DH, and therefore the point I cannoi be on 
the fame fide of DH that the point I is, but mull cither be at 
H or between H and C. Now if it wjs at H the angle DCI 
would be equal to a right angle, and if between H and C 
greater than a right angle; that is, the angle DCI would be 
equal to or greater than the angle ICK, of which it is only 
apart, which is impolTible. Therefore no maximum can pro- 
perly take place, and of courle (he problem-is unlimited- 

If it was required to draw DI fo that ID X DP' might be a 1 
maximum without having any regard to the triangle ABC,-' 
Let IC produced meet DB produced in R, and draw CQ pa. 
rallel to DP ; then it is manifiil that DRC is a given angle, and 
therefore CQ f - DP) has to CR a given ratio, and DI to DR 
a given ratin ; wherefore, when ID x DP* is a maximum, 
DR-CR' will be a maximum; wherefore in the triangle DCR, 
e are given the fide DC, the oppolite angle DRC and DR x 
CR* a maximum, which ii the lameas queftion 84a, Gentle* 
nans' Diary. 

Htffrs. Simpfon and W, Smith ftnt foluhons to ik'u ^ueflion. 



XX. QUESTION 80. ^>Dr.O'RioR0AN. 
To this Qufjiion no fatisfailory anfunr has bten recfived. 



XXI. QUESTION 81, i>J^fr. Thomas Bazley. Bolton,' 

It is required to deterniine the figure of an orifice to be cut in ^ 
the vciiical fide of a vcffcl or dam, whofe water is always ol th« J 
ferae conftani height; of fuch a nature, thai the quantity of wa* J 
tcriSaiDg below the l^uttle fliall be always as the height of 'heir 

openiagJ 



^ 



( >^5 ) 

Opening, and ihat wlien the whole orifice is open q cubic feet 

(hall iffue per fccond ; the top of the orifice being n, and the 
bottom rn ft:et, below the fuiface ? 



First Solutiom, by Mr. Bazley, ih Propoftr. 

Let UR (fig. 117, pI.jO ^^ ''"^ furface of the water, 
BoDErCB the orifice ; oDSErlo the part below ihe (huitic; 
AKIS the avis bif;:aifig all the ordinatcs olr perpend iciilarlv, 
the ordinates being parallel to the ftirtace of the water UAft. 
Put AK - n. AS = in, AI = x, olr = y, and c — 5*3 agree- 
ably to the experiments of Bolfui and others. Then the velocity 



of the efiluent 



rat I, 



-.T^ 



and confequeotly the fluxion 



of the quatitity i/Tuing below the Ihuiile is, — cyix^ = —a.i by 
tfae nature of the quellion, where a U conilant ; hence cyx* = s, 
Or y — — -, iheequaiioK of thecurve, whichisof thehyperboUc 

kind. Now to determines, lei K — ax reprcfcnt the correft 
fluent of — ai ; and, per question, when x = m, K — 01 = 
K — am =0, fo that K — am; and when x — m, K — ax =:; 

Am — an ~ q, whence a = — i — = ^. 

Moreover it appears ihatihegcneral corrcflexprcflion for the 

quantity of effluent waieris, awl— a.>: = — ^ — ,ni— j»J — ^ XSI. 



Second Solutio.s, ly Mr. Cvuliife, R. M. College. 

To make tite con fj deration of this queflion as eafy as poflibie, 
let us imagine the ordinate! of the curve which bounds tne 
orifice to he parallel to the horizon and perpendicular to the 
axis thereof. Alfo let us fuppofe the velocity of the effluent 
water at any depth, to be equal 10 that generated by gravity in 
an heavy body falling freely the fame depth. Put^ — i6-j-j- feci, 
and let y denote the length of an ordinate at the depth x below the 
furface; alfit let / denote the length ol the lowernioft ordinate. 

Then by the hypothcfis 2^/(^iJ will exprcfs the velocity of 

ihe effluent water at the ordinate^', andflv^{^m) will exprefs the 

velocity of ihe iffuing water at the bottom Ot the orifice or at the 

ordinate/. And as the (juamity of water ifluingbeiow ihc (hut- 

I tic is to be always ptoponion&l w l\ie Vic\^v qI iCft« o'^w\\&%, vt 



( 'SB ) 

mi t^at thf quantity ifTuing at every er£nue in^qSa 
mcs tmill be the fame. 
Now the quaniity of water ilTuing at any nrdinaie in the fame 1 
fime is proponiona! to the reflangle or product of the nrdinaie 
Hid the velocity of ihc efflux; ihererore ay/(^i) — a//(^nj) 
1ry*x — Pm, which is an equation exprcfling ihe namrc ot the 
Birve which bounds the orifice. 

'. It has already been obferved, that r!ic qiiamiiv of waler ilTuirg 
|t every ordinate in equal times muft he the fame, and confc- 
untly the wateriffuing through the whole orifice in a fecond 
'ten open, will be the fame as would iffue in the fit me time 
brough an horizontal rectangular hole whofe (ides are 2/ and 
pi — n at the depth m below the furface. 
Now the quantity of water which would iffue through an 
trizontal rcBangular hole whofe fides are a/ and >» — n at the 
Fjcpth m below the furface of the water in a fecond of time will, 
f the known principles oF hydroflaiics, be expreffed by 
( (m—H) \/(g«), <u)d this by the qucilion It to be equal to * 
Mlbic feet, whence we get 

f . 



: = /'n 



t6{m 



-"J i 



Ur. VMiott Jeut a Solution to th\s que/Hon. 



« 

I 



1 



XXII. QUESTIONS!, ij Mr. W. Wai nc. 

First Solution, hy the Prcpofrr. 

L** coC. 9 and cof. ^ be denoted by x and y rcfpefliveiy, and 
(fat rad. ^ i, then by the arithmetic of lines 
cof. 5^ =: i6»* — aoJi' + 5», 
cof. s^ — t6y» — eoy' -h jy; 
and therefore. 

cor 5$ + cor. 54- = j6C»r*-f->*) — CO (*' + >')+ 5f*+y)- ^J 
"iAavi if we puinfor jr + ^and u for x^, it is evident that fl| 

x> +y = ai — 5»(x» -+-/)— lO*-', <■ 

x'~h/' = M* — ^av. 



( «67 ) 

Let thcfe values of ** -f-^*» *'+>' and x+yhe fub(U« 
luted in the above expreflion for cof. 5^ + cof. 54^, which by 
bypothefis is equal to a given number ^, and we have 

b = i6a^ — 2ofl' + S^ + (6ofl — ioa^}v -|- Soav*. 

The value of v, or of jry, may now be found by the refolution 
of this quadiatic equation^ and hence« and from the equation 
jr -f~7 = ^* the values of x and >, or of cof. f and cof. >p, may 
be found by the refolution of another quadratic equation. 

Note, In like manner- if befides cof. ^ -f- cof. >l/ there be 
given any one of thefe cof. 29 + cof. 2\|/, cof. 3^ + cof. 34^, 
cof. 4(p + cof. 4\{/, the values of cof. 9 and cof. >P may alfo be 
found by the refolution of quadratic equations : But if we ad- 
vance to cof. 6f + cof. 64", the equation to be refolved is 4 
cubic. 



Second Solution, ty Mr. G. Williams, Caermartken. 

Put 4y = cof. (p, and ^v = cof. >|/. Then, by the queftion 
y + V :=: 2a, and by Simpfon's Algebra, p. 200, we have 

2 •'a 

There fore^ ^ + z;5 — ^y ^ Sv^+gy+^v zz 2^, 
or becaufe 57 + 5tf rz lofl, 

AfTume y — v =: 2z, then^ = a + z, andv zz a — 2: 
Therefore^^-J-z;* :=(fl + z)^+(fl — 2)*=:ad* +aoa'2"-f lotfz* 
And^)''-!-^?:;- zr g(a -{- zy+s{<^ — ^)^ = loa' +30/12 *. 
Hence, by tranfpofition, &c. 

2* "l" (2fl* — 3) 2" = a* — ^a^ + -^ — 1, from which 
z = \/{\^{p'+q) -p]. where p =: ii^^, and J z: 

Then cof. zz ly =. and cof. %J/ = it/ = - ^ , 

^2 * 2 

TX/i Qiiejlion was anfwtrcd by Me/frs. Collini, Myers, ani 

Pickering, 



XXIII. QUESTION 83, oyMr. Ivory. R.M. College. 



Let A and B be two points without a circle, of which O is the 
mtre, and tei BO X OC ^ fquare of radius, and AO x 
:: fquare of radius ; and let BD and AC meet - in £. 
il the chord FG be drawn ihrouyhE, andAF. FB.BG. 
; be joined, AF x FB : AG x GB :: FE : EG. Required 
e demo nil rati on ? 



First SoLyTiON, iy Mr. Joan Johnsou, Birmingham. 

^ Fig. 128, pi. 7. Draw the radii OF, OG, and produce OB 
"toH fo that OE X OH may be equal to the fquare of the radius 
OF, and join FH : then becaufe OE : OF :; OF : OH, and 
ihe angle ai O common to the triangles FOH, FOE, they are 
limilar, and confequently the angle OFG = OHF ; but the 
angle OFG is = 10 OGF (becaufe OF ^ OG) ; therefore the 
angle OHF - OGF. and the points O, G. H, F, are in a cir- 
cle; wherdmcFEEG - OE-EH. Again, becaufe OE'OH 
= OD-OA = OC-OB(cach being equal to the fquare of the 
ladiu!). ihepoiiiis A, D, E, H,are in a circle, and fo are alfo 
the points A, D. C. B ; therefore the Z. AHO = ODE 
= OC.'V, and confequemlv the points A, H, C, O, arc in 4 
circle; and therefore AE-EC = OE-EH : hut it has been (hewn 
above tliat FE-EG - OE-EH; therefore AE-EC iz FEEG, 
and the points A, F, C, G, are in a circle. 

Now fince OC-CB = the fquare of the radius, il is well 
known as a propofuion of the. Loci Plain that 

BF ; CF ;; BG : CG. or BF : BG :: CF : CG ; 

Therefore AF-BF : BG- AG :: CF-AF : CG-AG. 

f ,But by the property ot the circle and iufcribed trapezium 

CF-AF: CG-AG :: EF : EG ; 

therefore AFBF : AG-BG :: EF : EG. 



I 



a- E. D. 



. AF-BF : 
. CFDF 



AG-RC : 
DGCG ; 



FH : 



HG. 
EG:: 



|E£COND Solution, f>y Mr, Wh. Simpson, Bo!toit. 

J, pi, 7. Join FC, CG. and draw FP, GQ perpen. 
4C. Let 0£ be produced to meet the circle in 1, 



( i6g ) 

MaA draw AH meeting OE in H, fo that the angle EAH may b 
equal to the ancle F-OC. 

Tlicn becauft the rectangles COOB, DO-OA are each 
equal 10 the fqiiareof the Mcliua, the poinis C. D, A. B, are 
in a circle, and ihen-fure the angles at C aiwl D are equal, and 
conrequcntly the angle AHE = ECO = EDO, and therefore 
the points D, E, H. A, are in a circle. 

Wherefure DO-OA, or (OI)' = EO-OH = (OE)'+OE-EH ; 



hut the points A, H, C, O, are alfo in a i 



therefore 



P 



OE-EH '- AE-EC. and [OI)» = (OEj* + AE-EC, or {Oli* 
_(OE)' = AE-KC. But(OI)'— [OEiMs= EK-EI. where- 
fore AE-EC = fE-EG, and the points A, F, C, G, are in a 
circle. 

Now becaure OC'OB is equal to the fquare oF iheradiut 
FB : FC :: EG : CG iPlayfair's EutUd. B. VI. P. F.), 
and by pennufalion FB : BG :: FC ; CG; therefore 
AF-FB : AG-BG :: AF-FC : AG-CG. 

But it has been fliewn that the points A, F, C, G, are in * 
circle, and (Prop. C, Ibid) the reftangles under the diameter 
of this circle and rhe perpendiculars FP, CQ, arc rerpeflively 
equal to the retlangles AF-CF, AGCG; therefore it is evi- 
dent rhat 
AF-FB : AG-BG (:: FP : CQ) :: FE : EG (by fimilar trianglej). 

Ingenious denon/lrations wtrt alfo Ttcavtdfrom Meffn. Basley, 
p Limenus, xnt/ W. Smith. 



XXIV. QUESTION 84, hy Mr. Eenj.^min Bevaw.J 



Te this Quffti 



anfwtr k&i been receivtJ, 



XXV. QUESTION 85. ^^ i)r. O'Riordan. 

To this Qtujlton no fat'iifadory anfwtr Has bunrtcdvtd. 



XXVI. QUESTION 86. i^yScoTicus. 

If four ftraight linc& interfc^ each other, and form four tiitB ¥a 
anglei, circles dcfcribed about each of tbefe triangles will paft 
thraugh one and the fame point. Required the demon^A- 
tionP 



Vgi.l, Part I. 



(V) 



'^VU 



( *70 ) 



First Solution, *;) 3/r. George Pickering. 

Let AB, AC, GH, GC, (fig. 129, pi. 7 A be the four lines 
forming the four triangles AHE, ABC, GB£» and GHC. Let 
the circles AHE, EBG, circumfcribing the triangles AHE, 
£BG interfea in P, Then the circles ACB, HCG defcribed 
about the remaining triangles ABC, GHC, will alfo pafs through 
the points P. Join PA, PH, PE, PB, and PG. Becaufe the 
point P, E, B, G, are in a circle, the angle PGB is eqiial to 
the angle PEA ; but the angle PEA is equal to the angle rHA; 
therefore the angle PGB or PGC is equal to the angle PHA : 
hence the points P, H» C, G, are in the circumference of the 
fame circle. 

Again the angle PAH is equal to the angle PEG, that is equal 
to the angle PBG ; confequently tlie points P, A, C, B, arc in 
a circle* Hence all the circles pafs through the same point P. 



Second Solution, by Mr. Johij Cavill, Beighlcn. 

Let AF, AR, BF, and RC, (fig. 130, pi. 7.) be the four 
linej interfcfting each other in the points A, B, F, R, E, and 
G, and forming thereby the four triangles ABF, ARE, BGR, 
and EGF ; about the triangles BGR and EGF, let circles be 
defcribed interfefting again in D, draw ED, FD, BD, and RD; 
then the angle EGF zz EDF -BGR z: DBR, that is the angle 
EDF zrBDR, add the angle EDB to each, and we have the an- 
gle FDB= EDR; alfo the angle DEG n DFG, confequently 
the triangles EDR, FDB are fimilar, and ED : FD :: DR 
: DB ; therefore the triangles BDR, FDC are fimilar, and the 
angle DRB = FED. 

A^ain the angle A ED - EFD ^ EDF and AED •+- ARD 
zr EFD 4" EDF + FED =: two right angles; confequently a 
circle will pafs through the points A, E, D, R. And (ince the 
angle EDR = FDB, and the angle EAR + EDR (= two right 
angles) = FAB + FDB, tlierefore a circle will pafs through the 
points A, F, D, B. Therefore circles defcribed about the four 
triangles AFB, AER, BGR, and FEG, will all pafs through the 
fame point D, which was to be dcmonitrated. 

Meffrsn Bazley, Coliins, Myers, Roville, Simpfon, W. Smithy 

i^WWilliamSt anfwcrtdiU 
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XXVII. QUESTION Sj^'by Mr. James North. 

From the three angular points of a given plauc triangle to draw 
three right lines meeting in tl^ circumference of a given circle fo 
as to have a given ratio to one another, the plane of the circle 
being perpendicular to the plane of the triangle. 



Solution, by Mr. Lowry, R. Af. College, 

Let ABC (fig, 131, pi. 7.) he the given triangle, and P t 
point above or below the plane ABC, fuch, that the lines AP, 
BP, CP, drawn from that point to the angular points of the tri- 
angle may have a given ratio. 

Take the points E, F, and G, H, fuch, that AE may be to EB 
and AF to BF in the given ratio of AP to BP ; and that AG may 
be to GC and AH to CH in the given ratio of AP to CP. 

Let two circles be dcfcribed on the diameters EF, GH, inter- 
fering each other in the points D, d, and join AD, A^, BD, B^, 
CD and Cd; then it is well known (Apol. Loci Plani, Lib. 2, 
Prop. 2.) that if two lines be drawn from the points A,B, to any 
point in the circumference of the circle dcfcribed on EF, they 
will have the fame ratio as AE to EB, or AP to BP; and alio 
that two lines drawn from the points A, C, to any point in the 
circumference of the circle deicribed on GH, will have the fame 
ratio as AG to GC, or AP to CP; therefore it is obvious that the 
lines AD. BD, CD, and A^, Bd, Cd, have tlie fame ratio as the 
line* AP. BP. CP. 

Now if the points D, d, coincide, or the circles only touch 
each other, it is manifeft that the point of contaft will he the only 
point from which lines can be drawn to the points A, B, C, foas 
to have the given raii'>. But when the circles interfeft each 
other as at D and d, let a circle be dcfcribed on the diameter D^, 
and have its plane perpendicular to the plane ABC, then the 
point required may be any where in the circumference of rhii 
circle. 

For let P be any point in the circumference, O the centre, 
and I the centre ot the circle EDF. Join DI, OI, PI, and PO ; 
then becaufe D^ is bifeded in O, and the plane DP^ is perpen- 
dicular to ACB, 01, and OP, arc botn perpendicular to OD; 
and OP is equal to OD, and OI common to both the triangles 
lOD, lOP; therefore, IP i^equal to ID =js IE = IF; and. 
confequently, the point P is in the circumfeittvc^ oS. -^ ^\\^ 
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whofe diameter is EF; and, therefore, (Ibid.) AP will be lo Bl 
in the given ratio of AEto EB; and, in like tnamier, ii is (hewi 
thai AP is lo CP in the ^iven raiioof AG to GC ; iheref< 
lines drawn from the angular points A, B, C, to any point 
ever in the circumference ViVd will be in ihe given ratio. 

It therefore appears that the pofition of the point P can only be 
determined when the circumference of the circle DPJ happens 
tomeet the circumierenceoflhc circle which 15 given by pofition, 
for in any other cafe ihe problem will be impofTible. 

If ihedinances AP. HP, CP avo equal, the locus will be a 
flraight line perpendicular to ihe pUneof the triangle ABC, and 
palTin;; ihrough the centre of irs circumfcribing circle. 

What ha^ been faid will appear very evident if we conceive 
the two circles EDF,GDH,lo revolve round their diameters fo as 
tofjcnerate two fpherical fuperficies, for the mutual inierfcCtion 
of thofe fuperficies will be the circle DP*/, which is the locus of 
the point P. 

Wc may alfo from hencs determine the pofiiion of a point 
fuch, thai if lines be drawn from it to the four angular puinta. 
of a given trapezium, they may have a given ratio. 



XXVIII. QUESTION 88, iy Jtfr. James Ivorv. 



Let there be an ellipfe of which AB is the greater, and ED 
the lefs axis and cemre C. Take CH in cilhci axis equal to 
the fum or difference of the two fcmi-axis CB and CD, and 
upon CH let a circle be defcnbed; through B, the extrimtyr 
of the axis, draw a ftraight line toctit the circle in F and G, 
and through F and G draw two diameters of the ellipfe PC and 
QC. Then, the line FG will be equal to the fum of the femi- 
diamcters CQ and CP in the one cafe, and to their difference in 
Ihe other; and if any line LK. equal to FG. be inierpofcd 
between the diameters CP and CQ, and in LK (or in LK 
produced beyond the point K when CH is equal to the dif- 
lercnce of ihe two axis,) LM be taken equal to CP, the potato 
M will be in the periphery of the ellipfe. Required a doj' 
monflration ? '^ 



1 




First Solution, hylhcPri. 






Thii quellion will be beft dcmonllratcd by premifing the 
JbJiowia^ jiropoCtions. 
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PROPOSITION I. THEOREM, Fig. 13ft. 133. pi. 7. 

Having dcfcribed a circle on CH, the fum or difference of 
the axis of an ellipfe as in the queftion, and havin<r H* iwn CF 
to the extremity ot any chord paflinir through B ; then CP, the 
fcmi-diametcr of the ellipfe, will be equal to HG. 

Join CG, CH; draw BR parallel to CG. BS parallel 
to GH, and PN perpendicular to AB. Tllen, on account ot 
limilar triangles, 

CB*:BH»:: CS« : BR\ 

But BH ~ CD, and from the nature of the el'ipfe 
CB» : CD* or BH» :: AN x NB : NP». 
Therefore CS« : BR» :: AN x NR : NP» 
and, by alternation CS« : AN x NB :: BR* : KP\ 

Becaufe the angle CGH is a right ani^le, therefore BR, paraMcl 
to CG, is perpendicular to GH. And bfcauf:r the angles PCN, 
BGR, in the fame fegment are equ^l to one anot .er, therefore 
the right angled triangles PCN and BGR are fimilar : 

Therefore GR* : CN» :: BR« : PN*. 
Confequently, by what was before proved, 

CS* : AN X NB :: GR» or BS« : CN* 

and, by alternation, CS» : KS" :: AN x NB : CN* 

by compofuion, BC* : BS*:: BC* : CN' 

Therefore BS = GR = CN. Theref »re tue two trianglei 
CPN, BGR, are equal in all refpccls, and PC= BG. 

Q. E. D. 

CoROL. If, in the line CF, CP be taken equal to BG, 
the point P will be in the circumference ot the eUipfe. 



PROPOSITION XL LEMMA, Fig. ^34, PL 7. 

Let the two parts of the line AB, be refpeflively equal 
to the two pans of the line EG, r?2. AC z=z hF and BC z= 
FG; and further, let the angle ADC be equal to EHF, and 
the angle CDB to FHG : then wil. CD be equal to PH. 

Upon AC, EF, let iv/o figmtnisut ciicl<s he dtfcribed, 
each 10 contain an angle equdl to the two equd angles ADC, 
EFIF; and, in like mannei, npon CB and FG, let f gnients 
be delcribcd, each to contain dii an^je equai 10 il:e uvo equal 
angles CDB and tHG. Then it is obvious tiiat ilu-mcum- 
ferei;ccs of the two legmenii upon AC, CB will iunCvci ou<t 
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another in C and D ; and the two circumferences of die feg- 
ments on EF, FG will interfeA one another in F and H. Now 
let the figure upon EF be applied to the figure on AB, fo that 
E may be on A, and the line EG on the line AB ; then will F be 
on C, and G on B ; and the circumference of the fegment on 
EF will coincide with the circumference of the fegment on AB 
f Eu. 24, III). And in like manner the circumference of the 
legment on CD will coincide with the circumference of the 
fegment on FG: therefore fince F coincides with C, H necef- 
farily coincides with D (Eu. 10, ill). Therefore FH coin- 
cides with CD» and is equal to it. 

Q. E. D. 



Demonstration of the Question. Fig. 132, 133, PI. 7. 

B)r Prop. 1, GB is equal to CP, and BF to CQ, therefore 
FG is equal to the fum of CP and CQ in the one cafe, and 
to the difference of CP and CQ in the other cafe. 

Join CM, meeting the circumference again in F; draw the 
chord FBU and join FU, GU. Then it is eafy to demonftrate 
(21 and 22, £u. III.) that the angle FUB is equal to the angle 
*MCK, and the angle BUG to MCL : it is alfo clear that 
LM=:CP=:BG, andMK=BF, therefore, by the Lemma 
CM =BU. Therefore (Cor. Prop, i.) the point M is in the 
circumference of the ellipfe. 



SCHOLIUM. 

Prop. 1st. furnifhes a good method of defcribingan ellipfe 
by finding an indefinite number of points in the periphery. 
For any chords as FG and TU, being drawn through B, if CF 
and CT be drawn, and CP, Cp be taken each equal to BG^ and 
CM, Cm each equal to BU : then P, p, M, and m will be points 
in the periphery of the ellipfe. 

Second Solution, by Mr. Lowry. 

^^g' ^35» *36« P'- 7' ^^^^ Q» '^ ^^^ tranfverfe axis AB, 

apply QR equal to the femi -conjugate axis CD, and produce it 

to meet DE in 1; then it is proved by moll writers on conic 

fe£lion8, (and is, in faft, the property on which the elliptical 

cowpalles arc cott&ra£tcdf fee Robert fou'i Conies, Prop. 24, B 
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II.) that IR is equal to the fum or difference of the femi-axis 
CB, CD, that is, equal to CH. Join GH, FH, and FC ; then 
the angles CFH, ICR, being right angles, and the angles HFB, 
HCQ equal (Eu. 21 and 22. iii.), and CH = IR and CB = 
IQ, the triangles BCF, QClwlU be equal inevery refpeft as may 
be very easily proved ; and, consequently, BF is equal to CQ, 
It may be proved in a like manner that BG is equal to CP, and 
tfaerelore FG is equal to the fum or difference of CP and CQ, 

Again, let a circle be defcribed through the points Ci L* K, 
cutting CB in O. and CD in T, and join TO, OM, OK, and 
LK, Then becaufe FG and LK are equal, and fubtend the 
fame angle at C, the circles CGFH, CKL will be equal ; and 
the angles FCH, OTK, on the fame arc OK, are equal. And 
Uie angles OTL, HCG, on the arc OL are equal, therefore the 
angles OKM, HFB, are equal (Eu. 21 and 22, 111.); and the 
triangles OKM, HFB, having the fide OK = HF, the fide 
KM == FB or CQ, and the angle OKM = HFB, will have 
OM = HB = CD, and the angle KOM= FHB. Alfa 
the angle TOK is equal to the angle CHF, each being the 
complement of the angle OCF, and therefore the angles KOM, 
TOK« together are equal to two right angles, and the pointg 
T, O, M, are in a ftraight line. But fince TCO is a ri^ 
angle, TO is the diameter of the circle CKL, and equal to 
CH ; and, confequently, TM and OM are refpeftivcly equal 
to the axis CB, CD, and therefore the point M is in the 
ellipfe by the propoGtion referred to above. 

It is evident from What has been already done, that the firll 
part of the propofition is true when AB,i DE, are any two 
diameters whatever, if in (lead of a circle being defcribed on 
CH, as a diameter, a fegment CGFH be defcribed to contain 
an angle CFH equal to the angle £CB included between the 
diameters. 

It is alfo obvious, from hence, how the axis may be found 
when two diameters of an ellipfe are given. For it LK be in- 
terpofed between the diameters CP, CQ, and equal to their fum 
or difference, and KM be taken equal to CQ, and a circle be 
defcribed through the points C, L, K; then if MT be drawn 
through the centre oi the circle meeting the circumference in O 
and T, MO and MT will be equal to the femi-axis, and their 
position will be determined by drawing CT and CO, and taking 
CB = MT, and CD = MO. 

Ivgenious Solutions were alfo received from Meffrs% Bazley, 

Cavilly Simpfon, and W. Smith. 

XXIX. 
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XXIX. QUESTION 89, ^7 Philomathis Oxoniensis. 

Required the fluent of ^ — -i— r — r, generated while x in* 
^ '1 + yxj^ 

creafes from o to 2 ; and alfo the fluent of • ♦ generated 

vhile X increafes from 7^ to 2 ? 

First Solution, iy J. H. 

This queftion contains two problems, the firft of which may 
be folved thus : 

Put »• = jr; then ^x = ti', i/x = c*. andi = 6vv\ and 
the given expreflion becomes ■ ■ . 3^ ^, the fluent of which is 

j: 2 '^ I ' fi , &c. adinfinitum^ which feries will vanifb 

with tf, and therefore needs no correftion, and, when v^ = a, 

1/2 
it will converge by the powers oi —-^ r- = ^ nearly, fo that 

its value may be obtained by computing a moderate number of 
terms. It may, however, be transtoi med into other feries which 
fliall converge much more fwifily. (See the Phiiqfopkical 
TraTi/aUionj for the year 1798, Parti. Art. IX.) Or, the fluent 
of the above exprellion may be computed by a defcending feries 

which (hall converge by the powers of — r- zr -^ nearly. 

But, fmce the fluent is eafily attainable by logram this and circu* 
lar arches, which are feries already computed, I ihall now treat 
of that method. 

It is cafy 10 perceive that the fluent of ^ .^ may be taken 

intbis form, VIZ. -^ — — -- + - . 7+ / , , m which 

the 



the coefEcieniB A, B. and C, may be computed with great Tacjlity. 
But a belter form for numerical calculation may be derived From 
Madam Agnfji"! Theorem in her Analytical lafiifulions. Book 
III. Sea. I. An. 56 ; ohfcrving, firft, that the indices of x, in 
the numerator of tbe fraflion which QiealTumes, will always be 
an ariihmeiical progreiTion decreafing by the conftant difference 
m: And, fecondly, thai when n (ftill ufmg her notation, is greater 
ihanm, let w be taken from « as often aa it may, which call ^. 
limes, and put the remainder, a — pn —r; then will 

: fluxion of which equaiion the values 

of A, B, C, D. &c. will cafily be found, and then no more re- 
mains to be done than to compute the fluent of the teem 

2r by the well known method of logarithm! and circular 

erches. 

Now, by means of this equation we &all .-find 



A 



J X' ± a-' 



6vv' 



f- — """ , ^ to be r= 

'(1 + "')' 

fince the corre£l fluent of 



3(' + "■)• 






^ 



+->" ^ +cir. a. J""- T K Jt>ng.+j, 



I _we have the cotreft 

r-ffT?? + = '''■ ■ + .. ' 

And when »* = e, thefcterms, cxpreiredinnumber»(accord- 
ing to my calculation) are as below. 
So* + 5i^» 

10 , . v/{l — 1> + vv) — 0-764642 

9 ■■ " ~ 



1 -H w — 1-940144 

go < the (wo ^ _^ -I- 8*607023 
g ** ^cire. arches^ — +V2 66879 =the value Teqnirtfl, 
A foluiion of the fecond problem contained in this queftion, 
L «l algebraic termi, is attainable by Art. 61 pf the lit SeU. of tbe 
I book above referred to, thus : 

Vol. J. Part I. IX) "^^ 



i 



Put*'-^ I =:iJ(' ; tlien, jt' = 



(l-e)' 



")' 



,„H.--tf = - 



by fubfiituiioi 



(..-,)' 



^i_, [he fluent of which is ; and fince 2 

3'* v' 






But, when x =s j 



-, the fluent ought to be = o ; therefore the correft fluent 
3l^ — ■ -^ : which, when * becomes = t 



4 V 331/ 4(j:'— IP 
»>llbe= -f- 



3,tV--L = 



(7) 



182 the value requiredi 



Second Solution, iy Li menus, Bruton. 
Beginning with ihc firll exprelTion, put w* = x, and 1 



*k15 



6v'c 



Affume 



A X fluent of -"".-B— 

taking the fluxions and divitiiiig by v, 

A " _i_R ^^ — '" -t-r"' 



'fR^^' 



-j»< 



6»' 



multiplying by (1 -(- u'}', 

Ai/(i +0')'+ B("' — »»)(! + »)+ C<f'— ,5»') = 6i.'; 
(Kpanding the expreflion and collefling the homologous lermi, 
'»' (A + B + C— 6)+i,' laA — B— jC)+»(A- sB) 
c o. and ^y makiug tbt coefiicicnts of the homologous lemii 
~ Of wc get 
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whence B = 5 ; A = aB =; if ; and C = 2? = 1 : andthi 
3 3 5 



fore fluem of 



fluent of 



k 



leiv^H 



(r+vj' """ i+w' !+»' (i-w)' 

Again alTume 

uking the fluxioni and dividing by v, we get 
«DwH-E— D F V ,■ , ■ t 

»• X ffiD — F) + 1/ X (D -H E + F) + E — D — F = r, 
ori/' x(2D-F) + Dx{D + K + F-iJ + E-D-F-o; and m-king 
the coefficients of the hDmologoiii terms ^ o, theie wiil be 
had aD = F; E=: D + F = jD ; jn<lD + E+F=6D 
SES I ; whence D = ^, E = gD z= ^ F =: aD ^ f, and 
thcrefoie 




' *tb~ 



(.'- .)' 



1: » ; mukiplyinff 'befr two expreffions tog«h«f 



— s= — d'i; ; therefore fluent of — = — 

C«'- .)* (»■-.)* 

— — 3= i'£986oii, when * ^ — 
4 lo 

-fc — =^ 0-2987187, when j; ^r 2, 

therefore 1*2998824, or 1-3 nearly the diderence of the prt>' 



I fleeing values of is the fluent of 



('■ - 'T 



gensrati 



:d • 



\tK\R *fro(n — increafesto a. 



I 



Third Solution, ty Mr. Griffith Williami. 
I. To find the fluent of - 



(■ 



+ •')■■ 



AffarT\cx=v*,th<in^x—v*, y/* — i/', and«- 



_^ ^_ 6t>'P 

By Form. 7, Cafe a, of Emcrfon's Fluxions, ihc fluent of 

5-^ X circ. arc. rad. 1 and fine S-J--3 -- 

3 t/(i— »-*-b')^ 



i + t; 

= ^ xh.i.v^(. 

fluent = A; then by forms la *nd 14 of the fame book, the 



I 



which expretTion vaniftie"; when x^o, and when x = s, tbt 
required fluent is ^ '266992. 



^^ AD 

k 



t. Tofindthefloeht of 
AlTumc x' ^ 



; then - 



{x' - t)^ 



', the fluent of ^H 
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nearly. 



XXX. PRIZE QUESTION go, *>■ Edin'burcensis^ 

Siippofe a liorfe to move w'tli a given velocity tn the cir. 
eumferenrr of a given circle. Required ilie angle whicli Mie 
body of the horfe will make with ihe liorizon by leaning towards 
tbe centre ? ^M 

First Solution', by Mr. Thomas Bazley. ^| 

Tbis queftlon appears to be equivalent to t^c following one. 
AGB (fig. 137, pi. 7,} is a given circle, and its certlre h C ; 
CE an ;Hxis perpcn^icutario ibe pisnc of the circle at C : AP is 
a right line loi-led wi'b a weight in ilie given pnint P ; this right 
line i* moveable upon the point A in a vertical plane palling 
through CE. Now when the right line AP is revolved in the 
circle AGB with a glvn veloritv. it is required to determine 
lie angle which AP makes with (he pldn- of the circle, fo that 
it mav remain in eqiiilibrio with re^iff) to CB. 

Draw the diameter ACB and FPF parallel iherclo. drop ibe 
perpendicnlarPD on CA, and f1 raw AFpantlM in PD to meet 
EPF in F. Then it U plain from ihe eompofition of force*, that 
If PF is to PD. as the centrifneal force at P, to the force of gra- 
vity ; then. Pa haMhe required pofition. 

This being premifed. put C A ^= r. AP=r <j. CD^jr.and 
g = 16^ feet, alfo T = velocirv of the point A. The V^]o- 
eiiy of A is to the velocity of P :: CA : CD or EP ; hence. 



the velocity of P = . By the lawi of central forces, 
have, as tbe force of gravity ia to tbe centrifugal force at Pfo 
ag :^ ::PD: PF or DA :: •J*'- (f— *)*| : r — 
hence we obuin 

and by redii£lion 



I 
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From this equation, x being determined, DP and DA become 
known ; and, confequently, the angle DAP which was required. 



Second Solution, ^^Philomathes Oxoniensis, 

If the radius of the circle defcribed by the centre of gravity 
of the horse's body be denoted by a, the length of the arch of 
the circle defcribed by the aforefaid centre of gravity in one 
fecond, by i, and the force of gravity by/; then, by mechanics *, 
the centrifugal force of the aforefaid centre of gravity will be to 

the force of gravity as ~ toy. Now, if the fine of the angle 

of the horfe's inclination to the horizon be called jf, we (hall 
have, by the refolution of forces, and the condition of the 

queftion, this equation, viz. — =z f y/x — xx ; and thence, 
- =: -f^, the tangent of the angle required. 



^(i — xx) bb 

Example. If the radius of the circle be 15 feet, and the 
horfe's Ipeed at the rate of 5 miles per hour, b will be = 

— ; and Gncey"isiz:32g, the tangent of the horfc's inclination 

to the horizon will be = ?- — - — ^-^ zz 8'Q721i, anfwer- 
ing to Ss"" 38'tV nearly. 

According to one or other of thefe methods were the Solutions 
gtven by Mfjfrs, Codling, Collins, Jones, Myers, Pickering, 

Roville, Senex, a«(/ Wilton, 

Senex is requejled to fend to Mr, Glendinninc'j for the 

Medal for folving the Prize Queftion. 



* Sec the Ladies* Diary for 1783, p. 39. 
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NOTICES 

RELATING TO MATHEMATICS. 

I. Death of Dr. Robison. 

'n with reoret that we announce the death of ihat Juftljr 
celebraleil mdlhemattcian and philoff^pher. Dr. John Rohifon, 
Profcflbr ot Natural Philofophv in the UniveiTiiyof Etliiiburgh. 
Tlijs event look place on the 30th ot January laft *. A few 
monihs before his death he gave to the world the firll volume 
of a work, entitled, Elements of Mechan ical Phii-oso- 
THY, being the fublUnce of a Coiirfe of LcElures which be lud 
delivered annually in the difcharge of his academical duty, ever 
fince the year 1774. Such as have had the pleafure of hearing 
thefe Leflures, or have read the numcrousand valuable articles 
which he has contributed to the laft edition of the Encyclopedia 
firiianiitca, will naturally fuppofe that this work mu If poffeCl 
no common degree of excellence, and that it will far jranfccnd 
mod of the trcatifes thdt have appeared under the name of 
Elements of Natural Philofophy foi many years paft in this 
country. We venture toalTure them, that upon peruling it they 
wilt not lind their eKpe61ations dlAippointcd. A fecond volume 
of the work we tinderftand was in the prcfs when the Author 
died; and it will be puhUfhed in the courfe of the prefcnt 
fummcr. 

Dr. Robifon has been fucceeded in the ProrcfTorfhip of 
Natural Philofophy by Mr. John Playlair, PioJelfor of Mathe- 
matics in the fame Univcrfity, with whofe merits as a Mathema- 
tician and Phiiofopher, as well as an elegant and correft writer, 
we cannot fuppofe any of our readers to be nnac<]uainicd. 

Mr. Playfair h,is been fucceeded in the Mathematical Chair 
by John LeHie, Efq. a gentleman of great Mathematical emi- 
nence, and Auiiioroi -An Expenmmtal Inquiry into the Nature 
and Propairation of Htat, a work which has jullly acquired him 
great celebrity as an Experiinenial PhiJofoplier, and for which 
the Royal Society of London has awarded to him the biennial goliL- 
medal placed at their dlfpofal by the munificence of Cut*"^ 
Rumford, 

• We fuppofe hit age to h»ve been about 6 s. 
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n. Mathematical Works in the Press. 



IT has often been rcmarkefl as a lingular circiimftance, ihat du- 
ring ihe lafttialf eentur)-, while the praElicc of mechanics and 
the ftruflure and operation of machines have received fo many 
and fuch valuable impiovemenis in this conntty, we have only 
had one trcatifc (ihitt by Emerfon) inld whicli we can look for 
jnformaiion both on the theory and the a£1ual conllro6lion 
of machinery, Mr. Gregory of the Royal Military Academy. 
Woolwich, has endeavoured to fupplythe deficiency juft advert- 
ed to, and has now in the prcfs a general Treatife of Mechanics, 
which is intended to be comprized in two volumes, oilavo. The 
£rft volume will be devoted cliiefly lo the ihcorv, and will be 
divided into five books, iindtrr the feveral heads of Sibiics, Dyna- 
mics, Hydroftatics, Hydrorlyn amies, and Pneumatics. The fc- 
eond volume will be chiefly appropriated to the dcfcription of 
Riacbinery, and will commence with ibnie praftical remarks on 
the application, improvement, and fimplification of raechattical 
contrivances; on Iritlion, the lliffness of ropes, the energy of 
different firft movers, &c. And thefe will be followed by ac- 
counts, arranged alphabetically, of about one hundred of the 
moft curious, ufeful, and imporiant maclunes. In this latter 
part Mr. Grcgoiy has been promifer! the alBflance of fonie cele- 
bra'.ed civil engineers; and the alphabetical arrangemciit (the only 
unfinilhed part of the work,) will be compk-icd in the courfe of 
the month of July, when be hopes he ihaJI have i-icwed the 
cominunications ot ihtfe gentlemen, or ot any mliers who may 
favour him with defcriptions of new and ufeful machines. 

tied to be publilhed before the end of the prefcnt 
z 
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ARTICLE IV. 

Solutions to Quejlions proposed in Number IIL 

h QUESTION 91, byCapt. Geo. Gorry. 

Fading aloncr a firaight and level road, near a very lofty 
tower, and on tne fame horizontal plane with its bafe, I wiihed 
to afcertain its height; but being prevented by fences from 
quittini; the road, and having no inftrument but one for taking 
vertical angles, I proceeded thus : at a convenient point on the 
road, I found the angle of elevation of the top ot the tower, 
30** 48' ; then meafuring 60 yards along the road, I found a fe* 
cond angle of elevation 40"* 33^; at the end of another 60 yards 
in the fame dire£lion, I imended taking a third angle of cL'va- 
tion, but the tower was hidden by a high wall; I therefore 
meafurcd on to 72 yards from the fccond ftation, and there 
found the angle of elevation of the top oF the tower, 50° 23'. 
From thcfe £ta, the height pf the tower, and its nearcft diftance 
from each of the three ftations are required ? 



First Solution, by Mr. Wm. MctLORf London. 

Suppofe AED (fig. 164. pi. 9.) the horizontal plane, EF the 
tower perpendicular thereto ; let A, B, C be the three places of 
obfervation. Join AE, BE, CE; AF, BF, CF; and on AC 
demit the perpendicular ED. Then we have given AB n 60 
and BC = 72 yards; the angle FCE = 50** 23', the angle 
FBE z: 40° 33', and the angle FAE zi 30^ 48', tp find the 
iiflances AE, BE, CE; and EF the height of the tower. 

Since the triangles AEF, BEF. CEP are all right angled 
at E, it is obvious that the diftances AE, BE, CE will be as the 
co-ungentsof the given angles FAE, FBE, FCE: let thefc co. 
tangents be reprefented by a, b, c refpeftively ; then we have 
to determine the point E fuch that the lines AE, BE, CE may 
have the fame ratio as a, b, c. 

This may be effefled a variety of ways, but as fimple a method 
as any is that in Simpfoji's SelaQ. ExercifeSj page 130; which 
is nearly as follows. 

Take BM equal to BC, BN to AB, and make 
MG : BM (BC) :: a : b, and 
BN (AB) ; NG :: * : c. 

Vo L. 1. Part I. A A Vf \*^ 
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With the lines MN, MG, NG form the triangle MNG, and 
join BG. Draw AE to make the angle £AB = MGB, meet- 
ing BG produced in E the point required. 
For by the fimilar triangles AEB, GMB, 

AE : BE :: MG : MB :: a : ^; and 
BE : BA BN) :: MB : BG. 

Therefore the triangles BEC, BGN are similar, and therefore 
BE : EC :: BN : NG :: b : c; wheiefore it is manifoil 
that the diftances AE« BE, CE are refpe6>ively as^,^, c. 

The calculation follows very eafily from the conftru6lion ; 
for in the triangle MGN all the fides are given to find the angle 
GMN, which is equal to the angle AEB ; then in the triangle 
MGB two fides and the included angle arc given to find the 
angle MGB^ which is equal to the angle EAB. Hence in the 
triangle AEB we find AE =- 159*0879 BE n 110*8414; and 
then CE = 78*507 yards. Finally, in the right-angled triangle 
AEF we have the side AE and the angle FAE, to find £F^ the 
height of the tower, ec^ual to 94*835 yards. 



Second Solution, iy Mr. Bazley, Bolton. 

Let AB =r 60 = r, BC z: 72 = 1; alfo let the cotangents of 
the angles FAE (ao** 48'), FBE (4P°33')» FCE (50- 23';, be 
reprefented by the letters a, Z', c refpe&ively. 

Then, by trigonometry', putting EF = x^ we have, 
t : a'ljc :ax ::z. AE, t :v :: x : bx ::, BE, 1 : c :: x : ex zz CE; 
and, Euc. 12. ii. a^x^ zz b'^x^ +-^* H- 2r x BD; hence 

BD =: ■ In like manner 

2r 

CD=:ii.iIi--i= BD-i: whence BD = JL — LfLii:. 

„ . h^x^ — c^x^^s^ a^x^--b^x*--r^ .. 

Therefore — = — . Hence 

2J 2r 

rs^-hsr^ , / rs (r+s) ^ 

' = sia'^b\-r{ b'rc'^y ^"^ '= V Aa»-^^j-ni».?j=94-835 

yards. Alfo AE =: 159-087^ BE = 110*8414, and C£ =: 

7^*5^7 yards. 

Tie Vfopojtr alfo anfwend iu 
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11. QUESTION 92, by Negotiator. 

A fells goods to B, on condition to allovr 10 per cent. dif« 
count, if he paid in fix months. — ^What difcount oueht A to 
allo^v, if payment be made him in two months ; intereft of nu^ 
ney being 5 per cent, per annum, fimple intereft? 

First Solution, by Mr. Bazley. 

If J be put to denote the value of the goods, ben the ({if- 
counted Turn paid at the end of (ix months is ^ s. Let x 



10 

the fum which B ought to pay if the goods be paid for at the 
end of two months; then it is plain that x at fimple interest for 

the remaining four months should amount to -^ 5 : that is (by 

the rate of intereft given by the queftion, 

60 10 

From this equation we have x = ^^; and, Confeqncntly, . 

5 — * = V, or j£t 1*4754 per cent, the difcount required. 

Second Solution, by A. M, 

Since B is to pay only 90 per cent, for his goods if he pays 
A in fix months, therefore the fum per cent, which B ought to 
pay if payment be made to A in two months, is fuch a fum as 
being put out at 5 per cent, fimple intereft for four months will 
amount to goj£. Hence 90 -f. ('a x 'p^) + 1 =88*524 '6. 
= 88 £» 104. 5t ^* per cent. B ought to give A for his goocU 
if payment be made in two months, or 100 j6. — 88^. 10 *• 3i^» 
z=zii £. 95. 6-i-^, percent, is the difcount required.. 

Mr. Mellor anjiuered this queJHon. 

III. QUESTION 93, /jy Afr. Witf.SmPSON, Bolt^. 

If » circle be defcribed through, the two foci of an dKpfe, and 
any point in the conjugate axis produced; then a right line bein^ 
drawn from that point, to one of the points where, the circle 
cuts the ellipfe, will be a tangent at tb^t point. Required 

the demonftnition ? 
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Solution, by Mr. J. Johnson, Birmingham. 

^>g* i^f* pi* 9* Let a circle which pafles through the foci 
jfl F, meet the conjugate axis in £ and H and the ellipCs iQ P« 
sind drsLw/P, FP, HP, and let EP produced meet the tranfvcrfe 
axis in G. Then it is evident that the arc/HF is bifefled in H, 
therefore the angle FPH is cquaJto the angle SPH ; and the an- 
gles HPG, HPE are, each of them, right angles. If the former 
angles be taken from the latter, the remaining angle FPG will' 

Sf eaual to the remaining angleJ^PE, tlierefore £P is a tangent to 
if ellipfe as is proved by all the writers on conic feflions. 
Several properties of the ellipfe may be immediately deduced 
jftom the known properties of the triangle^PF and its circum- 
scribing circle FPE/. We feieft a few of the moft obvious. 

1- /P:FP;:/"K:FK. 

2. /P-PF z: iCP-PH = IC-HE. 

3. Let HL be drawn perpendicular to^P. Then LP r: the 

femi-tranfverfe axis = half the fum ofjTPt PF ; and FL 
= half the difference of /P, PF. 

4* If LC be drawn to the centre, it will be parallel to the 
tangent at P. 

Let PI be parallel and PO perpendicular to AB. 
Then/P -+- PF or AB : /F :: 2CO : /? — PF ; 
or AB :/F :: CO :/L. 

6. AC* - LP? iz HI-EC. 

7. (/p -. PF)» zz CH-IE. 

8. AC» : CD* :: HP : PK. 

Mfff'is. Bazley, Mellor, and A. M. likewijifent folutions to this 

queflion. 



IV. QUESTION 94, by Centrobaricos. 

Suppofe a cone, whofe axis is 10, and diameter 8 inches, be 
made to vibrate, its vertex being the point of fufpenfion ; it is 
required to afcertain at what jdiftance from its vertex, on the 
Jlantjidej it mull firike an immoveable obllacle, fo that all its 
angular motion (hall be deftroyed, or that its point of fufpenfion 
ftdll not be affe6led by the firoke I 

Sqlutiok, 
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Solution, ly Mr. Bazlet. 

Let ABC (fig. 166. pi. 9.) be the cone whore vertex is C, 
and axis CD: then if O be the centre of percuflxon and OP per- 
pendicular to the Gde CB, it is plain from the principles of 
mechanics ^Emerfon's Mechanics 4, to prop. 9.) that P is the re- 
quired point. 

Now it is (hewn by the writers on fluxions that the difiance 

GO = i^5!i5?!, and by the fimilar triangles COP, 

CDB, we have 

CB : CD :: CO : CP :: i25!+£2! -.^SE+S^^ 

SCD 5CB 

In the prefent cafeCD = lo^ DB =r 4* CB ==: v^(ioo-f 16) 

J ^P 4CD« + DB" . , 

= 1077033 and CP = ^ -^g = 7725 inchcf, 

the diftance required. 

V. QUESTION 95, iy Diophantus. 

It is required to find three rational numbers^ Xf y^ knd z» 
fuch that the formula 

x^ +7*4-22% x^ + 2*+ 2/, and/-+- «•+««*, 
may all be fquares ? 

Solution, by Mr. CtstHLintz, R.M.CoUege. 

Put 2 + w + « = *» *"<^ z + f» =7, then 
x^-^y^ + 22*= 42*+ 22 (2OT+ n)-J- 2«!i*-f-fi»i«+ «' = a fquare, and 
**+2*+2jf*— 42*4-22 (3»i-h»)'4-3/»''+2w«+«*=: afquare. 

Aflume 22 + r for the root of the former, and 22 + J for the vi 
root of the latter of these expreflions, that is, put 
4«*-|-22(2»i4-n)+2»2*4-2 w«4-«*— (224-r)*zi 42*+ 4r24- r*, and 

42'4-22(37«+«j+3»i*4-2mn+«'=(2z4-^J*=42*+4Jz-f-i*, 
irom whence 
i^m' + 2^71 *{*n* — r* . ^m* -4- 2ffln 4- «* — s^ 

2 (2r — 2m — n) 2 (25 — 3»» — n) 

equating the numerators and denominators of thefe fra£lions to 
make them identical, we (hall thence obtain 



5'~r'=;m*. and s-^t=z ^ 

2 



dividing 



dividing the former of thcfe by the latter, s + rz=zStm; whence 

s:r=: - — ; and r = '2^, and by means of thefe 
4 4 

«(ar — 2;;j— «) — (;?, 4, 21,) ^^—16 (m-4- 2w/ 

' — i6{m + 2tt) — i6(« •♦■ an) . 

— 16 (m + 2n) 

Omitting the comirioQ denominator — 16 (wi + 2») we 
may ftte 

. . «=: 23J«* + 32wn» +x6fi^, 

y = 77«* -H i6«* and . 
xz=z 7«* — i6m« — iStT; 
thefe values make the two firft of the proposed cxpreffions 
fquares. Therefore there only remains the laft of the faid 
cxpreflions, viz. y* 4- z^ + 2**, to be made a fquare. 

By writing for »f, y and z the values juft deduced, we fliall 
have, y + 2* -<- 2x* 

~ (77»*+i 6i2*)*-+-(2 3m*+32;nfiH- 1 6n')'+a(77»' — 1 6ot«- 1 6fi')* 
=z 6j6n^^ -+- 1024m' n •+- 2o/^8m^n^ + 2048^;;^ + 1024^* 
=: 4 X (169m*-*- 256»i'«-4-5i2wiV + 5i2»i«' + 256^*) 
— a fquare. Therefore 
i6gm* + 2^mhi -f- 512m**!* -J-5i2flin' + 4^t« = a fquare. 

128 
Affume 13;»* H mn 4. 16a* for its root; that is, put 

128 

= i6QW^-**256;»'aH — — ^^ ■■hAi6m^n*+^^ -+25671^ 

^ 169 ^ 13 

which after proper reduQion gives — = -j-', take m = 208' 

then n = 1, and hence 

^ --. jjn^ — i6mn — i6n^ z=z %6 X 18719 

y = 7»i*+ i6»*=: 16 X 18929 

« =: 23m* + 32wjn + i6n*= 16 X 6260^. 

And 
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And asthefe numbers are all divifible by 16, we may take 
X :z 18719,^ ==: 18929 and z = 69609. 



VI. QUESTION 96, by Mr. John Dawes, Birmingham. 

In Mr. Watt's (team engine, the reciprocating motion of the 
engine, is converted into a circular motion by a peculiar con« 
trivance, confifting of two equal wheels that work into one 
another : it is required to demonftrate that the central wheel 
will turn round twice for every revolution of the planet wheel 
about it, or for every complete ftroke of the engine ; and alfo to 
define what will be the motion of the central wheel when it is 
not equal to the planet wheel, but in any given proportion to it ^ 



First Solution, iyiHr. Dawks, the Propoftr. 

The ratio of the times of revolution of the central and planets 
wheels, is equal to the ratio of tho radius of the central wheels 
and the fum of the radii of the central and planet wheels. 

Let C, (fig. 16^. pi. 9.) reprefent the central, and P,l4, A, N. 
four pofitions of the planet-wheel ; then, it is evident that the 
centre of the planet-wheel revolves in a circle whofe radius is 
equal to the fum of the radii of the central and planet-wheels ; 
and ^Emerfon's Algebra, page 450) the lociis of any point ip) in 
the circumference of the planet wheel (which has no motion 
round its own axis) is a circle equal to that which is the locus of 
the centre of the faid wheel ; but as both wheels, at the p9ini o€ 
contact, move with the fame velocity, it follows that any two 
points, one in the periphery of each wheel, muft move through 
the fame fpaco in equal times ; therefore, in equal times, it will 
be inverfely, as the revoluiions of the central, is to the circum- 
volutions ol the planet, fo ^s the radius of the central, to the 
radius of the circle formed by either the centre or any point in 

the extremity of the planet^whecl. 2' ^' ^^ 

» 

Obfirvation. The above demonftration is upon the fuppofitlon 
that theconnefling rod which fufpends the planet- wheel, always 
moves parallel to itfelf ; but in reallity the end is conneflcdto 
the beam, which moves upon a fixt fulcrum, therefore it cannot 
move parallel to itfelf, but makes an angle at the. end of the beam 
which dcftroys much of the power of the engine. 

Second 
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Second Solution, ^yMr.SfiZiEw 

Let CAF (fig. 168. pi. 9.) be ihc cental. wlipel. C the e 
AOBt a diameicr of die revolving or planei.wlicel, O, its ceK; 
ire wliich dcfcribes the circle OE, concentric to AF. Suppof 
the wheels faftencd together at their poiiii of comaft A, ana li 
the motion commence at the pofiiiun CAB. Now if ihc whol 
thus fixed be conceived to derccibc round C the iuigle BCD 
then it is plain that the diameter All will have come to the p 
Gtion FD. But by the nftture of the quefliori the diameter } 
is moved always parallel to itfeli; and ihercfore tiat FD m^ 
liave (he pofiiion ^a, parallel tu BA, it i« evident that the arc a 
of the planet.wheel mult impel the central -wlice! through i 
equjfarc; fo that the arc through which the ccnlral-wheel h; 
pafTcd, whilfl the centre of the plauft-whcel has defcribcd the 
arc OJi, is Af -H Fa : and ii remains to lind the ajigle anfwering 
to that arc of the central -wheel. Put 2AC 1= a, AB = i>, and 
th? iOEC = FEa = ACF = n j then, by the nature of th^J 

circle, a : 6 :: n z — zz the angle of the centra] wliofc arc ffl 

c= fa i hence, whilft the revolving wheel has pafied through the 

/.R.thecentral-wheelhasdcrcribedthe ^1 n-f-"-]:^. — ■■ x «; 

fo that whillt the planet wheel m3Ii.es one revolution, the central. 

wheel makes ■ turns on its axis. If « and J, are equdl, 

I + * „ 
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VII. QUESTION gj./romCeopieme Drfcriptivt, ly Monce. 

If four unequal fphercs be any how fituated in fpacc, and every 
two of them be circumfcribed by a cone, fo thdi its vertex may 
been the fjme lide of the centres of the (phcres ; the venicM 
of the (ix cones thus conflitutcd (hall be at the interfeflions of 
four firdii^ht tines fiiuatcd in a plane: and if every two of the 
fphercg be circumfcribed by another cone, having its vertex be- 
tween the centres of the f]>herea ; the veiiict* of thefe cones, 
|4aken three by three, Ihall be in the Ikiae plane as three of the ^ 
Ai^cr. Ke^ukcd the demoullratioD ? ^H 
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SoLUtlOMj iy Mr. LoWRY, R. M. ColUgt^ 

Let A, B, C, D, (fig. 169, pi. Q.) be the centres of four un<* 
equa4 fpheres any how lituated in fpace ;. P, Q, R, S, T, U, the . 
vertices of the cones circum for thing every two of them taken in 
the order A^ B ; A, C ; A, D» &c. each vertex being on the fimsc 
fide of the centres of the fpheres ; and p^ q^ r, s^ /, u^ the vertices , 
of the circumfcribing cones, taken in the fame order, but 
fituated bij^cen the centres of the fpheres. 

Then, iVis evident that each of thefc veitices is in the ftraight 
line joining the centres o( the two fpheres which are circum- 
fcribed by the refpective cones. Let the lines PBA, RDA, 
TDB, be drawn from the vertices P, R, T, to the centres of the 
fpheres A; B, D^ and conceive a plane to pafs through the point s^ 
A, B, D ; then it is evident that the vertices, P, R, T, will alfo 
be m that plane. Join PR, TR, and draw BV parallel to AD 
meeting PR in V, and let the radii of the fjphere whofe centres' 
are A, B, C, p, be denoted by tf, ^, f, d^ relpeftivcly. 
Then hv the property of tangents, 

a : hi: AP : BP :: AR : BV, and 
a I 4*' AR : DR; therefore 
* : £/:: BV : DR; but 
i : d :: BT : DT ; therefore 

BV : DR :: BT : DT. From whence it is evident 
that the points P, V, R,T, are in a ftraight line. 

Hence, it follows, that it three unequal fpheres be any how 
fitiiated in fpace, and every two of them be circumfcribed by 
a conCytiic vertices of the three cones thus conftituted will be in 
the fame ftraight line. 

From tills we may infer ibat the vertices P, Q, S, of the cone* 
circumfciibing the fpheres A, B, C, are in the ftraight line PS; 
that the vertices U,QiR» ^^ ^he cones circumfcribing the fpbcres 
A, C, D, are in the ftraight line UR; and tliat the vertice* 
U, S, T, of the cones circumfcribing the fpheres B, C, D, are 
in the ftraight line UT, Theref^)re the venicrs of the fix cir- 
cumfcribing cones are at \ht intcrfefUons of the four ftrsjght 
lines FT, PS, UR. and UT. 

And thefe ftraight lines are all in the fanr^ plane : for if aplarte 
be conceived to pafs through tne points P, T, U, the points K, S, 
will necciiarily be in that plane, and confequently the point 'Q 
w ill alfo be in that plane. 

Again, if B V meet Pr in v, it will appear, cxa31y as in the 
firft part of the demon ftration, that the vertices P^ /, r, are in 
the ftraight line Pr, and that the vertices T, r^ p^ are in the 

Voj-LPabltL B* ^ix^ 
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flraight line Tp ; ihcreFore it is obvious that the vertices p, t, r, 
are in the fame plane as the vertices P, T, R, or in the plane 
pading chiough tUe centres A, B, D. In the fame manner it 
appears that tlie \t'niccs p, ^, s, arc in the fame plane as the 
vertices P, Q, S ; that tlie vertices ;/, o, s, are in ihe fame plane 
aB the venices U, Q, S; and, finally, that ihe vertices k, j, /, aic 
l^hc ?anie plane as the venices U, S,T. 



"*COROt. It follows immcdiaiely from the ahove, that '* Ifthe, 
trfrlgchts drtwn to every two of ihree unequal circles be Pio^i 
(Inced tillihcy meet, ilie points of interfeciion will be a in nfilit."! 



The nrxlTtn Qji'Jtions,lnktn from iht Cambridge' Vniver/ityp. 
Ccilendar, air jeUBed Jron the Senate Houj'e ProbUms, profo/etfA 
10 Candidates Jor the Debtee of '&, A. in Jannary^ 1804. -^ 



""VfririQUfeSTION 98,/rtfm tkt Camh. Un. CAt. 

lliree known rtflilinear objects, placed eoniigiioui. and ml 
the f.ime right line, appeared to the eye of a fpcflator of lUeJ 
bmelengihi find his poliiioii? ''1 



■W-<l .FfftBrSoLUTiOK, ^j^ilfr. Mellor, Lond$n. 

-Lei AB. BC. CD, {fig. 170, pi. y.) reprtfeni the three 
Tfflilinear ohjetts, placed contiguous and in the fame Rxaight 
line. And let E be the pofiijon of the fpeftaior's eye when the 
o|>}efl» appear of the fame length. Draw AE, BE, CE, DE. 
Then by the principles of optics, tliC obji.fls AB,BC, CD, 
he apporemly of the fame length when the fiibtendej angle* 
AKB. BEC. CED, are equal. ^ 

Thcreferc, hue. vi. 3. AE : CE :: AB : BC 
and BE:DE::BC:CD: 
Produce AC to G, fo that CG : AG :: BC : AB, and on BQ 
arJiaiDcltr defer ibe a circle B, E, G, E', which is well known 
be (he locus of E, when AE lias to CE the f^me ratio as AB to 
BC. Again produce BD to H, fothaiDH : BH :: fiC : CD. 
and a circle dcfcribed on the diameter CH will he the locus of 
the point £ whei\ BE hai to ED the fame ratio as BC to CD, 
therefore the interfeftion of thefc circles will deiermine t1 
point E. 



k: 
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If a circle be defcribed on the line E E', which joint the 
points of intcrfefiion of the circles, as a diameter, and having its 
plane perpendicular to the line AH, it is obvious that at any point 
whatever in the circumference of this circle the three objeSs 
wijl appear of the fame length. 



Second Solution, ^j Afr. Bazley. 

Put AB = a, BC zz i. CD = c, AE = v, BE = *. 
CE = >, and DE tz z. 

Then a : b :: v : y :=z — , and b : c :: x : z ::: ^^ 
Alfo (by Play fair's Euclid, prop. B, book vi.) 

vyzzaO+x^zz ; hence i/* =: — - — -r — ^ , Again 

z* = fc + y^, ox -r-zzbc +--5- =:ir + ^ ; or 

cax^ zz ab^c + fli' + ^*** : whence x = a/ — - ; 

from which it appears that if b^ exceeds ca^ that is, if BC* be 
greater than AB X CD, the thing is impoflible* 



IX. QUESTION g^.from the Camb. Un. Cai- 

Shew how the circumference of an ellipfe may be com- 

Ciited, of which the excentri(;ity is -99, the fenu<faxi« major 
cing 1 ? 



SoLUTIONt 

In confequence of the feriefes commonly given, in our Trea- 
tifes of Fluxions, &c, for finding the perimeter of an ellipfe, 
converging fo very flowly wheri the excentricity is great as to be 
entirely ufelefs. Mathematicians have been inauced to confider 
the fubje£l at greater length, which has led to the difcovery of 
feveral feries that converge quickly for every degree of excen- 
tricity that can poflible take place. As fome of thefe feries may 
probably be unknown to many of the readers of the Repofitorya 
}t may not be improper to fele£l fuch of them as are moil re- 
markable for their elegance or pra3ical utility, 

B B a "^v^v^ 
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First Series, by Mr, Ivory, infcrlcd in the 4th. VoL oF 
the f ranfaftions of the Royal Society of Edinburgh. 

Hal f the perimeter ==: 

where 1 and c are the femi-axes, dzz - , and r zz 3' 14 159* 

This feries converges with great rapidity when the excentricity 
IB fmalK 

Second Series, given by Lcgendrc in Mcmde V Acetic 
and by Euler, Novi Comm. Petrof^ Tom. xvui. 
One fourth of the perimcLer = 

V \ zj% i 2.4* 2.4.6.6 2.4 J 

wheii^ is the excentrigity, and c =: 7. 

This feries is not very commodious for aritlmietical compu- 
Cation when e is nearly equal to i. 

Third Series, given by Euler in his Ammadversi&ttes ?» 
Re3ificattonum Ellipfeos^ which forms a part of the fccond 
volume of his Opufcula, 

One fourth of the perimeter is zr 
^4* 4.62.4 4.6.82.4.6 * 

hyp- H^ -^ 

4 ^ \i2 2.3.4/ 

4.6 2.4 \20 2.3.4 4.^.6/ 

_ 3-5*7 ^ -3'5 ^8/'Q < _ 4 l_\ 

4.6.8*2.4.6 \ 28 2.3.4 4 • 5 • .6 6.7.8/ 
— &c. 
where 1 and c are the femi-tranfverfe and femi-conjugate axes. 

This 



* Mn Ivory^a Paper, which contains the investigation of tLb series k 
r&'pubUshcd in the 6rsi part of thi; MaU^cmalical Tra^and Selections. 
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^ TtiU IS a very ufeful feries, and converges fo much the fafler 
as the excentricity is more nearly equal to u 

Fourth Seri es, given by Mr. Wallace, in the jth voIosdc . 
f^l the Edinburgh Tranfaftions. 

Half the perimeter is =:» P (i — <Q). 
Where ^ = the excentricity, *= 3*14159 

P = (l + <'}(! +^)(i+^)(i +«iv). &c. 

and Q = - + — + V *■ + &c, 

^ a a. a 2.2.2 2.2,2.sft 1 

Or, 

if « be an arc fuch that (in. a z=: ^» 

then ^' ::=: tang.* -, and 1 + «' :z= sec* -• 
Again, by taking % fuch that fin. a' = i^ 

we have / z: tang.* — , and 1 + ^* = ^^^ — 5 ^^ hy 
continuing in this manner as far as may, be neceflary we have 

P = fee* - . fee* -' . fee* - , Sftc. 
2 a a 

^ fin. a , fin. a • fin. a , fin. i . fin. «' . fin. ql" . - 

0=:-^ \ + : ^ J. &C. 

^ 2' 2.2 a.a.a 

Where the values of P and Q may be computed with great (a* 
cilitv by means of the common trigonometrical tables. 

This feries has the advantage of converging quickly in every 
cafe of excentricity that can occur* but more efpociaJly when it 
does not exceed ^1. 

^FiFTH Series, by Mr. Woodhouse, inferted in the Tranf* 
actions of the Royal Society of London, for the year i8o4. 
One fourth of the perimeter is z: 

f2.2 2.2.2.8 \ Q,m ^ (m)^ 

Where 1 and b are the femi-axes. 

i* «r V 

'P = (1 -*- 'b) (1 +"*) {i + -'b) (X + 13). 

* a 8 « 8 8 t 
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Md^"^*, the term of th^ fcrics % *'*, 4, &c. rfter which, with- 
out fenlible error, each fuc^eedihg term may be taken.equa) to 
the fquare of the preceding term. This formula, like the pre- 
ceding, is generally applicable, and particularly when the excen- 
tricity exceeds y^I^ 

For the investigation of these feries, we must refer the reader 
to the refpeflive works already cited, or to tlic learned memoir 
of the lalt*ipentioned author, where the feveral invefligations are 
given, and their mutual relation to e^ch other pointed out. 

We shaH now exhibit the computation of the periphery of 
anellipfe, whofe excentricity is '99 and semi-axis major 1, as 
required by the queftion. 

And firft by the third Series^ 
c'=:i— (•99)*=*oig9; 2 c* = -oooi485; ^^^ c^z: -0000019; 

o 04 

ic» =.-0049750; ^ . I c^='ooop8o4; ^ . g-c* = -0000012; 

o 

and typ, log. o£ —^ = 1 "672^061 • Hence 

Y c 

1 + (c« + |^* + g^ <^^) X b- '• ^^ = + **0335324 

^^^•— ia.Sc*— ?.i5c^ = — 0'0050566 

ope-fourth of the periphery c=: 1 -02 84758 

Multiply by 4 

And the perimeter of the ellipHs is == 4-11 39032. 

Secondly, by the fourth feries* 

!• Calculation of the logarithnis of tf', t -4- tf', i+e"t &c. 

Logarithms. 

^=•99 =z= fm, a = fin. 81*" 53' 25'''33 1-9956352 
e* = tan.' - =:= fin. a i=: fin. ^§** 49' i^3"-22 ;-8766476 

I 4-e' = fee* - 0*2437186 



» 



t 



tan.* - = fm. a" = fip. ix* 53' 26''*44 ^'3139620 



xf 



1 + «' = fee* — 00813636 



( t99 r 



i+<r 



«'V: 



«"': 



2 


= (in. «* = 


:fin. 


o* 


37' 


tr 


Logarithms. 

•bo 2*0359386 

1 


2 


• 










0*0046846 


tan.* — = 

2 


c fin. »'*■ : 


s: 








.5.4684310 


fee* " 
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1. Computation of sr P (1 — ^Q) 

•4900500 



2 

51/ 

2 .2 

5LL5' 
s/2.2 

2.2.2 .2 



*i8444i2 

•0190016 

•0001036 

^6935958 



1 4- ^ 
1 4- ^'" 



■^p»« 



•3064042 



2-056952 

2* 



4-113904 



Perimeter 
Thirdly^by the fifth ferics, 
i = /(i — (-99)'} = -1410673 

h\ _ ^1 

99 



'b 



{l-h /(!-*•)}'• * 



/' 









1*6902404 
^2658580 

« 

2*2787900 

4*0129926 



1-4862947 

- 0*2437186 

« 00813636 

- 0*0046846 

- 0*0000128 

- o'497M9» 
0*3132242 



=? '0050251 



|i + /(i-'i'}| 



•000006313, 



'/.a 



but -> = *ooooo63i2g, which di£(ers from ''^ only in the ninth 



( «^ ) 

place of decimals; therefore "i may. be taken' equal — without 

4 

fenfible error ; and confequently Wi =: '^« or m = i • 
Now 

• /* , i-+-'^\ J% , ., h^ 200 

\2 2 J j^ ^ ^ ^ 4 199 

i-o • '1 1 ^ 200 

199 199 

'Q=:-+- .-=-0707108 

hyp. log/ ,| = hyp. log. 796 = 6-679599 

-*- .'P. 'Q: hyp. log. 4 = -0334818. 

Hence 1 — -005 H- •0334818= 1*0284808, and the whole, 
perimeter = 1*0284808 X 4 = 4*1 139232, nearfy. 



X. QUESTION 100, from the Camb. Un. Cal. 

Shew that the rectification of the hyperbola may be deduced 
from that of the ellipfe? 



First Solution. 

Put 1 for the femi-tranrvcrfe axis, e for the exccntricityy x 
the abfcida, reckoned from the centre on the tranfverfe axis, H 
the hyperbolic arc reckoned from the extremities of the ordinate 
and tranfverfe axis'. 

Then H = i 4/ ( ^ — )» ^^ ^^ aflSgn the fluent of 

this cxpreflion by means of elliptic arcs» put x zzz 



V V , / and ^ ± f« ; then 

Vi — 2V ^ 

^ f t" x" — 1 . (I — >«')g 



\ 



Now 



therefore H 



( toi ) 
No^, when t tz x>i )c is zz t, and when i = i, xiszz cci 
therefore the ;fluent of x k/ i — a3~ ) be^^^n the values of 

*iz 1 and jc z: qo is equal to the fluent of- ^— z ' 

between the values of 2 zi o and z = 1. 

-- ' V/(~F^) = ^' 

then taking the fluxions we have 

But. the fluent of z \/ {— — — i-j is well known to be 

equal to the length of the elliptic arc whofe femi-tranfverfe axis 
is I, excentricity m and abfcifla z. 
Call this arc £• Then 

H = F-E + fluentof — ^^ — '^^)'^ 

To find the fluent of this laft term put 
- 1 — \/(i —ttI^) 

then the fluent of — p — ^ — \ 

= 2mz — fluent of 2 {1 + m) z a/ { _^ *% " ) "t" ^^ 

Butthefluentof i'^^r^Y^^-—^) isthe elliptic arc E' whofc 

femi-tranfvcrfe axis is 1 , excentricity m and abfcifla z' 

:'F+2W2— 2(i + J»)E' + E 

Hence H< //i — Tn}z^\ . V. _l nvz-j-v 

= 2 4/ { — _ g 1 + 2»iz— a(l + »i) £' + £• 

igth of an hyperbolic arc is affigpfd- byr ju p n a <of 

'o elliptic arcs and an algebraical quantity* 

Vol. I. Part I. CC '^^^^^ 



w = — : — ;r-and2 = .z'v V: rTTTiJ* 
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This dlfcoveiy wa* firft iDnde by Mr. Landrn, 
liflied in the Philofophical Tranfaflion* for 177^, and s 
in hia Memoirs*; but the fubilance ol the above folmion i 
taken from Mr. Woodhtiuse's Paper, referred to in [he prcc« 
iug folution. 



Secqnb Solution, i^ M. C. Bo 

Let I denote the f^mi-tranrverfe axis, and i the femi-conjiigate 
axis of an ellipfc; and E an arch of iliis cllipfe intercepted be- 
tween the conjugate axis and an ordinate parallel thereto at the 
diAance x from the centre. ..*' 

Then it is wcl! known that ¥. = i \/ \ = fS 

Puti — [I— i')*':ru'.thenj::= -l/fl^T') ' '""' 



■ = y, and the 

^^V ther abi idgcd 
^^1 for tiien 



-.Lci> 



= y. and the laft equation will be transformed into 

— ■ '-' — , which mav be lin 






iher abridged b)' putting i4-i' 
for tiien 



z/l^'— y'}. t^C*'— >'/ 



Let tis now aiTiiini 



By means of this equation A -J- B =: i. At* + B«* = ^# 
and cgnfcijuen'Iy A ^ j_^ ', . B = \ ~~ ^ - , ; fo that 

K— _y _ ^ p Vf-*— V') B /- /•far' — > ') 



£ = 



_/ _ AJV^(t 



* Ml. l^ndm'i Menttiir ii 
Si,Tie; of the Reiiositor/. 



itrj ia Um cirlj nmnbers of the 1 



then 
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In order to find the fluent of <— -^^ 4r, put t* — >* = z»; 

which is known to represent the arch of an ellipfe intercepted 
between the conjugate axis and an ordinate paFBllel thereto, at 

the dillance \ , rr- from the centre. 

Call this arch E'. 

yi/C«* V*) 

And to find the fluent of ^^i) ^_ ^. , put «« — jr* = /'; 

. Wl/C>'— /) _ r £V/ 

7 y/ir-y^rJ i/(««-0.|/(*« + r« — ,«) — 

f^yV — /') > i/(/' -h T« — ^') r — ,* (T« — ,«) ; 

But the fluent of J ^ '' ^: , expreflet the 

arch of an hyperbola of which the semi-axes are « and v^(t* — «*); 
and abfcifla, reckoned from the centre, on the axis «, 

Call this arch H. 

Hence it appears, that 

2 ft 2 / 2 ' 

and, confequently, 

„ 2E. >r^AxE\ •(v-0.t/(/'^T'~;') 
H = -+ 1+ -g-+ J . 



XI. QUESTION iot,/^^mM«CAMB. Un. Cal. 

In the lemnifcata, whofe equation is (*• 4- vT ==: «' — T^^-ft 
is required to aflign two arcs equal to one another. 

CC d First 



PiRST SoLDTioN, i> .Mr, Wallace, R. M.CoUfge, 



1. Lcl CPA (fig. 171, pi. 9,) bcihe lemnircaia, C i(; 1 
C A irs femi-axis, and PB an ordinate ai any paint P in ihc curvr ; 
ihen CB - jr. PB = y. Join CP and pin r for ihe variable 
line CP, and fl for the femi-axis CA, then, the given equation 
(jf'M-^V — x' — y' may be cxpicfTed thus. 

Put p for ibc variable angle PCA. then, bccanfc x — r o 
and V = r lin. ip, this laft equation become* r> :r uf y/fcof." 
fin.'?), which, by fubftituting cor. sip tor its equJ cof.'^ — fi^-'J 
f , and dividing by r becomes 

r = ii/tcaf. 2p) (i.) 

I Draw Cp indefinitely near to CP, and pif perpendicular 10 CP^ 

■*bcn, if z be put for aP, the <irch ot the cuivc, it is maiiifeft 

that z =: t/(P9' +ptj^). 

But Pq is the fluxion of r, or of a/vcof. £^), which iifl 

— a<B fin. 2© ,. i".- ' , r 

, and ^^ IS equal to r <p, that is to ajx/i^col, af). 



therefore fubftituting for Py, and ^9, tbLfc ' 
s for fin.' a^ -h cof.' ap, we have 



ihies and puttings J 



ap 



' v'(cof. a?) ^*^-,] 

This Huxionary expteirion, although vcrj fimple in in form, 
does not admit ot an algebraic integral, ncr even olone involving 
CiKiuUr arcs or logarithms only. The integral may iiowevcr \fe 
expiefled in a finite form by means ul iwo elliptic aics; but the 
indefinite reflification of the cuive is not the object ol our prc- 
fem enquiry. 

fi. Leaving for the present the confiileraiion of the lemnifcata, 
let us fiippofe that p and 4^ ^re two angles fortlated to each other 
that ihc prodiift of iheir co-fin;s, or cof. if cof. 4 is a conflant 
Rumber, then, taking the fluxion of ihe produfi, we Oiaii have 

■ vl fin. ^^ cof. (p r:= o. 

the conflant nuinbi-r ii the cofine 



9 fin. f cof. \^ . 
Let us next fuppofe ih; 
of ^5', or that 

cof. 1? cof. \t =- ^/ j 
then, by taking the fquares of e^cli fide of this cquaiiijn and put. 
ling 1 — fin.* ip for cof.' f we get 

(i — fin.*?) cof. ^J'' = i 



I 
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;of.*^^— l) = fin.' 
but 2 cof.' J. — 1 =. coi. a$ 
therefore ^{i coL apj r: fin. f cor. -O-, 
and, (incc ip and *!/ enier pracifely alike i 
lion cof, J coF. yi/ — \/i VIC have alfo 

v'Ci '^'^f- s-') — fin. 4- cof. i^ 
L*t ihcfc values of (in. ^ cof. ij- and fin. 4* cof. ip be fubl 
led m die laft Buxionary equation and ii becomes 

(p /(Icof. 2 4.) + %!' /ft cof. 2?J= O 



L »nd hence - 



3:7^ 



Hence wc learn ihat whatdvcr values be given to the anclei 
■ f and 4'> provided the produtl of tlieir cqfines is y'l, tfie ?a^ 



of the fluerts of the two e 



tpre 






muit ncccHb 



under whatever forra they may b 
plied by any conllai)t quantity, 
' quantity. 

a. Let us now recur to the lemnifcala and fuppofe tliat ( 
,are two flr.iiglit lines drawn from the ce 111 re meeting tH 
curve itiP and Q, and that the angles PCA, QCAwliiiii w9 
Diall denote by p and 4- refpetlively, are fuch that the produft 
the cofines is equal 10 y''j or to the coflne ot half a right ao; 
then as from equation {2) the fluxion of the arch AP ' 




I 



T+) 



fed that the Turn of the arches AP, AQ, will have the fame 
property as the fum of the tlueiils of the two quanti'ies wiiich 
conltiitue the Quxionary equation (ij, that is, iht/um 1^ tkt 
arches AP, AQ^, wili be etjual to a cOBJlanl quantity. 

To determine this quantity we have only to give determinate 
values to the angles ■? and 4'. and the toiiltant qu.iniity will 
evidently be the fum of the arches of the lemnifcata correfponding _ 
to thefe vahu's. Let us therefore afi'ume 4- = o, a;:ii uinfe- 
quenlly cof, 4- = ij then from the equation col*. 7 col. 4- = 
cof. 45" we have ^ = 45° ; now when 4- ^= o, ihe arch of ttiQ' 
curve correfponding to ^ vaninies, and when (p — ^^j", it appi 
Irom the equation f /) which cxprcffcs the nature 1 '' ' 
(liat the correfponding arch of the lemnifcata is its quad] 
APC. Therefore the conftant quantity to which l\.e i.im cf 
the arches AP, and AQ is always equal is the quadrant APQC, 
"X^at property of ihc curve is very remarkable, and furaill.t^ 
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<lirc£lly a fuliirion tatlie queflion; forfince tlie quaJranl APQC j 
is equal to the fujn or the arches AQ, AP. from each take away 7 
ihe common arch AP and the arch AQ reckoned from the one 1 
e^iremky oflhe fenii-axis will be equal ti> the arch CP rccl.oncd 
from the other cxtrtmitv. Tliis property of the curve which 
anfwers the qucOion may lie ftated in ihc form of a iheorcm : llius. 

Let C be the centre and CA the feml-axis of the lemnifcat* ; 
from C let there be drawn two chords CP, CQ, meeting the 
curve in P nnd Q. and let the angle* ACP, ACQ. be fuch that 
the prodiifl r.f their cofincs is equal to the coTtnc of lialf a right 
angle, then the arches of the curve, reckoned from the points 
P. Q, to the ae^relt extremities of the axis, arc ei^ual to each 
other. 

This theorem, which is analogouB to thofc relating lo arches 
of conic feflions given in An. 3, Pait 11. Vol, I. of the Repofi- 
tory is capable of being rendered more general. 

if we fiippofe rhe arches ip and ■4' equal to each other, then the 
points PandQ will coincide ai a point R; let RC be the pofiiion 
in which ihc lines CP, CQ, coincide and let 5 denote the angle 
RCA, then as cof. ip cof. -i, becomes cof.' * we have cof.' 9 
— \/\, therefore ihc angle 9 is given, and confeqiieniiy the 
point R, that is the middle of the (juadramal arch CRQ. 



giver 






app. 



ears that ilic quadrant of the lemnifcata like 



the quadrant of a circle admit* of being biff6ied geometrically. 
It may alfo like the circle be divided into any number of equal 
parts bT the rcfolution of equations, but 1 (hall notprorecuie 
this fubjcft at prcfent any further. 



Second Soll'tion, iy Mr. Ivoitv, R. M. CelUge. 
The equation of the lemnifcata wiil be faiisfied by putting 

that i«, by putting x ^ ^"i ^'' "*" ^*^ 



Let w be the arch of the curve correfponding to the co-ordi- 
nates X and y : then 



lifji'iinJ v' be any other two co-ordinates, and w' the cor- 
rfpondingarch of [he curve; and if 



Siippofe now that 2 and z' are fu related that 




mi ^{i- 



• (■- 



. 111'=: — 01, or v' + w:^o; and taking the fluents 
Bi' -J-wr= C, where C isa cor.llaiit qiiantrty. 

From ihe cqu^ition of the Itninircaia it is apparent, ihai while 
x' increal'es finm o to i, y' lirft incrL-afes to a maximum vahie, 
and ihL-n dccrcales to o. Therefore taking all pafTibk* values of 
-f X, between the limiis O and -t- 1, upon an axii, there will 
corrcfpond 10 each value ot -t- -v, a double ordinate + ^, one 
on one fide of the axis, and otie on tl)e other fide of it : andlhuv 
an oval Ihaptd fieuri-- will be completed on one fide of the orijjiii 
of*. And, ill like manner, ial;ii:gdU poiHble values of — *, br- 
tweea thi: limits o ami — 1, upon the fame aKiK, an equal aud 
fimiUr oval (haped fii-ure will be formed on the oiher fide of the 
origin cf K- Thus the lemnifcau cunfijh ol two equal and fnni- 
lar oval (haped curves joined toi;ether in rhL- uri^^in of x, 
refembling tiic nuni^iici! iharafttr 8, as the figure AftMB.o-.AC A 
(fig. 1711. pi. 9. J 

Let Ay 1^ X, i/n = \; alfo A/- = .f' and /im 1= y' : tlien 
= arcli An,andri'':=:arcli Aw; -iiidihc eijua'iun «''+ wz=C, 
flicwi that arch An + arch Am is a conllant nudn'-itj. Tht; re- 
lation between ; and ;' thews (hat x' ^ i wlifu z ^ o ; and 
htncex'=.i, _>'=i:o, when *:= o and v = o : iherL-fore the 
arch A»i is etnial to ihc femi-ovdl Anmii, when the arch An is 
equal loo. Hence It it obvioiig that the IL-mi-iival A/vwBiii 
^^^ equal to the ci>nftrtnt quantity C. Tiierefore ihc two arcs At 
^^L and An are cnnftantly equal to the feiui-oval AumB. Thcre- 
^^H fore the arch An is equal to the arch Bm : and thus an infinite 
^^H numberof equal archcsmay beafligiKd on the leninirc^Ta, reck* 
^^^^ oned rromop|>oli;c cuds of the fcmi-uval. 

1 A 



I 



V 

I 
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Since z'' = ~^, tlierefore i' r= - 



1 + i" 

X* + v', and ^, = ^~ nl ~ ^ - therefore «' + / =: ^„. Hena 

lliis geometrical contlriitlion or finding equal arcs on th< 
kmnifcdia : liraw BD perpendicular to AB and take BO = th< 
chord A'l, ilien join AO iiuiting ilie curve in j 
Aji is equal to ihe arch Bw. 



Third Solution. ^^ P. Q. oJCCC. 

Putij for k' + v*. ilicn by the qucftion v^ will be equal to " 
i^rr-y^, and conicquently 

t' .= i. /(.+„■, , .= i ^±^ 



Now wc arc told by ttie very ingenious Mr. Landen, in the 
firll Tlicorem of his 1 1 1 Table of Fluents given at ilte end of his 
Mathematical Memoirs, (fee a! To vol. l.p.6o, of the Mathe* 

matical Rcpornory, Old Scries) that the fluent of - ... . jv 

generated wbil [I u from o becomes equal (o any quantity c is 
oqual to liie fluent of the fame fluxion generated whilll v from 

- — — becomes equal lo i. From ihjs property of the fluent we 

immediaiely derive a folutlon of the queAion. For the figure 
of the IcmiiircaLa being fuppofed known, let C (fig-' I73t pi- 9.) 
be the point in which the curve interfcCU itfelf, and C A its femi- 
axis, wliich in the quellion is fuppofed zr 1, alfo CD and DP 
anyabfciOa and its correfponding ordinate, then the fquare of 
the chord drawn from C to P will reprcfcnt v : let us now fup- 
pofe that another chord CP' is drawn, and that the two chords 
CP. CI", are To rclaltd lo each other that CP being put equal 

to <*, CI" raaybctqiial 10 s/ {~~^rr^\ 'hen it is ohvioalb' 



ioai'^^l 
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tliai ihe arches CP( P'A, may be confidered as fluents generated 
according to the conditions of the theorem, they will therefore 
be eaual to each other, and in this way may any number of 
equal arches be found agreeably to what is required in the" 
^ueQion. 

it perhaps may not be amifs to obferve.ihat the firft theorem 
of Mr. Landen's lable (jee as before his Memoirs, or the ift. 
vol. of the Maihcmauca! RcpolUory) exhibits the reflification of 
»ny aich of the lemnifcaia by means of arches of two ellipfes, 
and ^he third and fourtJi theorems give the refliiicatiou of the 
whiile Curve; and il is particularly worthy of remark, thai the 
whole curve may be reftified by means of the perimeters of the 
circle and of one ellipfe only, namely, that whfch has Us excca> 
I' ^city equal to half its conjugate dxi;. 



XII. QUESTION 162, from ike Camb.Vh.Cal. 

On a given llraight line, perpendicular to the horison, if 
fcribe a circle, and draw a tangent at its higher extremity ; it* 
any point beaJTumed in this tangent, and a ftraight line be drawn 
from it parallel lo the diameter, cutting the circle in two points, 
and chords be drawn from thofc points peipendicular to the di- 
ameter, the limes of defcribing the parts of this hue, together 
with the times of deferibingihe correfpoi)ding chords with the 
velocities acquired at their extremities fhatl be equal? 



fiRST SoLCTiON. iy Mr. Bazlet. 

Let AB (fig. 174, pi- g.) be the vertical diameter ofthe cir- 
cle AFBK; draw the tangent AG and GEF parallel to AB 
cutting the circle in E and F; draw the obords £.1, FK, parallel 
lo AG. cutiini; the diameter in C and D. Put g = i6-ri- feet; 

(twBbyihe laws of t.illini^ bodies, we have, the time of defcribtng 
CE or AC = \/(AC -^g), and the velocity acquired at C or 
E-2/(5xACl. NowEl^fi/fACxCBJ-at/fACxAD), 
and rhe time ol dcftiibing it , by uniform motion, isay' ( AC x AD) 
-4- s\i^{g xAC)z: v^'lAD -^ g). which is evidently the time of 
defcribingAD; therefore the velocity at D or Fz;ej/(j x AD). 
Again, hnqc FfC i^ EI = 2 /(AC x AD), the time of de- 
j^cribing FK, by uniform motion, is — s v'(AC X AD) -r- 
-: Vol. I. Part I. DQ 
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B •f^xAD) — (/(AC -^^1, which is cvidenrly liit- limc i 
defciibiiig AC. HeiicfihetimcofdefcribingAC or GE, togja 
ther wiili tlie irme of dcfcribing £1 is equal to the lime of dei 
fcribing AC, together with the lime ofdvfcribing AD ; that 
equal to theiimeof Hefciihiiig AD or GF, together with I 
lime of defcribing FK. 



Second Solution, /^^ A/r. W. Mellob, London. 



Put EG = X, FG = y, and g — 1 6^^ ; then, by the property 
of the circle EI = FK :^ 2 ^[xy). Now the time of defcnbing 
ibe diltance;t is y'lJir-^^), and thevelocJly is then — ^v'(gx)i 
wherefore ihe time oi difcribing EI wiih this velocity is 
■^ ^txy -^ex) :z. v'( V -^ ^} ; heiiee ihe whole time of dcfcri* I 
biiigEG + EI is ^v^fa-^^j -t V^Jf—r-gi- Again ibeiitne 1 
of flefcribinglhc diltance^'is = Viy-^g}< and the velocity is 
iben — S\/(gy). Wherclorc, the t me of defcribing ihc chord 
FK wirh thiB velocity is = V{xy~ 
the whole nine of defcrihing GF - 
Viy -^g)i tie very fame as bclorc. 



-ey)~ Vix-^g). Or 
hTK is = v^x^g) + 



' XIII. QUESTION los, fro'» ih, Camb. Un. Cal. 

Let the comprefTive force be riippofeil, proportional to the 
fqiiare of the dcnfiiy, and ihe furce of gravity inverfely pro- 
ponional to the fquare of ihe diOance froni (he earth's centre, 
n isrequired to find ibe law of deiiiity in the aimofphere ? 



Solution, iy A'r. Bazley. 



To render ihe folulion as pcrfpiciuius as may be, let C 
ffig. 175. pi. g.) be the canh's centre, CA its radius, and con- 
ceive CAS to be the axis of a cyhndcr of ibe aimofphere whofe 
bafc i*. iiiiitv and iis height indefinite. PntCA^r, CE = *, ^ 

ihedcnhly at E=:j>, the denfiiy at A=:!/, andlct^ denote the 
litight of a column of air ol the uniioim denfity d. and 1 
weight equal to a toluraii of mcicuiy upon the lame bafe 29^ J 
inches high. 

r N01 
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Now let the curve BG be of Tucli a nature that tlie ordinate . 1 
GE may rcprerenl the denfiiy at any point E ; draw another 
ordinate IF indefinitely near to GE; and if two fcfiions of ihc 
crlind.-r perpendicular to CS be conceived to pafs through 
GEFI, it is plain tliat the quanltiy of air included beiween thcfe 
fettions is^.v, thai is, the m.igiiiiudc in»o ilie denliiy, and this 

drawn into the force of gravity at E gives— -^ for the flux- 
ion of the weight or prefTiire, which is negative, becaufc the 
weight or prelfure decreafcs as x increafes, But by hypotheCi, 
the prcfTure is as the fquatc of the denfity, aiid confet^uently 

J- : avr is a conflani ratio, which, by the doflrine of flux- 
ions, is the Time as the raiioof their fhients; and, at the earth's 
fiirfacc A. this ratio apd: d*, that is as the weight to the 
fquarc ot the deiiftty. 

Hence, p J : d' :: — ■ \' laj/, and therefore a^/= -j~j 

and the fluents are apy z= — : but when y ^ d, x ^ r, 

thcicforc, by correfilon, ep {d — y) = dr ; whe 

dr dr' 
y:=d— — + — . 
-' sp 2px 

By fullowing the fame method, the law of denfity upon 
Other hypothefia of gravity and compreOion may be reac 
found: — Thus, if the ilenfily be as the compreflion and the 
force of gravity uniform, we have, pd : d :: — yi :y, whence, 

py:=.—yi, or -- i^ := X ; and the fluents arc ^ x hyp. log. 



1 



-=j:; and, by currefliu 



' X hyp. log, - = 



-r, which 



agrees with the rule uriially given by writers on pneumatics. 



XIV. QUESTION io^,Jrogiihc Camb. Un. Cau 



u 



A body levolving in a given circle, afled on by a force* 
bich i« inverfely proportional to the r[uare ol thedillance from 
the cenirc, in confcquence of an impulfe in the dircdiiun of ii> 
motion, begins to delcribe an orbit ol a given excentriciiy ; find 
the velocity communicated to it by the impulfc? 

D D 2 First 



I 



First SoLUTioiJ, *^ iWr. Bazlea- 



Let S (fig. 176, p1. 5.1 be the 



- ,-0 -, , c 3 _ - -- of force, A ilie puiavJ 

of imparl. Since ihe direflion of ibe boily'a motional A it L 
perpendicular to the avis AB, dnd its velocity (by the []i]e[liont> 9 
greater than ihat wherewttli it defcribed a circle at the fame T 
oiftance SA; it is plain, from the lawsof ccntr^ forces,* that A i» j 
the lower apfc. Let F be the other focus, C the r.enlre, V th» | 
velocity in the circle. Then, by Kmrrfor/s cenldpetal forceii 
prop. 14, cor, 1, v'tFAl : V'tCA) :: ve'. in tlie ellipfc : veU 
in the circle :^V; henoc. the veloctcy riithc ellipfe at A is =1 , 
^J(FA-^CA) xV\; where FA and CA ve given, fae^ ' 

p.Caufe SA and CS arc gi\-en. Wlience the velocity qcmmuiu^l 

t cated i 



V{ 



^.v)-v=^L^5^.V. 



Second Solution, by Mr. R- ?iMPso"f* 



Let S be the centre, and SA the rad;iis of ihcgivcn circle; 
(hen, fince the body is afled im\ by a f©ii:e which is invcrfcly 
proporiioiial 10 the fqitare of the Hidanci- fcom the centre, the 
orbit defcribcdhy the body mud be a conic fcclian. Let SF be 
token on AS proJuced squai 10 twiie ihc given excentiiciiy, 
and make FB =t AS; ihcn, becaufe the body, when at A, is 
impelled by a fdixeaOing perpentiicularly to AS, it is obvkiui 
thai AB will be the tranfvcrfe axis of the fcflion. and A wijl 
be the phce where (he body is iicareS to the centre, bM B the 
place where the botiv ^s at ihc ^rcat'jfl I'iilance from the centre. 
Now put » for the velociiyin rhecirtlc at A, and V for that 
in the conic feflion, r = the radius AS, and /j ^ ihc parame- 
ter, whiih is given, becaufe AS and the ex centric iiy aie gi 
Then, bv pipp. xv'i. cor. 3, Piincipia, 

V :v:: y/ P'-. i/lir); or V =:» }/-f>~- ar); an* therefor* 

V — w = w j V* i^ -T-- flO — I j , the velocity reqiiired. 
Or, if e be ptit fui the cxcentriciiy, we have 



V— '=-y("+7)- 



's- 



( "3 1 



I 



XV. QUESTION i05,/ro/n/A;CAMB. Ufi. Cal, 

Two h«(lies wliofe weights are known, lying on a fmootll 
iMMizoiHal pkac, aie conncfted by a flexible line, paffing through 
2 fmdil riniT fixed aia given point between tlietn ; in this poritioa 
^ ^iven vclociiy is commiinicated to one of ihem in a dire^ion 
perpendicular 10 the line ihai joins ilieir centres, and the other 
Vody is made lo move dire£ily towards the lini;: inveftigaic the 
potion oF tlie projefted body, and £tid the angle ^cfcnbcd whca 
l^ie other body arrives ai the ring. 




First Soh;tion, by Mr. Ccnliffe. 

Let A and B (fig. J77, pi. q.1 reprefent the two bodies at 
(be comraencement of tnnLion, AB the Une or firing conncfling 
them paffinglhroiigh the ring at C. Let the body B, be ibat I* 
wliich the given velocity of y feet per fecotiil is communicatei 
nadire£lion perpendicular to CB. Let the curve BB' repre- 
■femihe track oflbe body B, the point i, another pofition of B, 
indefinitely near lo B' : join CB'. C/> aiid with the centre C and 
radius CB' defcnbea fmall arch BV cutting C6 in d. 

Put CB = a. gB'= .!. then S - s\ iiHo let z denote the 
flrch of a circle (radius a) intercepted between CB, CB'. Lat 
the velocity of B at B' in the direaion CB' be denoted by v, and 
Ift the time of dcfcribing BB' be denoted by /; the weight! of 
the bodiei A and B being denoted by A and B refpcEUvelj'. 



Then we flitdl obvioufly havpa : 
..no ^'iXv 



= BV, and 



■ = — r = ibe velocity in ibe dircBJan 
as 

is the centrifugal force pf the bodj^l 



Again, Jb : B'i :: 



= the velocity of the body B 



in the dircflion of the curve B'A, and by the known property of 
W.gcnt.B'i :B*^:: BC: ^'^^^^'" ' = the length of a per- 



pcndictiJar from C, upon a tanj^nC to the cnrve at B'a. Now I 
II J! a Weil known law of a bofiy revolving about a ccnlre of | 
f( rrp, that ihe velocities at diffcrFni points in tlie orbii arc in- 
verfely as llic lengths of perpeniliculars from the centre upon tan- 

gcnis to thofe points, hence we (hall have ■ — j. — '. J -.: a '. 

:::=/(, ihat is ^T^^^fl, 



s of which the exprelTion for the c 



,ir„p 



I force before 



deduced, v 



becomes 



Again, let F i)e note the force retarding ihc body B, in the di-1 J 
re£lion B'C. arifing from I lie inertia of ihe body A: then FxB ,1 
will denote the mulive force arifing fiom the fame caufe in that , 



time-, gives 

Ar.7>; 



dire£)ion, which being multiplied byihi 

FxBx -. which must be equal to Aw whence F = 

/ifl. f-a' Act" 
ihcrefore-'— 7- — F='i-T r- will exprefs the acceleralive 

force by which the body B is urged in the direfljon CB'. Then 

by the known laws of moiion r — — ^- \ X ^ =vi/ ihat • 

/•«•/ Ai'y'_ • , fa''s /A + B\ 

•'—5 -g- = i'W,wlicncc-i-^=( — j^ — jxvvi taking the 

but when j = a, r = o, therefore the correft fluent 
/. —t^ — f X (^-^)= (— g^) ^ '•• '""I by putting;^ 

N= — H — '*« t^i*!' have y = '' — ■' 

B J/iNj 



Again, by a ' 

/^ T ' ; alfo by what lias been before dcduccJ- 



known theorem ' = : = 



»*S ) 



=y<i, whence£=- 



and uking tlie fluentt 



H^{s' — a'}' 

« == N' X R, wbcre R denotei the length of a circular arch, 

radius a and fecani s. 

latter expreflion manifeftly determines the- angle 
' feribed by (he revolving body whilft ji acquires any alligned 
I diilance from the ring or centre C. 



SecondSolution, iyjWr.IvoRY. R.M.CotUge. 



lial diilance of the projefled body from 
■ •" alfolct - 



Let a denote ihe 

I ihe ring, through which the connefting threjii ^Jjfft's: all 
r be ihe wei^Iit (or mafs) of ilie projefled body, and a/' thai oftt>c 
' other budy : a,-;d li-t b be the velocity of projcdion. or the fjiace 
, 'dcfcribed by ihe ptojtiled body in one fei..iiidof time, or in any 

other fmdl but finite portion of liine. Alter any indefiniie time 
T, has eiapfiid. let j dcnme ihe ralius vertur of the revolving 

Ibody, and^. y, ihcietiangular, co-oidinaics drawn from it im 
file llraight line ftoin which the motion commences : then I de- 
■%6iingthc whole lei.gih of the cunnctiing ifriiig, I — f will 



on ^1 



denote the diftance of the body w' from the ring ; and — ^ will 
I denoie the velocity with which ii' approaches i he ring; and 

be the accelerating futcc by which cacli pariicleofir'It' 



Utti;gcd towards the ring ; and - 



-5- X i 



wil! denoie the motivV' 



:(brce bv which th^ whole mafs of u'' is made to approach the- 
ng. But the miilivc turce of m' is derived from tiie aBion of 
u/bymeaniol ilic cunne-iiiig Itring ; thureforc, becaufc a3iaii 
and rcafclion are enital and comiary, the body 6 is urged to the 

:cntrc, by a motive force =: -/- x '^' ■ therefore eacb ■ 

tile of w is ur^ed by a centripetal force = -^ X ~i t>r 
liicb the i«lcr_/"iiKiy be written. 



I 



The 
ve&OT I 



centripetal lurce J^ afling in the direftion of the radiuffa 



Y be rcfolved i 



x/.\ 



i into two other lorces; mi. one= - X 
f 

aBing parallel to x, 2ild tending to diminifh x; and another =3. 
^ Xj^i a£ling parallel to ^, and tending to diminilh^: but th^ 

forcei tending to diminilh x and y, arc iheafurcd by ^ , aa4 

— - ; therefore, we have thefe two equations— r = - xyianAJl 
^■•-.-^^-^ x/:orpuiiin 



B -^ X - for/. 

.. I.. . 

f K 4; = I 



X — = O 



1^ 



Let the firtl of ihefc eniiations be rauUiplicd by ax, and Ibv - 
feConU by sy; then, adding them together^ and remarking tia/t ' 
J = x' -i-y' and a« ::= 2xx + iyi; we get 



taking the fluerts, 

f being a confiant qiianiity. To detertnlne r, I remark tltat^ a| , 

(he commencetceiu of the motion, or whenT ~ o, that^ — o; 

fur the body ii projeficd from reft in a direftion perpendicular 
' lo the radius vcCiui, and, m tlic firft inflant of limi-, Its velocity 

to or from the rinj is ^ o : therefore, when t = o, — r^ 

f : but — ——■ is maniftflly the square of the velocity ia tbo 

whenr:^©: therefore i* 



IrajcBoiy, and therefore = 
Z'/ie Ja/i eqUd ion, ibcn, i:i 



tboH 

1 



Wf 



Multiply tlie firft of tlie equations (i) by *j and ihe recond hy 
; iheii having added them log«hcr, we get 

And this equation being added to the equation (a), thera 
efults 

V+^'f ^~^"' + - X '^ t ' ' = i- 



But« =** + >;? and f* + <f = **+/' + **'i-J'r, 
[ erefore by Tubililution, 

And, taking the fluents 



DO conftani quantity being neceffary bccaufe * 



=r o. And taking the fluents again 



Again multiply the Gift of the cquations(»)by;i, and the £:- 
condbjr x, and rtibtra£lthe one from ths other, then 



I And taking the fluents 



'■t being a conftant quantity. To determine c, it is obvious that 

yx — -.7 is the small area dcfcribed by the radius ve£lor in the 

timcT, which area, when t = o, is inanifcflly = aX i x t- 
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Therefore c — a x. b: and 

Lei ^ = angle that f makes wJtTi the line from which the 
tion irommences (reckoned on the periphery of the circle wboft 
. radius^ i,J then r — f fin. 9 and ^ — f cof. ^: And the li 
equation becomes, by fubftiluiion, 

there'ore $:=:—; ^ - x 






XVI. QUESTION io6,/r<.wMf Camb. Un. Cal. 

If a body, fufpended by a firing, ofcillatei through a quadrant 1 
(ihecxlrenlifyc'f the quadrant being thcloweft point,) the force 1 
flreiching the (Iring ai the lowcfl point is three times that whidr 1 
is due 10 the weight of the body. Required proof? 



ST Solution, i^ Afr. Bazlzv. 



Put r^ radius of the tjiiiidrant, and^ = i6rV f^C; a"d if 
ihc force of gravity be raeafured by ig. we (hall have the centri- 



fugal force 

velocity V is ^^(.gT), and the ccjii 

I ^4f- Hence ag : ^g :: W, the 

ihe lenfion of the Uring due to the c 

I the weight of the body iifelf, and 
the string = 3W''. 



I'eft pniiu of the quadra 
iliigal force there ^ v' ~ r 
vetght of the body ; ttW — 
■ninlngal force; to which add 
ve have the whole tenfton oi 



Second Solution, iy Mr. JouKsofi, Birmingham. 

Let C, (fig. 178, pi. 9.) be the point of fufpcnfion, 
ADR the quadrant dcferibcd by the old Hating body, AC beiag' 
jjarallel, and DC perpendicular to the horizon. Then to find 
ihe force which tiretchcs the firing at any point 15, put r ^ AC, 
*rihe length oftjic firing; tusstfae weight of the boJyjy^gui 



lIK^l 

togr^ 



t«et_ 
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J«t, the force ©r ^raviiy; a ^ the angle ACD dercribcd by 
ihe body ; v ::= the velocity at D ; and draw DE perpendi- 
cular lo AC. Then, ihe Force afiing on ihe ftrin? at D arife* 
, jointly from the ccntrifncal force in the dircflion DC, and the 
I'orce of gravity in the f.'me dire£linn : but the centrifuiral force 
I D is to ihc force ol gravity a^ t<' j^ r lo i , and ihe velocity 



I defceiidinKilirough ilie arc AD is cqnj! lo ■ 






ityii 



i 



defcending through D£, or »= V(ag"DE)= v^(ajrfin. i 
therefore, i;'-f-r= a^' fin. d ; or ihc cenirifiigai forct is to the 
force of gravity as ^ iin.ain i ; and, confeniicntly, the effect 
of the centrifugal force at D in the dircftion DC is eijual to 
nJ X 3 I'm. a. Again, (ince the forfc of graviiv afls in the 
direction ED. its effeft in the direftion DC will be equal lo 
w >f fin. a ; and therefore the whiile force ftretehing the llriiig 
will be equal to m x 3 firt. a. But when the body arrives at 
B, fin n = 1 ; and, confequentty, the whole force at the loweil 
point is ^= ^tu. 



XVII, QUESTION loy.Jrm ihe Camb. Un. Cal. 



Let two weights faflened to two equal firings, (/, /,) move in 
a vertical plane, the one ofcillaiing, the other revolving ; and 
at the lowed points let the velocities due to the heights k, k', be 

fuch, that ~, =: -r> = m', then tbc time of the revolution of 
a/ «' 

the one weight, is to the time of ihc ofcillation of the other, 
as m to 1. Required proof ?^ 



Solution, ^_r .Wr. Cunlitf e. 



li 



In the cafe of the revolving weight - 

•will exprefs the fluxion of ihe time ; and in the cafe of the 
li 



• •fcillatiag weight 



■^i 



V{k — v)V'.ilv—v') 



will exprefs the 



hixion rf the tiire of ofcillation. Now what is requited is ihc 

of the fluent of the fonncr cxpicflion, gi-ticrated tthiifi x 

I from o becomes a/, to the (luenl oV iVic V"4V\,« i-j.'j^ftffii'a^^, ^v.^-^ 



f 2ZO ) 

Pnied whilft v from o, becomes h : or the ratio of ihe flucat^ 
generaled whilft s fromo, becomes a 

'— — 7 r- generated whilfti'fro 

E at page ^38, art. 460, vol. 9. 



to ihe fluent of 
D becomes h. 
From what 1 



P 



when X = 2/, is 



2.8.4, 4. A" 



J^+^c.)J 



^o7ufo'=i-) «'""""' "'"'" " 



tthere f denotes the length of the quadiAn'.al 
whofe radius is 1. 

Alfo the fluent of -j-i 

from o becomes h is 

A 
1/0 

Now 
h 

of the two fluents 



4 . 4 .6 . . A'' 

of a circieil 



■ Y, I ^ + 3- 3-*' -!_ 3-.1 
,/)'*V ■^a.a.a/^B.iT^^rta?) fi.a.4 



•3- .9- 5- A' 



+ &C. 



)1 



2.^.4.(20 fi.a.4.4.6.ti.ta/> 
is evident by mere infiicAioii, th^i \i we pat 
I ^ p the two feries will become idtniical, .-jnd [berefoR ibe 

I ratio of the two fluents in the before mentioned circumAanccs 
'will be barely th.t of ^'^^, : ;^^- :: -^^J = m : 1. 
[ Q.E.D. 



^^ »rL 



I'XVIII. QUESTION 108. i-y Mr. JxMLi CvvLiTTE. 

; required 10 find two fnuare numbers, a', />', and a 
certain number tf, which biiii^; eiihir added ii», or fubtraOed 
from eiclicr of ilic fquaics a', b', the fun.iai:d diirercncci thence 
iriUng Diall all be rational fquares. 



I 
J 



( MI > 



Solution, iy Mr. CaNLirrE, ihe Propofir. 
By the queltion we (hall have 

The funi of the two firft eqiiatiuns gives za' ■= d' -^ t' , and 
ihcir diffLTence a/j = i/* — e*. Ot n ^ . 

2 

Whence \\ appears that e', a', and tf, are three TquaTO 

in arithniciical prugrelfion, whofe common difference is n =:= 

. ; wherefore we may put 

e = q' — p' + 2pq, a ■=. p' -^ q', and J^^* — y*-^ npq. 

Wbcncc n = ~' = ^pf (p' — f). 

A^in, by adding the third and fourih equations together wo 
get iii'=/*4-^'; and taking their difTerence 2it=y — g'. 

Whence it appears that g', M, and J", are alfo three fquarcs in 
arithmetical progrefTion whofc cornmondifTercnce if 71 =. _ ~; 

wherefore we may again put 

£ =s' — T- + 2rj, b = r + s' and _/" = r* — s' + arj. 

Whence n= -L_Il£ ::= ^rs (r* — s'), Confequenily, 

ipq ip' - /) = 4rj (f - *•!, or /<? (^' - f) = rj (r* — j*). 
Take p^r, and the preceding expreflion will become 

ry(r* — y')^rj(f* — s'); from whence r'=:i = j*+yi-i-j*; 



put r :^ — — J, then r' :^ I 
f + qi^s-: 






+ ?• 



; take ![=;(■ — v',\.\«:'M-^if-v»iD-, 



whcncej& = r^ y = i' + /u + w*, 

i = r* + s' = lf'-\-tv + 7'"f + {r* + 2lvy. 
md n ^ 4/>7 (^^ — 9') = 4 (/' — k') ^i' + (« H- v') X 

|a'+ /f + "■)'-('■ —^Vv. 

where i and u may be expounded by any numbers at pleafurc. 

Example. Take I ^z 2. and v = i ; tlieii 
a = 7' + 3* := 49 + 9 = 38, or tf' = (58)' = 3364 ; 
* =7" + 3'= 49 + =5 = 74. ori* = (74)'=:5476; and 
n ^ 1 a X 7 X 40 = 3360. and bRcaufe ihefe values of a', i*, 
and n, arc all diviliblc by the Tquarc number 4, we iniiy take 
a* :^ 841, t' = 1 369, and n :=: 840. 

Solutioni were elfo received from Mtjfn, Bazlcy and A. M. 



t 



XIX. QUESTION 109, iyMARLOViENsis. 

In Counsellor Cooper's Letters on the Slave trade, we meet 

with the following qiiellion, and an algebraic yorniu/a annexed, 
cxhibtiing a general folution thereto. 

" It is required to Ihew the average annual import of ne;;ro 
/laves (and the whole number imported), having given the jnnual 
decrement, or proporiion of dcatbs to ibe whole ftock, and the 
number of exifling flock at the end of agiven terra? 



' General Solution. 



ha'' 



I the average annual import. 



" Where n denotes the given interval in years. 

i, the flock exifling at the end of that term. , 

a, the reciprocal of ibe annual decrement. 
" Example. The firft export ol negro (laves from Africa 
was tnibc year i503,anrl in 1770, being an interval of 276 years," 
it was found, from a pretty cxa^ eftimate, that tlie number of 
negro flavcs then exifling in the European, &c. powers, wa( 
five millions: the proportion of deaths among them was alio, 
dtteimined from a feries of obfcrvaiions 10 be about 1 in ao. J 

Thefc i 



L^ 



9» 



( "3 ) 

The^e numbert fubflituted in the above formula^ give 

the average annual import 263,158 

the total imported (in 276 year) 70,263,186 ! 

And, we may add, if ellimated to the prefent [time, we be- 
hold near 80 millions oF the human fpecies,the innocent vidims 
of avarice, cruelty, and wretchednefs, by this diabolical traffic ! 
an inveftigation of the sbovcformula is required ? 



First Solution, ^^Afr. Lowry. 

Put X for the number of Haves imported annually, c 1= 1 — 
- -^ , (1 in fl, or -, being the annual decrement); 

Then 

ex, will be the number remaining at the epdof the firft year; 
X -+- ex, the augmented stock ; 

ex + c* X, the number remaining at the end of the fecond yeiar; 
X + ex + c* X, the augmented ftock ; 

ex ^ c^ X + c^ X, the number remaining at the end of the third 
year and fo on. Confequently, 

f* + c* T H- f ' Jf + c» X, will be the number re- 
maining at the end of n years. 

Or, rx (1 -+- c + c' + c' + &c c ) = i: 



but the fum of the geometrical feries i + f+c*-f-c'-t- 



--1. 1 —( e) 
e IS — ^ 



n— 1 



1 



V 1 — e J 



Therefore ex X { I =; i. Hence 



n 



i (i — e) ba _ . 

^== . __ ^ ,he givet 

formula. 



Second Solution, by Mr. "Rkzlz^. 

This formula may be inveftigated by indu£lion, as follows. 
Put the average annual import z: x\ then by the nature of the 
qucftion, the ftock cxifting at the end of the fixft year is 



^ sr: .V -— -, or Af = 
a 



fa— i).X |fl— (tf— OJ- 



Now for the fecondycar, the increafed dock Is 

« + X zz , 

a a 

and this decreafed by the deaths is 

^ax — X Qax — X 7,a} x — %ax -h x „ , 
— -r- 5 =: f z, ^ jz. ftock 

at the end of two years; hence we find 
la"- ia* 



Again, for the third year, the increafed Ilock is 
ju* x — ^ax H- X 3fl' X — ^ax + x 

and this decreafed by the deaths as before, is 

^a^x — ^fl.y'H- X Qd^x — ^x+x _ ^^x+6a*x+4ax — x 

= ^ = ftock at the end of three years ; and hence 



And thus we may proceed for any number (n) of years and 
Ihall find, 



ba 



(a 



-Ox {/-(«~i)"} 



Third Solution, i;^ Marloviensis. 

Let X denote the number of annual exports, - f — J the given 

decrement, n (276) the number of years in the given interval, 
and b (5000000) the exifting flock at the end of the given term ; 
then, by taking the decrement from the firft annual export, and 

continually 



( ««5 ) 

continually adding the fame export, and dedu£ling the decrement 
of each fucceflive year's fiock as per queft. we have (by reducing 
the arifing terms,) the exifting ftock at the end of the fist. 2d. 
3d, 4th, &c. years refpeSively cxpreffed by 

(a — 1)* ^ , (a — i)jr . , , ^ (a — %)x 

(4^5 — 6tf* + 4^ — 1) >c ' r"^» ^^* and therefore genc- 

„ - , . »— 1 n .n — 1 «— 2 11,71—1 .«— a 

rally for n years, by na — - a + . 

^ !•« 1.2*3' 

"—3 , . (a — 1)0: 
4 (till It termmates) x into ^ —. 



n 

a 



But this feries, continued to any afligned value of n^ appears 

(by Clarke's Sum. of Series, p. 157,) to be equal to a —{On^n) ; 
hence, we have 

a — (a — 1) ; X jj-^— , = i, from whence 

a 

if ^= ^: p-j ^ ; or, which is cafier for com« 

(a — 1) xU —{a— i)) 
putation, (n being here a large number,) 

*= -i^ -X 



1 /a — i\i 



(by fubftituting the given numbers) 2631581 the medium annual 
export; and therefof-e 70263186 the total number of Africans 
fold for flaves to the year 1770. 



XX. QUEwSTION no, ij^ Mr. Wm, Sm*th, Liverpool. 

If a plane triangle be placed, fo that two of its angular points 
may always be on two ilraight lines given by pofition; it is re- 
auired to determine the locus of the remainiiitg angle ? 



Vol. I. Pa^ltL FF First 



( »e ) 



i 



PiRST Solution, by Mr. Cunmfte. 

Case 1. When the angular point is tumeJ from the 
feflion of the two right lines given by pofition. 

Let ACB {fig. 17q.pl. 9.) be the given itianglc, DA, DB 
the two right lines given by poCtion ; draw AE to meet BC in £, 
.and make the anple AEB equal to the fupplcment of the angle 
ADB, and join DE. 

Then becaufe the angles ADB, AEB are logeiher equal to 
two right angles, a circle will pafs throughtlie points A,E, B,D^ 
and therefore the angle BDE is equal 10 the angle BAE, that is 
equal to a given angle ; therefore the right lire DE is given by 
■pofition, and the point E will always be found in the right line 
DE. 

Now BE is a right line of a given length intercepted between 
Iwo right lines DB, DE, given by pofition, and C is aitother 
given pnint in the right line BE ; therefore the locus of C 
given ellipfis, whofe centre is D, as appears from Prop. 13, Bot^n 
ad. of De L'Hofpilal's Conic Scaions. 

Cor. I. When the angle ACB is equal t 
of the angle ADB, the locus ot C will be a rig 

CoH.a. The locus of C will be a circle 
right angle, and C is the middle of BE; ihi: 
■I known genefis of the circle. 

Cases. When the angular point is turned towards the in- 
terfeftion of the two right lines given by pofition. 

Produce BC. (fig. 180, pi. 9.) lilt the angle BEA be equal tg 
the angle BDA, and draw ihc right line DE, then a circle wi.ll 
evidently pafs through ihe points A, E, D, B; and iherefore the 
angle EDA is equal to the angle EBA, that is equal to a given 
angle ; therefore DE is given by pofition, and BE js given in 
length. And for ihe very fame rcafons as before, the locus of 
C will he a given ellipCs, having D for its centre. 

Con. I. M'hen the angle BCA is equal to the angle BDA, 
the locus of C will be a right line palling tlirougb D, 

CoR.B. When BDE is a right angle, and C hifcasBE. the 
locus of C will be a circle wTiofe centre is D, and drameter 



lid C is another 

locus of C is ^ 

1 Prop. 13, Bo<^:^H 

) the fupplemen^ ^H 
vhen BpE is 9 ^| 



^B^ equal to BE, as : 



known gcncfis of the circl 






Second Solution, i^ 3/r. Johnson. 
Lei DX, DY, be ihe flraight lines given by pontion, and ' 



ABC the giv 



riaiiKle, having its angular potnis A, B, placed 



given triar, 
n the given ftraight lines. 
Draw DE to make [he angle ADE equal to the given angle 
ABC, meciing BC produceJ ii neccfTary in E, and join AE. 
Then bccaiife ihe angle ADE is etjual lo ihe angle ABE. ihc 
points A, D, B, E, are in ihe circumference ol' a circle, and 
confequently the angle AEB is equal lo [he angle ADB in fig. 
180, or equal to its fupplement in lig. 179. In eiiher cafe AE 
is drawn ti» make a given angle with BC, and AC and the angle 
ACE are given in magnitude, tlicrefore CE is alfo given in 
magnitude. It is therefore obvious that the ftrai^ht line DE 
will always pafs through the fame given point E in the Gde 
BC, or in that fide produced ; or which is the fame, the locu» 
of the given point E is the flraight line DE. But DE is given 
in pofiiion becaufe it maken a given angle with DX, which i& 
given in pofiiion; and DY is given in pofitjon, and BC, CE, 
are given in magnitude ; therefore the locus of the point C is 
an ellipfe by the latterpart of Mr, Ivory's Theorem (qucft. 88). 
Wlien the points C, E, coincide, it is evident that the locus 
of the point C is the Rraight line DE; and when the angle BDE 
is a right angle, and BC — CE, the locus of C will be a 



XXI. QUESTION m, by Porus. 



Required to infcribe, geometrically, 
^ a given trapezium ? 



I for in this cafe DC 
I J inc. 
\ 
\ 



.■ill be . 



I to BC = CE = t. 



i givca 



. ellipfi;*] 



Solution, by Mr. Lowry, 

Let ABCDffig. 181, pi. g.) be the given trapezium, Otlsl 
ntie, and VOX a diameter of the required ellipfe, drawn from 
P, ihe point where the ellipfe touches the fide AB. Produce 
ihe oppofiie fides of the trapezium til! ihey meet in G and H, 
anil through I, the extremity of the diameter PI, draw the laif "» 
gent I-TL meeting BC in E, CD in E, and AH in L; then FLi^ 
will be parallel to AB. .' ^| 

r F 8 Ut. 



(' "■« )• 

Lei OK be the femi-conjugatelo PI, and draw VON pcr-1 
pendicular to AB ; then the rcflanglc ON x OK is equal to ' 
the reflangle o! the femi-axes, (Prop. xxi. book lii. Robertfon'f 
Conies.) and confequently, when the ellipfe is a maximum, 
the reflangle ON x OK will be a maximum ; or, fincc OI it 
equal to OP. ON will be equal to OV and VN to eON ; and. 
bccaufc the angle FBA is given, it is obvious that BFhasto VN 
(Fn) or 2ON a given ratio; therefore when ihc ellipfe is a 
maximum the reflangle BF x OK will be a maximum. 

Now the reaangles HP x FI. AP x IL, PG x IE 
equal, eacli being equal to the fquare of the femi- conjugal^ 
CK (Robertfon's Conies, p. ix. b. ii.) ; therefore 
PA : BP :: FI : IL, and by compofuion 
AB : BP :; FL : IL; but bv fimilar triangles 
BH : AB :: FH : FL ; therefore 
BH; BP :: FH : IL :: FH x AP : IL x AP- 
In a fimilar way it is (hewn that 
BP: BC ::IE X PG : CF x PG: 

but IL X AP = 1E X PG; therefore 
BH : BC :: FH x AP : CF x PG, or 
BH X AP: BC X AP :: FH x AP: CF x PG: 
butCFx PG::r CF X AP+CF x AG; 
therefore, bv permutation and converfion 
BHx AP:BF X AP :: BC x AP : BF X AP— CF X AG j | 

and again, by permutation and converfion 
BH : CH :: BF x AP : CF x AG. 

FindlhepoiniQ in AG produced fuch. that CH : BH :: 
AG : AQ, then AQ will be given in magnitude, and thereftan- * 
gle BF X AP will be erjual to the reftangle AQ X CF. 

Let each of ihefe rectangles be taken (romthe reftangle BF X 
AB ; then the reflangle BF x BP will be equal 10 the difTc 
rcnceof ihercflangles BFxAB, CF XAQ. that is equal to the 
difTercncc of the reaangles ABxBC. BQxCF, (bccaufe 
BC — BFiseqtiaitoCF). 

On BC lake RC fuch, that the reflangle RC X BQ may be 
equal to the rcftaiigic AB X BC ; then R wilt be a given point, 
and the difference of the rcOanglcs AB X BC, BQ X CF, 
will be equal to the reflangle RC X RF. 

Therefore, the reflanfflc EFxBPis equal to the reftangle 
RCxRF 

or, BP:RC :: RF : BF; 
but thercflangles BPxFI, APxlL, being equal, FI wiUfc 
toAPaslLioflP; 

And by compofiiion, and fimilar triangles, as in the firft part 
of the anatyfii, we have 



4 

part 

M 



FI : FH :: AP : BH. or 
n : FH :! AP x BF - AQ x CF : BH x BF; 

but it is fliewn above thai 

BP: RC:: RF:BF; 

tlierefore, by compounding thcfeiwo proportions, we have 

ri>cBP=(OK)' : FHxRC:: AQxCFxRF: BHx{BF)^- 

Now, llnce RC. AQ, and BH are givcEi magnlludcs, it it 
evident that the reaantilc OKx BF will be a maximum whca 
the folid KHxCFxRF is a maxitnum; or if FS be drawn per- 
pendicular to HF to meet a femicircle defcribed on HR in S. 
then FH x RF will be equal to {FS)% and the folid CFx(fS}» 
a maximum. 

Let SX be a tangent to the circle at S, and draw ST to the 
centre T* then when CF x (FSj' is a maximum, ihe fub- 
langeni XT is equai to aFC (fee Simpfon on the Ma'cima et 
Minima} : 

But 2FC=2FT— aCT; therefore XT = 3FT — aCT; and 
XTxTF= (^FT — 2CT)xFT = (STf, Euc. vi. 8 Cor. 

Therefore TF may be found [Enc. vi. 29], and then the po- 
fition of FL becomes known, and the ellipfe may be defcribed 
by prop, xxvii. hookiv. Robcrtfon's Conies. 

Or, fince BF and CF arc known, and the reftangle BF X AP 
equal to the rcO angle AQxCF; AP may be found and alfo BP, 
Fl, and IL; then the femi-conjugate diameters OI, OK, will 
be given in magnitude and politiun to defcribe the ellipfe, and 
the method of doing this is well known. 

When the trapezium becomes :i trapezoid the analyfis given 
above fails; and in this cafe if BFLA be tlie given trapezoid 
having the fides FL, AB, parallid; then BF being given the 
ellipfe will be a maximum when the femi-diameier OK is a 
maximum, or when the refianjilc APxIL ii a maximum, or 
(fincc BP lias to IL a given ratio] when the reflangie AP xBP 
is a maKimum, which U well known to be the cafe when A8 is 
bifeaed in P, and ilicn FL will be bifeBcd in I, and the diumeter 
PI will pafs through the point of imerfefliou L 

Wlicn BFLA is a parallelogram, it is evident that the ftde^^ 
will be bifc6led m the poinis oiconiaft. JJH 



XXII. QUESTION- ua, i> P-^RUS. 

If one end of a firing be fixed to the cxiremiiy of a body, 
placed on a perfeflly poli(hed plane, and the other to a point in 
the plane, and any force beimprelTed upon the body, it i.i re. 

qiiircd to determine its motion ? 



f !>30 



Solution, iy Mr. howKw 



Fig. i8a. pi. 9. Let y be the atiRle which the given plan* • 
makrs Willi ilie Imrixonial plane, C ihe point lo which ihe end'j 
of ilic llring is fjflciici), and P the place of the body wh 
at refl, or i^ at the loweft point of the plane to which the ' 
firing will fuffcr it to dcfcend. Then, whatever force is im- ' 
preflcd un the bodj', the curve (Jcfcribcd thereby mull neceffa- ' 
lily be n tiicle (orpartof acircle) whofe centre is C, anii ' 
rddiu'i Ci'ihe lenglli of the ftrini;; aridfinceihe body is aaetl 
upon by a conllanc accelerative force, viz. that ol gravity di- 
tniniflier! in the pro|iuriioii of radius to the fine of ^, ihc motion 
of the body in the circle on the inclined plane will beanalocouf 
10 that of a body moving in a circle placed on a vertical plane. 
This being premifed, let the force impreneil on the body at P 
be confidiTcd as afliog perpend iculdrly to CI*, liiice it may 
always be reduced to a force ailing in that direflion, and let 
V be the velocity comniunicaied 10 the body at P by the 
rmprcffed force. On the diameter P^ (produced if iieceflary) 
(ake DP equal to the dirtance which a body muil defcend on 
llie plane to acquire the velocity V at the point P; then, if 
D be within the circle, let the chord FDG be drawn perpen- 
dicular ro CP, and then F or G will be ihc point in the circle 
10 which the body will afcend befoie ils velocity is entirely 
deftroyed, and ilie body will comiaucto ofcillare in ibe arc 
FPG: but when D coincides with p, or the velotiiy acquired 
in dcfcending ihiough ihc diameter Dp is equal to V. the body 
will afcend to p, and will continue to afcend and defcend 
in ihcfimieirclcs PVp. VGp; and. laflly, when D is in the di- 
atnctcr produced, the body will corjtinue to revolve in the cir. 
cle, and have the fdme velocity at p a would be acquired in dc« 
fcendingihrougliD;;. 

To find the velocity (ij) of ihe body at any point H in the 
circle, and the iinie{0 ol dtfcnbing the arc FH. let HI be 
drawn perpendicular to CP, and put g ^ 32^ the force of gra- 
vity, r = CP the length of ilie ilring, a = DP, z = the arch 
FH and x ^ PI ; then, (incc the velociiv acquired in dcfcending 
through the arch FH is equal to that acquired in defcending thruugb 
DI, wc have V = /(b£. fin. y. DlJ = / S ig. Gn. y. (<» — *){ 
and therefore 



I 



l/Ja^.fin.y-ta-jr)! 



; or, fincc i z 
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I IS =r ■ ■ ■ — ; therefore, 

y/^ 2^. fin. q. (a^x) {zrx—x^) ^ 

^ ^ zr 

* ^ gAin.q J l^[aX'X^) 2r 2.4 4^* ^^ 

and the fluent from x ^ oio x :=: a gives 

2 '^ ^.lin.y ({ 2* 2r 2^.4* aV i .4*.6' 2^r' 

the time of a femi-ofcillation when D is witl^in the circle, /r 
being the length of a femi-circle whofe radius is 1. 
Alfo the fluent from jf - o to ^ z: 2r gives 

ft ' fl'j' fin. ^ I ft^ a' 2V4* 4 ^ 2*.4".6' a^ S 

the time of a femi-revolution when D is without the circle, 0I 
being equal to PD. 

And when a {a') iz 2r, we have 

the time of afcending through the femi-circie PF^. 

If the force be imprefled on the body at any given point H 
in the circle inftead of at P, it is evident thai a given velocity 
will be communicated to the body at H, and it will move either 
in the circle towards F, or in the direflion HA of the imprefled 
force till it comes to the circle at A, when the velocity will be 
the fame as at H. In either cafe the points F,y, to which the 
body will afcend may be esdily determined, and the circum- 
(lancesof the motion will then be precifely the fame ^s before. 



XXIII. QUESTION 113, byScoTiQVS. 

Let EF, a ftraight line given in magnitude, be interpofed be- 
tween AC, BC, two ftraight lines given in pofition ; let G be 
a given point in that line, then it is known that the locus of G 
is a given ellipfe. Draw ED, FD, perpendicular to the lines 
given by pofition jneeting in D, and join DG, then DG ftiall 
be perpendicular to a tangent to the ellipfe at G. Required tlie 
demonftration ? "* 



First Solution, Ij Mr. Lowrt. 



1 fhall firft confider ihc cafe in wliich the firaight li 



sAC. 



each other, as this will affift u 

hen the lines arc placed in anjF I 



CB, arc at right angli 
demon ftrai in g the propofi 
ciher pofition. 

Let the ellipfe which is the locus of the point G (lig. 183 and 
184. pi. 10.) meet AC in A and CB in B ; then AC will bt 
equal lo FG, and CB to EG, that is equal to the tranfverfe 
and conjugate axes. Let GD meet CA in H, and CB in I, 
and draw GP perpendicular lo AC. Then by (imilar trianglct 
AC (FG) : CB (EG) :: GD : GH, and 
AC (FG) : CB (EG) :: GI : GD ; therefore 
AC»: CB' :: GI : GH :; CP: HP; andit follovvs from cor. 1. 
prop. xi. Emerfon's Conies, that HG^is perpendicular to thO' 
Ungent at G. 

Now let the lines be placed In any other pofuion (5g. 
pi. 10.}, and through the points F, C, E defcribe a circle, and 
let the diameter OT be drawn through the point G ; and draw 
CO, CT, to meet the ellipfe in I and K ; then it is evident, from 
the latier part of my folution to the 88th quellion, that CI 
(=TG)and CK { = CG) will be the remi-tranKerfe and fcmi- 
conjugaic axes of the curve. Join CD, DO, DF; then be, 
caulc the angles CFD, CED, arc right angles, CD is a di- 
amelcr of the circle, and confequcntly DO is perpendicular 
to CD, and DT pripcndicular to CT. Therefore between the 
ftraighl lines CO, CT, which are at right angles lo each other. 
TO is intcrpofed To that TO, GO, arc refpctlively equal to the 
fcmi-axcB CL CK : and OD, TD, are drawn perpendicular to 
the lines CO, CT; confequently DO is perpendicular to the 
tangent at G by the firft part of tiie demoiiUiation above. 

When the angle FCE is aright angle, and EF isbifefted in 
G, the ellipfe becomes a circle whofe radius is GC = FG = GE; 
and in this cafe the truth of the propolition is evident from the 
nature of the circle. 

The properties of the ellipfe which have been demonllratcd la 
this and the 88ih quellion may be elegantly applied to the folu- 
tion of fome ultful liatical problems. We feled the following 
one as an example. 

To pi^cc a given beam or rod loaded with a weight, fo as to 
reft ill equilibno when fuilained by two inclined planes given 
by politi 

Let AC, CB, (fig. ]86, pl.io.) bcihe two inclined planes*. 

nukli 



I 
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making given angles wiih the horizontal plane XCY, EF tha 
beam or rod rciiing in equilibrio, and G ihe centre of gravity, or 
the place in which ihe weight is fuppofed to be concentrated. 
Then EG, FG, will be given in magnirude, and by tbe 88th 
tjucflion the lucus of the centre of gravity G, will be an ellipfe 
Vhofe centre is C. Let this ellipfe be defcrifaed ; then (by 
a very obvious principle of fiaticsj the bean] or rod can only 
reft in equilibrio when Ihe centre of gravity is eilber at the high, 
eft or lowed point lo which it can poflibly j;et ; and it is evident 
In the prefeiit cafe thai the centre of gravity muft be at the 
higheft point when an equilibrium takes place, for otherwife 
the beam or rod would nut be at reft, but its centre of gravity 
would coniiniie to defcend till it came to one of the inclined 
planes; and then ihe beam would lie whollyon that plane. 

The point G. muft therefore be that point in the ellipfe which 
i» at the greatt-ft diftance from cb« horizontal line XCY, or the 
point where a iarii;ent parallel to that line touches the curve. 

Draw ED, FD, perpendicular to the inclined planes AC, 
CB, and let DG be produced to meet XY in P. Then, by the 
propoliiion which has been dcmonftrated, DG will be perpen- 
dicular to the tani^ent at G, or DGP will be perpendicular to the 
horizontal line XCY to which the tangent ispaiallel; it is there- 
fore manifcft that if ED, FD, be drawn perpendicular to the 
inclined planes at the exiremitiei of the beam or rod, and a line 
DP be drawn from the point of intdrfeflion, perpendicular to 
the horizontal plane, it Will pafs through the centre of gravity of 
the beam orrod when ft refts in equilibrio. 

This conclufion agrees with prop. ,53, of Emerfon's Mecha- 
nics, and may fcrve as a confirmation of the iruth of that pro - 
pofition deduced from the moft unexceptionable principles. 

Let KDL be drawn parallel to YX meeting the planes in K 
and L; then becaufe DG is perpendicular to KL and YX, the 
angle FDG is the complement of the angle FDK, or equal to 
the angle FKD, that is equal 10 the given angle FCY; and in 
the fame manner it appeals that the angle EDG is equal to the 
given angle ECX ; therefore in the triangle FDE, the parts FG, 
EG, and the angles at the vertex made by DG are given. From 
whence the other parts of the triangle arC teadily found, and the 
poljtion of the beam ealily determined. 

Mr. Samuel Clark has confidered this problem at page 37 of 
his Introdutlion to the Theory and Praftice of Mechanics, where 
he aiferis that Mr. Emerfon's propofition cannot polTlbly be 
true, unlefs in fome very particular cafes there fpccified. 

Mr, Clark has, however, been too haily in cenfuring Emerfon, 
and it may not be improper to (hew, that the refult in t!ie two fo- 
lutions is precifely the fame, when Clark's inveftigation ot 
the problem is completed. 

Vol.1. Part I, OG ^* 
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Let J = ilic fine of ilie angle FCY, 
a =: the fine of the angle ECX, 

m^ ihc fine 5 , , , „„„ 

^ J-ofihc angle ECF, 
n = the cofine \ ° 

p = FG. andy=:EG. 
Tlicn in the cafe of an equilibrium, Clark dctluces i 
analogy. 
FC : EC ■.: ys + fna : pam* ■+■ nqs -\-pn*a ; hence 

EC Hn. CFE panC^nqi + pn^a nqr + pa 

FC fui. CEF qj-^-pna — 

Therefore, by qucdion 74 of the Rfpofitorj-, a 
cof. CFE _ fin- DF E _ DE _ gs — gsn' 
cof. CEF — fin. DEF — DF — ap^pan' 

„ DE r.n. FDG x q 
But - = ^_^_. 1 

therefore i— ^ 
pa 



qs^pna 

1(1 reduaion. 



in. LDG 
fin. FDG 



^?. 



Iin. EDG X f' 
FDG 



, EDG' 

Now the fjm of the angle* FDG, EDG is equal to the fum 
oi the angles wliofe fines are s and a, and, confequently, the angle 
FDG is equal to the angle whofe fine is s, or equal 10 the angle 
FC Y ; and the angle EDG is equal to the angle whofe fine is a, 
or eqvial to ihe angle ECX ; or if KDL be drawn parallel to YX, 
then ihe anfile FDG is equal 10 the angle FKD, and the fum of 
the angles FDK, FKD is a right angU- ; ihcrelore the fum of 
the anglt^s FDK, FDG, or the angle CDK is a right angle, and 
confequently DG is perpendicular to YCX. 

The diameter G^ being drawn, the point ^ will be the toweft 
point in the ellipfe; and would be the place of the cenire of gra. 
vity of ihe beam or rod when it was in equilibrio if its ends were 
conllrained to move in the lines ci, ck \ and the method of calcu- 
lation in this cafe would be exaftly the fame as the precedbg one. 



Second SoLOTiOM,^^ ^r.-CuMLiFFE, R. M.CoUige. 



Fig. 187. pi. 10. Join CD, and draw CQ perpendicular to 

DG, and upon CQ lake Cm = DG. Tlie angle* CQD, 

CED. and CFD being all right angles, a circle whofe diameter 

M CD wiJI pufi ihrough the point* C, Q., E, D, F: moreover 
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I the diameter CD Is given, becaufe F£ and the angle FCE are 
both given. 

Bifcrt CD in O, and join OF, OG, anJ OE, ihen the ifof- 
celes triangl'- FOE is entirely given, as a!fo the line OG. 

Bv Prop a8, Book ad, Emerfon's Geometry, 

■ (CG)«-h (DGj' = (CG'j' +(CM)"— s;OC,* + a(OG)* 
^ a given magnitude, becanfe CO, and OG are bmh given. 
Again, finceilie pttints Q, E, D, F, C ar; in the circumfe- 
rence of t'le fame circle. 

DG X GO - Cm X GQ = FG X GE = a given magnitude, 
becanfe FG and G£ are both given. 

Now we have found 
(CG;* + (C'«i' =agiven magnitude, and 

Cm X GQ = a given magnitude, 
which are known properties of an ellipfe, whofe centre is C, and 
one pair of conjugate Jemi-diamctcrs CG and Cm ; fee Props. 34 
and ;^7, Bonk i ft. of Emerfon's Conies. 

Hence, Cm, being the femi-diameier conjugate to CG, is pa- 
^^ nlicl [Q a tangent at G.asis very well known ; confequcnilv DG 
^^L ii perpendicular to a tangent to the ellipfe at G. Q. E- D. 

^H T:ie lengths of the principal femi-axen are CO -\- OG, and 
^^^ CO—OG ; this is evident enough from what has been deduced, 
and the general ion of the curve. 

It i* furthermore preny obvious, that the fnm of the two prin- 
cipal axes of any ellipfe i> lefs than the fura of any other pair of 
» conjugate diameters. 
For CD is ihe fum of the principal femi-axci which is lefs than 
CG + DG. the fum of another pair of conjugate femi-diamcicrs, 
becaule any fide of a plane triangle is lefs than the fum of the 
other two. 

The length and inclination of that pair of conjugate dijmeteni 
whofe fum is a maximum, may be readily determined. In that 
cafe OG will be perpendicular lu CD, and confequently CGand _| 
pG equal lo each other. ^^ 

The angle ot inclination of any two conjugate diameteri, ft^H 
the complement of QGC, which in the cafe lait-mentioned be-^H 

§ fumes known. ^H 

XXIV. QUESTION 114, *yAfr. Ivory, H. M.ColUge. ™ 
Lei AB, CD, be two firaight lines, cutting one another in G, 
and terminating in an ellipfe, of which F it one focus, and 
drawAF, FB, FC, FD; then will 

AFxBG + BFx AG:DG x FC 4 FD x GC::AB:CD. 
Required the demon Illation? 

G G a ^'avvi'vvQ-*, 



Solution, by Mr. Lowry. 

This properly is genera! for all [he conic feflions, and may be I 
demonltrared as [ollows. . 

Fig. ig8.pl. io. LeiAI, BN. CM, DL and GK, be drawn 
perpend Scalar lo the dire^rix of the fcflion, and draw NG Ht I 
meet lA produced if necetfary in V. Then, by the general pro-t.f 
pcrty ol ihe leflions, 

AF : BF :: AI : BN, and by fi mi I ar triangles 
GB : AG;: BN: AV, (•) ; therefore 
AF X GB : BF X AG :; AI : AV ; and by compofition 
AF.GB + BF.AG : BF.AG:: IV : AV :: IV.GB : AV.GB. 

But by fimilartridngles, 
IV : GK :: VN : ON ■.: AB : GB, or 
IV.GB=KG.AB, andAV.GB = BN.AG(«J; 
therefore, ihe proporiion above becomes, 
AF.GU + BF.AG ; KG.AB ;: BF.AG : BN.AG v. BE : BN. 
And. in the fame manner, it is Ihewn that, 

FC.DG + DF.CG : KG.CD :: aF : AI, or BF : BN, (wbiclj 1 
isthefdme.) Tiicrtfore [ 

AF.GB + BF.AG : FC.DG + DF.CG :: KG.AB : KG.CDii 
AB:CD. I 

Mr. Bazley a!fo anjwtred this Quejiion, 



XXV. QUESTION 115, i;. Mr. Wallace, R. M.CotUse. 



Required the locus of the angles of a parallelogram, formed by I 
drawingtangenisalthe vertices of any two conjugate diametersof ] 
a givqn cUipfe ? 



FiBST Solution, by Hypatia. 

As an ellipfe may be conceived to be the orthographic projcflion 
of a circle, a paraUelogram foimed by langcnis at (he vertices of 
pny two coijiigaic diameters of 1 he ellipfe will he the orthographic 
prtijcfiion ol a fijuare dtlcribtd about ilic circle, and a flraigh^t 
line drawn ft< ;i ilie centre of t) t cllipfc to any angle of the pa- 
jallclogram will be the orthographical projefiion of a (Iraighl line 
^wa from the centre of the circle to the currefponding angle 



I 
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of the Tquare, and the former of ihcfe lines will have to the fcg- 
mcni of 11 inttrceptcil beiween the cenire and ihe ellipfe the same 
raiio that the latrer has to the rdJiiis of the circle, which ratio 
being given, naraeiy that of ^/^ 10 1, the locii* of the angle of 
the parallelogra-n circiimfcribing the ellipfe will evidently be a 
fimilar concentric ellipfp, having its axes to ihofe of the other 
ellipfe in the ratio of /2 to i . 



Second Solution, iy Mr.LowKY. 

Let ABCD {fig. 189. pi. 10,} be a parallelogram formed by 
tangents, dr<iwn at the extremities of any two conjugate diame- 
letfEG. FH, and draw the diagonals AC, DB, which bi fed 
each other in Othe centre of the ellipfe, as is too evident to need 
any deinon{lra;ion is this place. Let AC meet the ellipfe in a 
andc, and let BD meet the ellipfe in b and d, and draw FG 
mectins OB in V; then becaufe AF := FB and CG =: BG. 
FG will be parallel 10 AC. and OV — VB=:iOB; alh FG 
is ordinaiely applied 10 the diameier Ob. And, by Prop, vu. 
Booked. Kobeiifon's Conies 
OV (lOB) ; OB :: Oi ; OB; therefore 
Oi*^JOB% orfiOi'= OB': wherefore 
OB : OA (;; On : 0<^) 1: ^a : i. 

In the very fume way ii is Ihewn. that 
AO:0,i(:; OC : Oel :: /-T : i. 

Therefore every femi-diameter in the required curve, has a 
conftatit raiiii lo the ciirref ponding rcmi-diamctcr in tlie ellipfe; 
and confeqnenily the Ijiui required is mi ellipfe flmilar and con. 
'fcntric to the given one. 

Mr. Bazley Itkewi/e anfwered this Qutjlion 



XXVr. QUESTION 116, hj Marloviensis. 



\ 

. a 



Suppnfe the river Thames, oppofite Convey IDand, fimated 
dueeaftdiid well, 10 be two miles btoadat high- water, and one at 
low, and ili-il liie tide eblis, ai certain times, lix huurs, the 
breadth decrtafing from each fide equal [pjccsin eiiual times. Sup- 
pofeallij the v-i^icjiy of the water in the middle I the llrcjni \a 
Increafe as the tini-.' fur the fiift three bouts, when it ilicn move* 
px knots per hour j and that the velocity in the middle is to that 
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in any other part, as the femi-breadth of the water, to the near. 
eft diftance of that pait to ihe adjaccm fides. Thefe i^rantcd, 
whar coiirre, and how many knois per hour, muft a boai fail from 
the Kentifh (hore direBiy oppolite BowUy. on the Elfex fide, 
high waier, to make Scar Houfi, on Canvey Ifland. after a ili 
hours trip, which is exa£i!y three miles to the eafiward ol the 
place failed from P 



First Solution, hy J. R. of Manchefler. 



By two approximating procelTes, which immediately arife 
from ihenatureof the quedioo. it may be foiiTid, ift, ihacwhen-' 
thcvclTcl arrives in the middle ot the flrcam, which is in i hour 
,5-7ths, the tide will ihen have fel her 1-8^*246 miles down the 
ilieam, which is due east: and, sdly, from tliat time till Ihe 
comes to ground on (he oppofite (hore, which is in 1 hour 
tt-yths. it will have fct her 2*89039 miles more to the eaft. 
The fum of ihefc 15477285, the whole diftance the tide hu 
fct hfr eaft. If from this he taken 3 miles, the remainHer it 
I77fi85, ihe wefting (he muft make to gain ihe propofed place. 
There are therefore given this, her wefting, and aKo her north- 
ing, i"75 milci (the breadih from liijih water to half tbb) to 
find her courfe and diftance. The fitJl is north 45 deg. as 
min. weflerly, and the other 2*48998, whi.h divided by 3, 
her time of failing, quotes '82999 rnilcs ptT hour, her rate of 
failing. 



I 



Second Solution, hy the Propofer Marloviznsis. 

Let AB ffig. ipo. pi. 10,) reprefent the breadth of the river, 
at high water, B, Bowlcy, S, Sear Houfc, P, the middle of the 
flrcam, C the place of the velfel at the end of any given time ( 
from the commencement of her motion at A [which is at prefent 
fuppofed to be in the light line AB directly aciofs the nver), 
and DA thedecreafe of t'A at the fjmc lime. 

From the conditions of the queftiun we have ihefe analogies— 

as6ho. : j mile (decrcafc of PA) :: i ho. : — - DA 

ho. : 6kno'.s, or miles :: ( lio. ; zt, the velocity of the wata.1 

M P. 1 

Put FCfi'e diRance of ihe boav hom Ae middle of the ftreaiaJ 



I 




« llie lime /) = x, then wJil CD, in dillance from the aJja. 
Cde, be exprelTed by i x, bccaufe PD — i , 

CD = PD- PC;aDd,*erqueft. i— i : [_ i _jt:: 
^ ^ J2 ill 
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1 general expretTion lor the velocity of ihc cuj rent in milci per 
hour, at any given linu' I. 

Again, (ince ihe vcITl-I i^ lo fail at an uniform rate, and to 
make ground on the oppufite lliore at the time of half ebb, 
we have 

AO (li miles) : 3 bo. :: AP (i m.J : - ho. fwhich call a), the 

I time (he comes to the middle of the flream, tlierefore, finee 

«: AP(i) ::(: - = AC, and PA — AC rr PO. * will be 

i truly cxpreffed by 1 = ^ — , lill Ihe arrives at P. And 



in like manner it appears that x will 

fails from P to the oppofite (hore J 
(Htuting thcfc values of x in the abo' 
we have 



lill flie arrives at P. And 

r - ~ ■, while the ,veirel ^ 

at O. Hence, by fiibn ^M 
: general cxprenion for o, -^^ 

•m 

^P becomes o; and , ^H 

1 



die velocity of the currctit till x from AP becomes o ; and 

i ,6.-^ 

— / ti—t 

'iGl] X from o becomes PO, or 75. 

Let now^j" denote the drift, or diftance the vefTel would be 

Carried by the current from her fuppofed diretl place at ibe end 

of the time t, and in the general fluxionary equation y =. tit 

(from principles well known) let the two latter values of v be 

i%rilten, and there will refult from the former 



^^^%rilten, 

L 



; the fluent of which is, 



IS .{144 hyp. 1. --— — \l* — 130 = 

in its uliimate viiluc. 1-8826 =>(= PF). thp.liftance the (id^ ' 
lias fei [hevcirul down the dream, or fo much dun eaft, whcrt 
(h« arrives at ihe middle of the water. And trom the latter 
value o[ V, arifcs 



, the fluent of which is (whilrf 



( from I- {a] h 



s 3) when correfled by conflderingwlieiri 



y = 


; 0, Ml 


= a. 
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I •= (in iis final valuel a-SSg = y (= NK), tlic djltancc the tida 
has fet tht vetTtl farther ea(t when (he makes the oppofne fide ot 
the river. The fum of ihefe is 477 16 - OK, the whole drift- 
eaflcrly. But, by the quell, tlie vvlTfl is to arrive at I (S), 
which is only three miles to the eaft of O (B); therefore, take 
OH = (OK — Ol) IK = 47716 — 3 = 17716. and it tf< 
evidently ihc welling Ihe mult make 10 countcrafl ihe tide^l 
and be ihree miles lo the eaft of the place 11,0 failed from. " 

Hence, /(AC + OH') = AH =r /(i 75" + 17716*)=^ 
S'4goi is the whole dilhuicc, which divided by 3, tlic time of 
failing, ^ives -83 111. the tinif'irm rate per hom ; and her courfe 
(iBAH)nonh45''2rwefteriy. And had the boat's deftinaiion 
been the fame dilldtice to the u'efi inlleBd of the eajl ofthe place 
failed Irtim, her ^veiling wi>ul<i cvideniiy have been 77716; 
and thence her dillancc 7'966, raic of failing 2-6^5 miles per 
hour, and roiirfc noith 77" 19' weileriy. 
Rein. I. This folution is manifeftly founded on this eflablilhed 

Jrinciple — "abodyafled uponbytwo forces at the fame time in 
iffcrent direflions, eithfr equably or uniformly aceeleratcd or 
retarded, wilt pafs ihrougli the fame point at the end of any given 
lime, as it would do it the two fnrces were each to att Icpa- 
rately and fiiccellively lor the faid time" — which affords a m^re 
direct proCefs in this cafe, thaji by invelligaiing the nature of 
ihe curve, or vcliel's real track AHI (ER being obvioully=PF) 
by mc-ins of an equation. 
'g. The corietJiuTi of the fluent for finding the drift from the 
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« 

!htdd!e of the river to the oppofite fide, i^ould have b^n unne- 
ceffary, had y and / been fuppofed to coiiiinence from oat F, and 

therefore * zz — , and the final value of t been taken = " n i 

i& 7- 

ho. ' , the time of faih'ng from Ihence to K. 
7 

3. An approximate folution, independant of any fluxionary 
confidcration, may b<^ obtained from the above firft general 
cxpreflion for z/, by dividing the given interval (3 hours) into any 
number of parts, and finding the cotemporary values of / and x\ 
the fum of the refultirtg Values of v will exhibit the veflel's drift 
from her direB place at theehd of any aflignedtime /; in which, 
it is evident, the greater nuinber xA divifions, or the fmaller the 
intervals of time are» the nearer will the refult approach to the 
truth. 



XXVlt. QUESTION 117, ij' Hyp ATI A. 

Three circles being given by pofition, it is required to draw 
a tangent to each of them, fo as to interfeft in the fame pointy 
and have the fegments between that point and the points of con- 
tad in a given ratio to each other? 



Solution^ hy Mr. Lowry. 

In order to fimplify the folution of this problem as much as- 
poffible, we Oiall firft find the locus of the point of interfc£lion 
of tangents drawn to two circles given in magnitude and pofition* 
when thefe tangents have a given ratio. 

Fig. iyi,pl. 10. Let ID, HD, be two tangents interfeSing 
in D; A and B the centres, and AI, BH» radii of the given 
circles drawn to the points of conta£l. Join A, D ; B, D, and 
draw DV to make the angle VDI equal to the angle BDH ; then 
the right-angled triangles IVD, HBD, will be fimilar, and IV 
will be to BH, and VD toBD in the given ratio of ID to HD; 
therefore the fquare of VD will have to the fquare of BD a given 
ratio : let AC be taken to BC in this ratio, and join DC ; through 
the point B let a circle be defcribed to touch CD at D and meet 
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AD in E. and AB in F; join BE, and draw AL parallel to DC* 
meeting DB produced in L. Then becaufe CD is a tangent at 
D, the angle BFD is equal to the angle BDC (Euc. 32. iii.) ; 
that is, to the angle ALB ^Euc. 29. i.); therefore the points E, 
B, L, A, are in the circumference of a circle: therefore 
ED .DA = BD . DL; but by fimilar triangles 
BC : BD :: AB : BL, and by permutation and compofition, 
BC : AC :: BD : DL :: (BD}* : DL-BD; and, by hypothefis, 
, BC : AC :: (BD)» : (VD)^ ihcrefore 
DL- DB ( - ED DA) = (VD)». 

Now, (Euc. 47. i.) (VD)*— (IV/^ (ID/= (AD)*— (lA)*; 
therefore 

(VD)' = (AD)« — J (IA)» — (IV;' 5, and confequcntly 

ED-DA = (AD)'— J(IA)«— (IV)'J: 

let cich of thcfe be taken from (AD)', and we have 

AE-AD zr (L\)V— (IV;%or AF-AB r: (IA)» — (IV)» : 

but lAand'IV are given in magnitude, therefore the refbingle 
AF • AB is given, and confequentiy the point F is given. Now 
the points F, B, C, being given, the reftangle BC*CF, or its 
equal the fquare of DC (Euc. 36. iii.) will be given; therefore 
DC will he given, and the locus of the point D is a circle whofc 
centre is C and radius CD. 

The conjlruilion as well as the compflfition is obvious from 
t]jc analyfis given above ; but it is neceflary to remark that when 
ID is lefs than DH, the point C muft be taken on AB produced 
beyond A; and when ID rs greater than DH, the point C muft 
he ia';en on AB produced beyond B: alfo when ID is equal to 
DH, the locus is a ftraight Hue; for then DV is equal to DB, 

or {DV;= zz (DB)», that is. (AD)« — {(IA)» —XIV)* j = 

(DB)' ; .therefore (AD)' — rDB)» =: (lA)* — (IV)'. a given 
magnitude, and the locus of D is a Ilraight line perpendicular to 
AB, as is well known. 

If the circle which is the locus of the point D, meets AB in D. 
and two points P and R be taken in AC fuch, that the rcflanglc 
KC'CP may be equal to the fquare of the radius C^/. and ?</ to 
Ri in the given ratio of ID to HD ; then if PD, RD, be drawn 
they will have the fame ratio as the tangeilts ID, HD. (Playfair's 
Euc. prop. F. B. vi.J and P and R will be given points. 

F<nr 
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For by hypothefis CP : C^ ;: C^ : RC. 

and by divifion ?d : CJ :: RJ : RC, 

' and by permutation Prf : Rd :: Cd : RC : 

but the ratio of Pd to Rd is j?iven, and Cdis given, therefore RC 
is given, and confequeutly GPis giveir; and therefore the paints 
P and R aie given. From hence we derive the following 



PORISM. 

If two circles h^ given in ma<Tpitude and pofition, and tan- 
gents Dl, DH, be drawn from any point to the circles fo as to 
have a given ratio; two points P and R may be found fuch, that 
the ilraight lines PD, RD, being drawn from thefe points to the 
interfe6lion of the tangents (hall always have the fame ratio as the 
tangents D I, DH. 

A folution to the problem propofed is immediately deducible 
from wliat has been done above. For lei A, B, O, be the cen- 
tres of the given circles, and ID, HD, KD, the tangents drawn 
as required ; then, becaufe ID lias to HD a given ratio, the locus 
of the point of inierfeftion of thefe tangents lyill be a circle given 
in magnitude and pofition : alfo, becaufe DH has to DK a given 
ratio, the locus of the point pfintcrfeftion of thefe tangents will 
likewife be a circle given in mai^nitude and pofition. Con- 
fequently if thefe loci be defcribed, as (hewn in the analyfis, 
their interfeftion will giye the point required. 



XXVIII. QUESTION 118, iy A. B. 

Let C be a body of a given weight, (f.ippofe 875 grains), 
placed on a fmooth and poli(hed horizontal plane j- let a thread or 
llring perfeSly unelafhc and inexlenfiblc be attached to the body 
C, and after paffing through two fm^H rings, A and B, 'fo as 
to aft on the body in adirefc>ion parallel 10 the horizontal plane), 
fall down in a vertical direftion : to the extremities of the thread, 
let two equal weights, P and Q (fuppofe each = 3500 grains), 
be faflened ; then, it is requited to define the motion of tiie body 
C, and to afcertain its place at the end of any given time, 
fuppo(ing it to begin to move from a given place, equally dillanl 
from the two rings, abftrafting from the weight of the firing, 
friftion, and the refifianceof the air ? 



H H a ^^ v^i'w^^ X 
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Solution, ^j'Jlfr. Cunliffe, R.M. College 



Fig. igs, pi. lo. Join AB and draw CB peqpendicular ta 
it. Then the body C, being urged by two equal forces in the 
direftions CB, CA, by the compofition of forces, will move 
along the diagonal of the rhombus formed by the lines CB, CA ; 
that is, the body C will mov£ along the perpendicular CD, 
and the circumftances of the motion will be precifely the fame 
as if only half the weight C was to be drawi^ along the fmooth 
inflexible rod or line CD by the defcent of the weight Q. 

Put DB - a, TiC zi X, g zz 16^ feet, the velocity with 
\vhich Q defcends :r t/, and the contemporaneous velocity ot 
C z= tt. Then from what is deduced in the folution to the 

prize queflion in the Gentleman's Diary for 1788, ;— wiU 

vxx 

exprefs the inertia of |C in the direftipn CB or BQ, and thcrc^i 

fore Q + ^ — ;- is the whole inertia in that direSion. 

vv 

Again 2^Q is the motive forcebywhich thefyflemisurgedinthe 

direaion CB, therefore 2^Q -r-(Q + i^) = ^^.^'^'^ , 

vv ' ^Qvv -^ Cm 

exprefTcs the accelerative force of the fyftera in the di« 
rcftion CB. 

Then by a known theorem . ■ ^ ■ ? = i;tr, whence — ! 

2Qv»+ Cuu 
. 
4^Qx sr fiQi/i; -4- Cuu, and taking the fluents 8^Q [b — x) = 

fiQi;« -i- Ctt*, wiiere b denotes the value of BC at the com, 

mencemcnt of the motion. 

Again we (hall o1>viously have i/* : «• :: CD* : CB*. ^henc^ 

CB* vV 

«^ = «'' >C fj^» = ^i_^ «> and therefore 8^Q x [k — x] 

Cv*x^ 

== «Q^' + Ctt' = 2Qi;* + -3 1 which gives v' = 

8#Q 
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Moreover we {hall have 



JC* 



-^ = — X V ^ -r- a /^ /(* — *) for the flun. 

ion of the time, the fluent oi which is pretty obviously ex* 
preflible by the time of a heavy body's defcending freely, by 
^he force of gravity, along the arch of a given hyperbola whofe 
axis is perpendicular to the horizon. 

But for the bufinefs of calculation it will be heft to obtain 
an expreffion for thetime by means oF an infinite feries. 

For this purpofe put y zz I — x, or x = b — y, then 

/ (y—hY—rna\ 
whence t = — zr - = / ^-^ ^i"" » ^'^^ fluent of 

which may be readily found in an infinite feries, and by re- 
verting this feries we may obtain the value of ^ in terms of t and 
given quantities. 



XXIX. QUESTION 119, iyPHILOMATHESOxONIENSIS. 

It is required to find the fluent of x y^(l H — 5), generated, 

while xincreafes from to 10, and to give the work at large, 
bringing out the rcfult true to four places of decimals, at lead ? 



Solution, 
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Solution, ^^ Philomathes Oxonicnsis, thePropofrr. 
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1. The given cxpreflion is evidently = iy^l 5 — | -.«jr 

y^(i-f-Ar'), the fluent of which may be aflutned =: \/(i+ Jf') 

X( — 2Jr '+ «* — ffjc •+- 7^ — ^* »&c.); the fluxion of 

which expreffion being taken, ^nd put z=: the given fluxion, 
we fliall have 

1/(1 + ;c') 
which equation being multiplied by — — ~- , jmd the like 

powers of x ranged one under the other, gives 

And this equation, when multiplication has been actually per- 
formed in the firft line of it, will become 



r -I 



.-f 



+.-=^ 



2 



2 2 



2 



— 3;c*+2a;r*- 3Cx'^ +^ y/^\ &c. 



from which we have 
anda=:-» b= — , 7 



207, &c. 



&c. 



= 14?, 235 = 
6 Cz:^— M^ ^ ?^ 

fo that the variable part of the fluent fought is 
/, .^N / — i.^ i ^-8 V, 6 8.14 '' 6.8.14.20 Vo ^ 

Now, although this ferics wants a correflion, and will not con- 

verge 



( *47 ) 

verge when x becomes greater than i , ftill it is vtry ufcfuL For, 
when X — j'^, this expreifion becomes 

i/riooOxf — "i 7— ,&c.); 

^ V 1 5.100/10 ^.ii.iooooov 10 ', 

when X =. ly this expreffion becomes 

/ / 6 6.8 6.8.14 o \ 
y2x[ — 2 -h + --^, &c. 1 ; 

^ o 5- ** 5. 11 . 17 / 

and the difference of thefe two quantities, viz. 

w xv /J^v^io 6 , 6.8 f, V 

i/(i-ooi)X(-^^ 7 7-. &c.); 

\ 1 ^.loov/io * ^.ii.iocooov^io / 

// 6 6.8 6.8.i4o\ 
2X(2 h — i &C.)f 

V 5 5'.i* 5.11.17 / 

is the quantity generated while x increafes from yV ^^ ^- The 
former of thefe feries converges very fwiftly, and the latter may 
eafily be computed. 

2. We now want a convenient expreifion of the part of the 
fluent generated while x increafes from 1 to 10; which is eably 
attainable as follows : 

-3 -3-2 

Affume the fluent of k v/(i -f-x ) =z ^(1 + x )X (x-ax 

—5 —8 —11 

-^ ix — ex +dx , &c.)» and put the fluxion of this cx- 



preflion = the given fluxion, and there will be 

•^. , -3,-6^-9 . -12, 



-3 



xv^Ci+x )/(n-M« — 5^« +80P — iidiT ,&c) 



xv/(i+jf )-J _ oi -2 , .-5 ^ -n 



- 3* 



^x(;i:-a* +£jif ^cx '¥dx ^&c) 

2x*/u+-*^) 

/r -4- "^) 
and this equation multiplied by — — ; » and properly 

arranged, becomes 

^'s )(i+a: ) x(i+2^ix — ^5^» +8fx - ii^;if , &c. 
/ —^x J^iax -^bx +^cr &c.; 

' ^ 8 2 2 2 ' 

that 



( M8 ) 
tiiat ii, by a£luaT multiplication, 

i-4-£ax — 5^j: +Scx — liax , &c. 
l+x = ^ + +2tfjc — 5*r -f-Sca: , &c. 

I —Jx -^Q-ax ^'ibx +*^cx , &c. 

^_ 2 2 2 2 

and hence we have 
and A = 2, b=i ^ a,c^-^b, rf = ^ c , &c. 

4 lO O 22 

We therefore now have another exprcffion of the variable partf 
of the fluent fought, viz : • 

V v*^ 4 4*io 4,10.16 ' 4.10.16.2ft 

which fcries will converge while x increafes from 1 to 10, anct 
will ferve our purpofe. For, 

when X = I , this exprcffion becomes 

y ^ 4 4.10 4.10.16 4.10.16.22 ' 

when ;rr= 10, this exprcffion becomes 

4/(1-001) X (10 ^ \ ^ , &c.); 

■^ ^ 4.100 4.10.100000 ' 

and the difference of thefe two quantities, viz, 

v/(i'ooi) X(io 2 j 27 ^^ 

^^ 4.100 ' 4.10.100000 

-/, X (i^3+J:Z. _ 5:Zii2. + 3-7:l|:L9 . &c.) 

^ 4 4.10. 4.10.10 4.10.i6.22 ^ 

is the quantity generated while x increafes from i to 10. 

3. All that is now wanting to a full anfwer to this qucftion ii 
the decimal value of the numerical fcries obtained in the two- 
preceding articles ; and thefe may be computed as follows : 

Computation 



I 

I 



Computation of the values of the two fwfily converging fries • 



' •*■ 6 394SjKj 4io'iooooo +J0000005, 

170005. _ 3 _ — o'o075O'> 



S-loov'lo 6-3^0763. . 

Sum i6-8i3s68 X l/(i*ooi)= 18-331415, ihc vain* 
of the two fwifily converging fcrio when multiplied by their 
common fa£lor. 



Cempulalion of the values of the two fondly converging feries. 

The firft thirteen terms of the ferics « -f. -^— , &c, 

5 5-'> 

exprefled in decimals continued 10 fix places of figures, will 
be 2-000000 — I-2OOO0O+ 0-872727 — 0*718717 +o'6a497i 
— o-56o3i9+o'5i22g2 —0-474807 +0-444^00 — 0-419340 
4- o'398oi7 — 0-379647 + 0-363606. The fum of the firft 
fix terms is i-oili66a, and if the remaining terms betransformed 
into a more fwiftiy converging feries, bv the method defcribed 
in Simpfn's Dijferlations, p. 62, we fhall have D'=z: 0-037485, 
D"^o-oo7i78, D™ ^ o'oo203i, D"' = o-ooo72i, D'' ;^ 
o'ooosgj, and D,, ^ o-oooiag; and (he terms of the more 
fwihly converging feries will be 

, \ X 0-512293 := 0-256146. 

^_ iD' =0-009371, 

^^H jD" :^ 0-000897, 

^^H tVI^" ^0-000127, 

^^1 TT^'^ ^ 0-000023, 

^^H rVf^' ^ 0*000005, 

^^H T^D" :^ O'ooooot, 

I 



4 



Value of this feries , . . . 0-266570. 
I Sixcermsabuvecompuicd 1-018662, 

i-2?5232, value of the original feriej. 
Vol. I. Part I. \\ T>^ 



f 850 ) 

Thefirflihirleenlermsof the ftrics i — ' -t- -^ , Sic. 
4 410 

expisffed in decimals as above, will be looooOJ — C750000 

+ 0*525000 - o'426j63-i- 0-368395 — o-32B9'4+o-29.)ioi 
— 0-277409-*- o-25q3i7 — 0-244356-1-0-1231717 — o-22c855 
H-o-2ii;i90. The fum of ihe fird fix terms is o'387co8 ; ajid 
ilrhe remaining lerms be traiislormed imo a more fwifily con- 
verging fcries, by ihe method above mentioned, we fhali have 
3'o2'j.|g'2, D"=; 0-004400, D":^ o"ooi269, D'" 



0,000400, 
of the equ 

I 



D' = 0-000196, D" 

valent feries will be 

3-299901 ;= 0-149951, 

■iD' =0-005623. 

iD" = 0-000550, 

VttD'" = 0-000079. 

■j'yD" ^ 0-000014, 

■j-jD" = 0-000003, 

l^yD" ^ 0-000001 ; 



: 0-000097 ; 



md the 



Value of this feries ., . 0-156221 
Sis lermiabove computed 0-387908 




0-544189, the' 
1-285232, tie 



alue of the original frriesi 
value of the other Uuwly 
[converginif fcr* 



eof the IV 
fat 



Sum 1-829361 X \/2 =: 3-587 107. the va- 
n (lowly converging feries wlien muiiiplied by their 



We have now only to take 2-587 
negative feries, from 16-321425, tht 
live ones, and there will remain 13.7343 
fliieni required. 



L'7 l!ie value of the two 

value of the two affirms. 

tlie value of thi 



XXX, PRIZE QUESTION 120, 5y Edinburcensis. 



A polygon being given in magnitude and ^flti on, it 
quired to liefcribea polygon of an equal number of lides, having 
its feveral angles on the levctal fides of the given ptjlygon, and 
fuch that the perimeter Ihall be the leaif poUiblc ? 



1 




J 
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l:t[ON, iy Mr. LowflY, R. M. College.- 

rROPOSITlON. A LEMMA. {Fig. ig^. pi. lo.l 

Irft ABCD E be agive-n polygnn. and PQRS . . . 

a pnlyijon ot'a'i equil number of fiilcs mfcnbed in, or havir 
fr;»eial angles placeil on ihc feverdHidcs of, the given poiy| 
i!i;n ilieperimelcrtiltiie infcnbed polygon will be the leaJt j 
hie, wiiencach two of its adjoinirig fides make equal angles 
the correspondlni^ fid*- of the circumfcribing polygon; ih. 
wiien the angle Tl'A is equal to the angle QPB, tbe angle 1 
lo ihe angle RQC, (lie angle QRC to the angle SRD, th( 
gle RSD to the angle TSE, tlie aiigle STE to the angle P 
and To on, 

For let p QRST ^ be any othr r polygon infcribc 

ihe given one, and let two of its lidcs, as Tp, Qp make une 
angles with the fide AB at />. Draw TIK perpendicuts 
AB, meeting QP produced in K and join KP. Then bci 
ihe anj'te Tl'l is equal lo ihc angle QPB, ihai is, lo the ; 
IPK. (he rigiit angled triangles TPI. K.PI will be equal in e 
lespect, therefore PT is equal lo PKand IT to IK, and cc 
qucntly in the right angled triangles IT^, IKp, ihe fides T^ 
will be equal ; tberefnic KQ is equal to the fum of the 
TP, QP, and K/» +/>Q equal to the fum of the fides Tp, 
but KQ is lefs than K^ + pQ, and therefore ihe fum ol 
fidei TP, QP is lefs than ihe fum of the fide. Tf>. pQ, and 

fequcntly ihr perimeter of ihe polygon PORST P iJ 

ifian the perimeter of ihe polygon ^ORST p. 

the fame may be proved, if any oilier two adjoining 1 
make unequal angles wilii the correfponding fide of the circ 
■fcfibing polygon; and therefore the perimeter of the polj 

PQRS I ? niuft be lefs than the perimeter of any i 

polygonthal can be infciibed in ihe given one. 

This being demonflrated, it remains only to determine the 
fition of iheinfcribed poljgon, fo thit each two ot iis adjoi 
fides may make equal angles with ihe correfponding fidi 
the given polygon ; and lo effect iliis in as perfpicuoi 
manner as pofuble, 1 fiiall confider the problem in diltinff c 
according as the polygon cuiifiDs of an even or of an oddn 
bcr of fiiles. 



Jit 
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When tile nnmbcr o[ [he fides of the polygon is odd. 
194.pl; 



rigfl 



LeiABCDE, &.c. be the given polygon, ajii a B c d e, Seen 
the infcrtbed pnlvgon whofc fides make equal angles with the 
cortefponding fides of ibe given one, and let the angles of ihe 
polygon ABCDE. &c. be denoied by tb^; letters placed at the 
angular points, vis. the angle EAB by A, ibe angle ABC by B, 
and fo on. Alfo lei the angle Aaf', or Bab be dcnoicd by a, , 
the angle Bf>a, or Ch by li. and fo on j and let n be put for twal 
right angles. Then, becaufc the fum of the three angles in each g 
of the triangles Qab, Cbc, &c. is equal to two right angles 
liave 

jind taking the fum of the alternate terms 
B+B + i + D +c-t-^+ A +i + a=C +M-c+E + rf+«-Hl.| 
or Efl = n — R + C = D + E — A, 8cc. i " 

and in a fimilar way we find 

af := n — C + D — E + A — B, 8cc. 
2r= n— D + E — A + B — C, &c. 
a<i=: n — E 4- A — B + C - D, &c. 
2^ = n-E — A + B — C^-D, &c. 
The angles being found, we have only to determine the pO>.l 
fition of one of the angular points a of the infcribed polygoo, 1 
and to do this, let the fides aff, be, cd, &c. be produced till the 
di{lances bt, cm, dp, es, of. Sec. are equal lo each other, and of 
anyairumed m^ignitude. And let the perpendiculars ikl,mno, 
P(IT, Jiu, fg^i &c. be drawn to the fides ol tiic given polygon, j 
ctinglhc fides of the infcribed one in/, <?, r. u,h. Sec. Theq^f 
, h, c, d,f, Stc. it is evidei 
7, fii 10 qr. ft tt> lu,/g 10 fihM 
0, dp to dr, a latu, and o/tfifl 



I 



luectinglhc fides oFihe infer 
bccaufe of the equal angle! 
that ii will be equal 10 kl, mn 
alfo, hi will be equal to bl, ci. 
ah. &c. 

Now let P be any point ii 
TU, &e. bediawn parallel I 
jefpeciively, and let uY be 
pendicuUr lo AB produi 



AB. and let PQ, QR, RS. ST, I 

the fides ab, be, rd, de, ta, &.c. 

perpendicular to BC. and bZ. pcr- 

Then, becaufe aB . !>Z=Bb . aY, 

aB :Bb-:aY:tZ: but by fimilar triangles ab ; «Y:; 

a : ik, and ab:bt\: of (ah) : gk ; therefore aY : bl. : : ik ■ 

^h, or aB : Bbwik: gh •:^fg, or, becaufe PQ, ah aic parallel 




^^■Lfnd in (he fame wav il is Ihewn that 
^M bQ : cK :-. nm : kt = i^f 

^^ cR : </S :: pq : o» = nm 

rfS : f T :: st : nq ■= pq, &c lo 
*T ;aU ::;^ : «/ =: i/ .■ 
And by cnmpounding thefe proportiont, il is obvious thai we 
_ Ihall finally obtain 

.P-.M-.-./s-.fg: 
Therefore aP is equal lo oU, Whence it follows that 
Whcrcverthe point Pisiakcnin AB. ihediHanceUP, willalwayi 
be bifeflcHino; and from hence wcdctiveihc followingfimple 
and eeneral conllruction. 

AfTiime any point P in one of iheGdcs, a< AB, and draw PQ, 
"• "", ST. TV, " ■ ■ ■ ■ -. - -. 
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QR, RS, ST, TU, &c. to mukc the given anglei with the fidei 
AB. BC, Sec. as determined in the analyfis. bifect U P in a. and 
n will be the polition of one of the angular points of the required 
polygon. 

If27i+i be the nu:nber of the fides of thcpolygon, it isob- 
Viousfrom compaiing the values of the angles as determined above, 
that the polygon can only be infcribed in the manner fpecificd in 
the propofition, when the fum of u -j- i of the angles is lefs than 
the fum of the n remaining angles, together with two right angles. 

From ihe point U, let Va' be drawn paralk-l to ah, a'b' lo be, 
h'c to cd, dd' to de, d'd to ta, &c, then il is evident from above 
that at will be equal to a U, that is, equal to a P ; therefore the 

fioims P and e" coincide. From whence we may draw the lol- 
owing curious and remarkable inference, viz. that beginning at 
any point P in one of the fides AB. and drawing the lines PQ. 
QR. RS, &c. parallel to the fideit of the infcribed polygon and 
continuing them twice round the figuie, the lall fide de' will ter- 
minate in the point P, where we originally began. 

The perimeter of the figure made by going twice round in ihc 
manner juft dcfcribed, will be equal to twice the perimeter of ihe 
infcribed polygon abcde, &c. For finre a P is equal to a U, 
Ob will be equal to ha\ and confequently PQ + Ua'will be 
equal to twice ha ; and in the fame way it appears that QR-^-a'^ 
is equal to twice be, RS + iV to twice cd, and fu on ; therefore 
the perimeter of the figure PQRSTU a'h'id P is equal to twice 
the perimeter of the polygon ab c d e.^c J 

In the triangle ABC (fig. 19,5, pi. 10.) we have an = n ^ I 
B + C — A^aCora - C.and in the fame way weoblain ^ 
^ = A. and c r: B ; hence the angles which the fides of the in- 
fcribed triangle make with the fides of the given triangle are 
equal to the angles oppofite thofe fides. 

It is alfo obvious that each of the angles of the given triangle 
fiiufl be Je/s ihaji a right angle. , 



W i Hi ) 1 

" If ihe !(np< aC. M. cB be drawn, they wlH be perpendicular t« 
ihe (ides AB. nC AC, r;;l'pectiveiv', as j^ too evident lu ncsjfl 

ricmonfl rating liere. 'I 

>CASE H. I 

■■' Wiiefi eiie given ptihgon coit(i'f)« of an even nunil'ct of fides. ■ 
(Tiff. 196, pi. 10). I 

Drnoiiii^, ds hcfoiT. the snglrs of" ihc oiven piilvgon hy A, B^.i 
C, &c. ttnd tlicaiis'w inadehy ilte tides of ih« infer iUcrf p<'lyg»nj 
and ihc fides AB, BC, CD. &.i. of the given one by a. b. c, J,m 
&r. w« have. 1 

ri+a-\-/> = C H- ^ + c - D -i- c -i- d, Slc = to/i 

-t- ft 4- A.tbercfoie 1 

^-i-a + ^+ D+c + <y + F + < +/i!:c. = C +i+/+J 
— ^ + ./-+-( +/-t-,H-A.&c. „rB +1.1 + F + Sac. =; <C^ 
■ - + E-HA-i- ^c: ^B 

^t »rh!th fhcws dial the (ides i^ftlie polygon ahcdfj. &c. can ontf^ 
make equal anglts with the C'j(refpon<ling fides uf the given one, 
when Ihf! funi uf liic angles B, D, F, itc . is equal to ilie fum of 
.(lie angles C, E, A. &:c. whicli ivill always be the cafe when 
4he given polygon cdnciiiicr be infctibed in a circle, or iaeqiu* , 
angular 10 one tliat can be fu infcrihcd. . J 

It (hews alio, that the angles a, h, c, &c. are not determinable ■ 
from ihc angles of the given polygon as in the cafe uf the odd ^ 
Cded figures, but riiM iheir values depend on tlte rdatlons of the 
Wesofthe polygon. 

Todcierniinc the angles, let perpendiculars IIQ, BI be drawn 
from any of the angular points a« B, to ihf fides CD and AF. and 
eonlinued till LQ be equal t« BL ami IP to IB : alfo f.om ihc 
points Q and P, let perpendiculars QM. ?W be draivn to the 
tides ED, EF, adjoining the fides to whjt;h the other perpendiciir 
lars wercdraxtfu, and let tlicfc perpendicular* be coniiniicd till 
MO beequalto OM and WSio PW; and proceed in tbc fame 
manner wnh die remaining fides if tlit-re be any. 

Eft ihe tine SO which joins tlie extremities of the perpendi- 
culars lall diawn meet the fides DE, EF tu wliich these perpca- 
dieular.^ are drdwn in D' and E', and draw D'Q meeting DC in 
C and E'P meetiiiK AF in F'.and join BC, Bt'; ilieu il.e angles 
ABF', CBC, DC'D', ED'E'. FET, Sec. 10 AF'B will be ref, 
Bcciively equal to the angles «, I/, c,-d, e,J. Thai is, 11 the fides 
ic, id.de, r/ando/ be drawn parallel to tbc lines BC, CD*, D'E", 
E'F, F B lel'pcflively, and ab be joined, the iides of the polygon 
shcdfj, &c. will make equal angles with the correfpondnig fidei 
mi the given polyfrun. 
Join CQ. A?, and let dc produced meet CQ in R ; alfo let 
a^j'tcduccd meet AP in T. TUen \);k:iutc ^\-.\»ti\«.A w LQ 



I 



( 'IS ) 

inJ ihr angles ai L riqlit angles, the triangle* BC'L, C LQ arc 
pqiial in every refpc^i. iherefore ihe angle c C'B is eijiia! to liie 
an^le cC'Q. and confeqocntly the angle ArC, or Ccft eqiwl in 
the art^Ic D(J. In the lame w^y it is Ihewn that the angle Ddc 
)! equal to she an^lir Ede, the an;^!e I-Wio the angle ffS. tlie an- 
gle V/e t" ihe angle A/a. &c. Ag.iiit it is evident ihat the ris;!il- 
angled tnanglfs liCL, LCQ are eqiwl in every refpeft; iheicfftre 
BC is cqaal to CQ and the angW BCL to the angle QCL ; and 
confequentlyilic triangles Ac C, r CH having the angles a: C and 
t equal, will alfy have tlie iVrl,-s hC. CR equal, ibcrebrs OC— tr 
v<illbc€<iu*Iio CQ - Ca.or Bo will be equal to RO ; and i it 
il;e fame roarmer 'alu Ihewa ihji a B is equal to FT. Now lot 
OV be atawii ... m-ke tne anplc QOV equal tt) tbc auele CQO. 
ail J SV H. itwkc ilii: ai.gJe VSP etjual to the angle APS, atv.l let 
rf< be produced i.. iifeei OV in N, SV in S. and SY, drawn pa- 
rallei to O V in Y. rh<?n. the triangles DQM, D'OM, bein« in 
every lefpea cq nal. D'Q w<\\ be equal D'O and the ari^lc D'Q>4' 
lotticansleD'OM ; ilieiefuie. the angle RQD' ii equal i-itha 
angle \0D', and the angles at D'and i/bein^ equal ii is evident 
that the irapezuids t/RQD'. d N OD' are e<\\u\ in every rcr|iect ; . 
Iherefore </R will b.: equal to d^ and RQ or Bt to NO. that in. | 
(becaufe ol the parallels.) to S Y. It is proved in the fame minaa 
ihat PTorflBjseiuahoSX. 

On OV take- OZ equal lo CQ, and on SV take SU equal to 
PA. and join DZ, FU; then it is e.ifily proved that the an^lc 
EDi is equal tu D. ihe angle DZV to n —c : the angle UFE 
to f and the angle F U V to « — A : alfo thai the fum of all the 
angles in tiie figure VZDE KUV is equal lo ^n ; therelore 

ZVU + D + n— c + 2;t — E + F + « ^A = ^n, 
orZVU +D+ F=A + C + E=B+ D4-F(by hypothciis); 
therefore ZVU, or iis equal liie angle YSX is equiil to B; ani 
confcquendy tlic triangles YS\. aBi, having iw i fides and the 
included auijle equal, will be cijual in every rcfp^ct, t!«rcloro* 
the angle aiB = SYX=.rfNV = ^Rc=Cic. and the anjjls j 
M3r=SXY=cTA= Art/, therefore the lidc* of the iu-..l 
Tcribed polygon n^r*/;/! make equal angles with the coir^rpond- 
ing fides of the given polygon m required. 

It is evident tnai O anil S are gives points, and therefore the 
cnnllruSion lor delerminiriir theanglcs is fufficiently obvious. 

Moreo%'cr, lince it is equji to CR, and dS lo JR. dS is eqii^r^ 
1 1 di- + ci ; and lince of i& eq;i.il to J'T and f\ to cV, e\ a 
equal io^ + a/; and YX lias b^-en Ih.-wri lo be equal ta ai i 
therefore the perimeter ol" the infcribed polygon is cqu*l to NGJ 
that is, bccaufc ol the paruild-, to the given line OS. '" 

If any other polygon as aVc'i^f. &c. be infcribed in th&'lj 
given one, fo ihat the fides b'c^cfd, d'e.e'f. f-x' m^y be rr 
Ipeciively parallel lo the fides 6c, c(/, de.^f, ja; Cwc'a \v \^ to.-*^ 
aifcB. from what lias bocndono above, \\wv >.\vii xtwv4V.\\v\*£,^^^';* 
1'^', ai, will affo be p.iral!a. aiid lUai v\i*: octv;v.vA« o-i v\>.'l\-»«^ 
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o OS, or equal to llie pen 



infcribed polygon will alfo be equal ; 
meter of ihe other infcribed polyuon. 

Whence it appears that an indefinite number of polygons maj 
be infcribed in the given polygon, having their fides refpectivi "_ 
parallel and their perimciers equal to the fjme conflant quamit^H 
and yet lefs than the perimeter of any other polygon tliat can b 
infcribed in the given one, and whofe fides make unequal angle* 
with the corresponding fides of the given polygon, which is 
curious and remarkable propofition. 

In the cafe of the rettangle it is obvious ihat the fides of the-l 
infcribed figure will be parallel to the diagonals, and the perimeter^ 
equal to the fum of ilic two diagonals. 

When the fides of the infcribed polygon cannot make equal J 
angles with the correfponding fides of the given polygon as in thefl 
cafes fpecified in the folution, it appears that the problem is wholIy< 
indeterminate, and thai the perimeter of the infcribed polygc 
will continue to increafe or decreafe <ilt one of the fides vanifheifl 
or till two of the angular points of the infcribed polygon coincide 
with one ofthe angular points of the given polygon. 

Mr. Lowry is requtfttd la find to Mr. GlendinningVJ 
JoTtht Medal for fohing the Prize Qutlliun. 
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ARTICLE L 

Demonstratiom of fome Propqfitions relating to fuch por^ 
tions of the Surface and Solidity of a Sphere as may he ex* 
aQly Squared and Cubed* 

By Mr. James Ivory, of the Royal Military College. 

THE Problem propofed by Viviani, a Mathematician of 
Florence, to the Geometers of his time, is well known» 
and has been often refolved. Befides efifeding what yras re- 
quired by Viviani, the conftru£lion given of the Florentine 
Problem leads to a number of curious properties ; and, in ad- 
dition to the properties that were known before, Boffiit, in 
the fecond vol. of Memoirs of the National Inftitute, announces 
a New Theorem, refulting from the fame conftruSion, and 
determining a portion of the folidity of a fphere that may be 
exa£):Iy cubed, as the problem of Viviani determines a portion 
of the furfdce of a fphere that may be exaftly fquared. 

The demonllratlons that follow I believe to be new; and they 
are fufficiently fimple. 

1. Prob. •* If a circle be defcribed upon any radius of the 
bafe of an hemifpbere, and upon the circle an upright 
cylinder be raifed and be prolonged to pierce the hemi- 
fpbere ; it is required to find the furface of the oval bolci 
made in the fpherical vault." 
Vol. I. Part II. a KS»safc 
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AfTume any point in the curve formed by the interfeftion 
of the furfaces of the fphcre and cylinder, and let ^, jf, z, be 
three co-ordinates determining the pofitionof the affumed point; 
jc, being perpendicular to the bafe of the hemifphere ; y^ per- 
pendicular to the diameter of the bafe of the cylinder ; and z, 
the part of that diameter intercepted between y and the centre 
of the hemifphere. Then if r denotes the radius of the hemi- 
fphere, we (hall have r' -=. x* -4-^* •+- z\ And bccaufe^ is the 
ordinate, and z the abfcifs of a femicircle of which the diameter 
is r, y"^ =: (r ^ z) X z :=: rz — z'. From the latter equation 
we get ^* -4- z' = rz^ which being fubftituted in the former, 
there refults r* iz jc*-+- rz. 

Let a great circle pafs through tbe affumed point and the pole 
of the hemifphere ; and let (p denote the arch of it intercepted 
between the affumed point and the bafe of the hemifphere : then 
X =: r fin. ^ ; rzzz r*— j:* z: r* cof. *^ ; therefore, z ir r cos. *(p ; 
and^* zz rz -^ g^ zz r* cof.' 9— r* cof.* (p = r* cof.' ^ fin.* ^ ; 
therefore, y :=: r cof. Ip fin. ^. 

Let a plane parallel to the bafe of the hemifphere be drawn 
through the aflumed point ; and let p denote the radius of the fmall 
circle which is the common fe£lion of the plane and fphere ; 
then p = r cof. f. 'Conceive alfo the plane of a great circle 
to pais by the axis of the cylinder and the pole of the hemi- 
fphere ; it is obvious that this great circle will bifeCl the arch 
of the fmall circle lying within the oval curve on the furbce 
of the fphere ; it is plain too that y will be the fine of half the 
arch of the fmall circle to the radius p ; therefore, the fine of the 

like arch, in the circle having unity for radius, is ^2. = 

P 

— j. — 1^ z: fin. (p. Confequently the meafure of the half 

arch itfelf is p ; and the meafure of the whole arch is 2^. There- 
fore, the length of the arch of the fmall circle, lying within the 
oval curve on the furface of the fphere is 

2p X p zz 2r^ cof. f • 
But the diftance of the fmall circle from the bafe of the he. 
mi fphere, reckoned on a great circle paffing through the pole, 
is r X (p ; therefore, the fluxion of the part of the oval hole 

bounded by the arch of the fmall circle is rj X ar^ cof. f= 

^r'fp cof. (p : Confequently the part of the hole itfelf = «r* 

X A^9 cof. (p =: 2r* X f<p sin. ^ + cof. ^ J h- C ; to deter- 
mine C we have 27*-i-C=:o, whence C = r^^r^: And 
the cone£led fluent is sr* X jff sui* 4>+ cof.f ] — > sr* 
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toprefTcs ike (urdcc of the fait of the hole lyin^ between ibf ' 
I.Anall circle and the bafe of the hemifpheTe. 

het V ~ 3'i4i6 &c. = fcmi-periphery to radius unit)'} 

|lien pulling ip=~ia the above exprclfion, we Qiall find iht . 

|"%hole furfacc of ihe oval hole raaile in the fpUerical vault : 



t. Theor, '* If upon two radii that compore adiameterj 
of the bafc of an hemifphere two circles be defcribcd-g ' 
and upon llie two circles two upright cylinders be raifB4 ' 
and be prolonged to pierce ihc hcmirphcre; the portion j 
of the furlace of the hemifphere that remains after the j 
two oval holes are taken away will be eijiial to tour lim 
(lie fquarc of the radius of the licmifphcrc." 

For, according to what wc have jufi found, the fiirfaccs oF \ 
I ithe two oval holes :; ir*v — ^r* ; bu: the whole furfaceof tha i 
■ Jttmifphere = 2rV ; therefore vrhai remains, after the two h^Iei j 

UFC taken away, ~ ir*B— i ^r'v — 4'* \ — ^r'. 

This theorem coincides with the refult of the problem pro- 
Dofed by Viviani. Let the two cylinders be prolonged, below 
|be plane of their bafcs, to pierce the other hctnirphcre; and 
let the plane of a great circle pafs by the axes of ihc iwo cy. 
Knders. Then this great circle will divide the fphere intu tw^ ^ 
kemifpheres, and will bifefl the four oval curves formed on thi I 
fiirface of the fphere; the four half-ovals that make part of the 
I for face of each hemifphere are the four windows of Viwiaoi; 
I snd the remaining part of the furfacc of the hemifphere is cqunl 
I "tb nr* according to what has juft been dcmonlltatcd. 

g. Theor. "The whole furface of the cylinder (i) in- 
cluded within the hemifphere is equal to ar*." 

' Monlucia in giving the Hillory of the Florentine Problem,^ 
ftas noticed this property. 

,', The fluxion of the bafe of the cylinder is=v'l*"+^ 

Jbccaufc^^Y? {cof.* p — fin.'^) and £ = — ar^ x sin.;| 

(p 1= rf' v/ [(cof.* 9 — sin.* if)' + 4 sin.* $ cof.* 9] 

p v^(cof.* <p + tin-* P/ = »?. 
^L But the fluxion of the furfacc of ihc cv\\tviM \jwH>&xi'd 
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of the cylinder bounded by x, sr /r*^ sin, $ = C— r* cof. >; 

to determine C we have o = C — r' and C = r* ; therefore, 
the correfted fluent is r * — r* cof. p ; which expreflcs th^ 
furface of the cylinder bounded by x and insifting on the arch 
of the bafe lying between x and the point in which the bafe of 
the cylinder touches the bafe of the hemifphere. 

Put^ = — ; and the fluent becomes siijiply r*, which is 

equal to the furface ol the cylinder insifling on half the cir- 
cumference of the bafe ; therefore, the whole furface =: 2r'. 

4. Theor, ** If'two cones be formed, havingtheir vertices 
in the centre of the fphere, and their bafes the two oval 
curves (2) formed on the furface of the fphere; what 
remains of the whole folidity of the hemifphere, after the 
two cones are taken away, will be equal to ^r'." 

For, since the fpherical furface which is the bafe of either 
cone has been ftiewn to be z= r'jr — 2f*, the folidity of tho 

cone = 4r X ( r^v — 2r^ ) =z I^ _ £L'. Therefdre, the 

N / 3 3 

two cones r= — ' — . But the whole folidity of the 

3 3 



2r^it 



hemifphere = . Therefore, deducting the two cones, the 

3 



remainder 



4r» 
3 



5. The OR. *• If from the whole portion of the cylinder 
(1) included within the hemifphere, the cone, that makes 
a part of it, be taken away, what remains will be equal 
to irK'' 



For let a plane be drawn through the centre of the 
Ijphere to pals by the ordinate x, and let s denote the 
loHdity ot the part bounded by this plane, the furface of the 
cylinder and the cqnical furface ; from the point in which 
X meets the bafe of the hemifphere, let a tangent be drawn 
to the bafe of the cylinder ; and let p denote the perpendicular 

drawn to the tangent from the centre of the fphere. Then s is 
manifeRJy equ'dlto a pyramid of which ^> is the altitude and the 



But 

of the 
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fluxion of the furface of the cylinder (= x /[«*+/]) ^^ ^^^ • 
therefore, s = \px \/ [2 -♦-/•*]. 

the double of the triangle having its vertex in the centre 
fphere, and |/fs* +^'] for its bafe, is equal to 
p y/\i} -^y* \. And the double of the fame triangle is alfo 
equal ^to (zy — >«). Consequently p ^{i? +^'] = (zy-^i)- 

Therefore, / = i X « (^y —yi) = J^ fin. (p?> X ( cof.* (^ 

)r' * 

= —fin. ^.9 >C 
3 

( cof.* (p + cof.^^fin.*^ j = — X sin? .^ x cof.* ?. 

Therefore, j = C cof.* ; to determine C, 'we have 

9 

p=;:C— — andC=— : And j = L* — - cof.' (p ; 

9 9 9 9 

where s denotes the folid bounded by the furfaces of the cone 
and cylinder, and insisting upon the part of the area of the bafe 
of the cylinder lying between the diameter and the chord 
drawn from the centre of the fphere through the point where x 
meets the bafe of the hemifphere* 



T . r» 



When (p = — , then 5 = — , which is the part of the folid 
^2 9 '^ 

insisting upon a femicircle of the bafe of the cvlinder ; there- 
fore, the whole remaining part of the portion oi the cylinder, 
where the cone is taken away, is equal to \r^. 

6. Theor. '' If from the whole folidity of the hemifphere. 
the portions of the two cylinders (2} included within it be 
taken away, what remains will be equal tOy x {^O'*" 

For wc have already fliewn (4) that the remainder of the 
hemifphere, after the two cones are taken away, is equal to f r' ; 
and if we further take away the fum of the exceffes of the 
two cylindrical portions above the two cones (equal (5) to^r'} 
the remainder will be ^r' — ^r' =:|r' = -^ x C^^)'. 

If the two cylinders be prolonged below the plane of their 
bafes to pierce the other hemifphere, it is obvious that the 
port^n taken away from the whole folidity of the fphere by 
the two cylinders, leaves a remainder equal to f X (^r)'; 
which is precifely the new theorem of BofFut. 

j^ Let w denote the length of the arch of the curve 
pf double curvature formed on the fuil^c^ o^ \>;x^ \^^^^\ 
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thcn^ /y*+ £• + *']= rpi/ Tccof.* (p - fin.* <p)« + 
4rin.»(p cof.*<p + cof.*(p j = r(p|/Kcor.»ip -H fin.*?)* + cot^A 
=:r(f /[i + cof.*?)] = np v/[2 _fin.*fl>] = _I« )c <p 

^[i -. I fin.» (p] : ThercfoJFe, a; = -^I^ x fa^ ^[t — 
i fin/ (?J. 

Now if an cllipfe be taken, of which the two axes arc i and 
— — : then / (p y/[i — | fm.' (p] will denote the length of 

an arch of the ellipfe, reckoned from the extremity of the con- 
jugate axisy of which the ordinate, parallel to the tranfverfe axis, 
is fm. (p. Therefore, the re£lification of the curve of double 
curvature depends upon the reQification of an ellipfe having i 

and -7* for its axes, 
y/2 



ARTICLE II, 

Demonstration of a Theorem refpccting Prime Numbers * 
By Mr. James Ivory of the Royal Military College. 

The following theorem, one of the moll important in the 
theory of numbers, is the difcovery of Fermat. It was publiOied 
by him without demonftration, as indeed were many other of 
thofc curious properties of numbers that form the mod difficult 
and intcrefling part of the Diophantinc Analyfis* The theorem 
was firft demonftrated by Euler in the Pcterfturgh Commen* 
tarics ; and his demonftration may be found in a work on the 
Theory of Numbers, publifhed by Le Gendre *. 

I believe the following demonftration to be new, and I reckon 
it more Tmiplc than that of Euler* 
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Let ^ be any prime number, and N any number not divitible 
by ^, then N*~ — i will be diviliblcby^. 

DEMONSTRATION, 

Let there be taken all the multiples of N, viz. 

N,aN,3N,4N (/> — i)N 

by the numbers in the natural fcrics i, a, 3, 4, &c. contiaued I 
as faru (^ — 1), or fotong ai the numbers in the fciiei are lelt 1 
thau^; and let us confidcr what will be the remainders il tbe 1 
fcveral multiples be divided by^. That none of the muliiplci 
are divifible by e is very e^■ident : for if nt x N be one of them* 
p docs not divine N by bypothefis, and m is lefs than p ; there- 
fore. [> cannot divide the multiple m X N. I likewife fay. that 
the feveral remainder.i are all diifcrent from one another. Forifit 
be poflibic let m x N and n X N be two muhiples that, when 
jiUvided by p, have the fame remainder r ; then ' 

n X N-r 

I will be muUiplea of p : therefore, the diiTerencc n X N — n 
yiK N = (m — n) X N will likewife be a multiple of p : there- 
rforc, either {m — n}or N muft be a multiple of /?. which is im- 
^wflible ; becaufe m — n is lefs than p, and N 15 not a multiple 
I «f ^ by hypothefis ; therefore, no two of the multiplei, wlieti 
L llivided by p. can have the fame remainder. Bu(. from the 
I nature of dlviTion, tlic remainders muft be all integ'^r numbers 
, lefs than p. and as they are juft as many as the integer num- 
bers lefs than^, anil have been (hewn to be all dilferenc from 
I one another; it follows, that the iieveral remainders can be no 
) Other than ihe feveral integer numbers lefs thin p, or than ihfrj 
I feveral numbers in the feries I 

'.»'3.4 f^-'}. * 

Let us now adopt the notation m-p to denote a muMple of p 
' in general, whhout attaching the notion of any particular num- 
l twrto the fymbol m : then, becaufe the dividend is a multiple of 
b the divifor increafed by the remainder, it is manif^^ll from v 
tbas been proved that the multiples 

N, bN. 3N, 4N (f — i}N 

Hay be reprefented by 
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m'p+ 1, w^2, m*]&+3, W-/4-4, (»»•/'+>— 0) } 

each number in the one feries being equal to fome one in tbef 
other feries ; therefore, 

Nx 2Nx 3NX4N X (/^— i)N = 

(m'p+ 1) X {m^p+2) X (m-p-^Q) .x(»-/+ (/-^i)}' 

New, if the expreflion on the right-hand fide oi the equation 
be evolved, it will confift of a certain number of terms^ all of 
which^ excepting the laft, will contain ^, or fome power of p, 
as a faftor ; and the laft term will be the continued produS of 
all the numbers lefs than p : let the laft term be denoted by Q, 
then it is clear that the right-hand fide of the equation may be 
reprefented by m'p + Q : It is alfo obvious that the left-band 

fide is equal to Q X N^""*: therefore Q x N^* = 

W/+Q. WhenceQ xN^^— Q = Q ?c Jn^^ — i| 

= m'p. Therefore, p neceflarily divides cither Q or N^ — 1 : 

But Q can have no divifors excepting numbers lefs tban p or 
compofite numbers formed by the product of numbers lefs than 
p multiplied together : confequeutly p cannot divide Q ; there* 

fore it neceflarily divides N^""^ — 1. Q. JE. D. 

Cor. Hence if N be any number not divifible by the prime 

number p, the remainder of N^ when divided by ^ will be equal 
to the remainder of N divided by p • 

For it has been fiiewn that N^""* — 1 is always divifible 

by p : therefore, when N* and N are divided by p^ the remainders 
of the divifions muft be the fame. 
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ARTICLE III. 

tAGNANTs Th'orem nfpc&iug Elliptic Arches^ rendered more 
general. 5> A// . James Ivor Y, fl. M. ColUge. 

THE curious tlieoi cm of Count Fc2g"/z/7/2/, which ani,jns the dif- 
iVicncc of two Arches reckoned from tl\c cxtnrrnitics of the 
quidranL or an clllpft.*, is well known to Mathcrnuicbtis : I pro- 
pofe at pp^fvnt to iuvcftlirate a m )re (jencral theorem, which com- 
prdic:i<is tl.at (^f Fagnani as a particular cafe, and which alFigns 
the diffidence of two elliptic arches reckoned from any two giveii 
poims in tlie periphery ot an ellipfc ; and to deduce a fimilar pro- 
perty in all the conic fed ions. 

1. Let ABC (fig. 96, pi. 5.) be a quadrant of ancllipfe, of 
which the femi-axi'^ major is 1, and the excentriciiy s : let' the 
elliptic arch BD be denoted by a; and the ordinate DE being drawn, 

put CE= j; : then we fliall readily obtain arsii \/ f -~p ] ; 

or, putting R r: i/(i — £« x^), w = ^^^_^,y 

In like manner if the arch Y^d :=: w \ Cezz x' ; and R' = 
y/ (I _ £t ^/«j . then w' z=z -3^*^* 

Now —y^-—-- :r 6* : and if we put jr = x' y/( 1 — a*) + JC 

v/( i— ;c'*>, and z ±=: !'/( ^ — ^)— x / (l — i'*) ; then y x z 

^ » r 1 R* — R'* R + R' R — R' 

n y* — J,* : comequently zz X 

^ ' y X z y z 



.2 
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Suppofc that the variable elliptic arch BD or w becomes BM 
( z= m) wijrn the variable elliptic arch B</ or w' becomes BN 
( = w); an! put p and q to denote CP & CQ, which are the corre- 
fponding values of CE & Ctf or of ^& jc': then as the formula laft 
inveftigated is true, wluievcr x ^ x' denote it will be true, when p 
and q are fnbftituted for x 8c a; therefore, attending to what R, 
K\ y & z were put to denote, and if we furtiier put 

^/''-Jl> +P /('-.<:}> N0.1. 

* = -/ 

Vol. I, Part IL b 



^erc put to denote, and it we tur 
I— tV*) + v/(i— t*y* )1 



it will eafily appear that we (hall h»jve a X 3 = c*. 

Therefore, >C --""^ — z=: a x b i and as each fide 

y 2 

oE this equation is idcfiuically cqtial to &% it eflablifhes no rela- 
tion between the variable (juanuiies a* & x', but loaves them nuiie 
independent. V/e arc therefore ai liberty to determine one of the 
two variable quantities .v S>c x'. by means of the o'her accordiner to 
any relation that may bcft fuit our purpofe. Let us then fup* 
pofe R -f- R' :=zzay; then on account of the preceding formula 
we (hall neceffarily have R — R'rrz^z. Hence by fubftituting 
for y and z, their values in r <k x\\vc get 

tR = (a — b) X' y/i^i _ :i») ^ [a + b) X ^(t — .'V J^^-*- 

The equations juft obtained, being the one a neceffary confe- 
quenceof the other, onlv involve a certain relation between the 
two variable quantities \x & x' ; and I fhall now endeavour 
to exprefs this relation in a formula as fimple as poflible. 
For this purpofe, let the equations, No. 8, be fquared and ad-^ 

dcd together : then 2R« + aR'* = (a« + A*), /a^ (i — «") 

= 4 — 2c* V Jc* + *'*) z=^ — 2ab (jt« 4- *'»). 

Hence, i=z{a+ bf x \x'^ (i — «») + ** (i ~ ;r'*) X 

- (a — t/ x^ x'^ ^ 2(fl* — h^)xx:^^/ {(l-*»)(i-x'»j j' 

Subtraa both fides from {a + i* and take the fquare root ; 
then 

(tf -h *) / { (i-jt'Xi-^'*) j -^<2-^>y - / J (a+*)«-4) J N0.3. 

which appears to be the fimplcft formula exprefling the required 
relation of the variable quantities x&.x'^ 

Multiply the firft of the equations. No. 2, by ^ and 

the fccond by ~— — -_ ; then, having fubOituted w £w 

Rv 1 - f RV 

tions together, there will rcfult 
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and taking the fluents 

^_^.«'=UJ X Js - i^. V 5(1 -«») (. -«-«) J+ C, 

an exprcflion that may be rendered more fimpl'* bv exterminating 
the radical on the right-hand fide by means of' t} «Jormula,No. 3; 
it will then become 

To determine C, we have only to remark that when a;r=:« 
w' 2= n and p:=ix and q = x' : therefore, 

'^ + n=^^.M-^. i^* ^J(. + 3)'-4)|+C: 

confequently, writing £* for a x ^, we have 

(a;— «) — (« — a;') = — ^, X f' (xx' — pg).. No. 4. 

that is, the diflcrence of the elliptic arches MD and N^, reck- 
oned from the two given points M and N, is equal to the alge* 

.3 
braic quantity , x £* (*■«' — f^) • where a and b arc to be 

determined from p and q by the formula. No. i ; and the relation 
of X and«' isexprcfled by the foimnla. No. 3. 

If we fuppofe M to coincide with B, and N with A, (fig. gjt 
pi. 5,) then pz=. o q z=, CAr= 1 ; and the formulas, No. 1^ 
give /x -i4-/(^i — c\,iz;i — y/ {i — c*/ ; and the formula, No. 3 

gives Y{i — c y = •^ ( \ J : and m this cafe the 

different 

extremi 

be found to be nothing more than Fagnani's well known 

Theorem. 

If X be taken equal to ^'; fo that the points D &. d come toge- 

ther in H : then v^(i — £*) zz ^— , therefore x*z=zCK^zx 



ncc of the two elliptic arches BD 8cAdy reckoned from the 
litics of the quandrant, is equal to e* X :i:.»' : and this will 



» — 7 5r; and the difference of the arches BH & HA= 

t* x*z=i . -- — 7- ,^ 1= I — \/(i — «•) - the difference o£ 

the semi^axis of the cllipfe. 

.ftd. Let us now proceed to the hyperbola. Let C (fig. 98, pK 
. jS«}^:be the centre, and CA half the greaiti .dLX\% o^ ^si\i>j^«:^Oa.\ 

b a V«^ 
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Let a; & w' denote the variable arcbes AD, Arf, anH a&: 'Mhcdifr 
tances CE & C ^ of the coriefponding ordinatt s fio»n the centre: 
then if tlie femi-axis AC be i, &. the cxccntiiciiy or dillauce of the 

focus from the centre be e; we (hall have a; zz— ---/---r ^' 

y^(j"— i) . 

and w'=- y /^ -: or writing R&R' for y^vi" a' — i) and 

/ ( a' a'» - , ) ; ^ = T^^IT.) ^''^ ^ = /(.--T) 
It is manifeft ihd\-^:r-^—,^ — t* : and if we put^=ia'v/'(x'— l) 



JL^ 



4-x/(x^« — i)andizz j'y^(t»_ i)— ;c v/(»'' — i)wefliall 
likewiic have y X z =:.i" — x'* : therefore X 



£*. 



Suppofe that when the point D coincides with M, that ^coin- 
cides with N : put AM rr m and AN jt n and let p and q denote 
CP and CQ which are the conrcnipoiary Vdlnes ol a- and x' : Let 



a =: 



- \/^^^/' - 4- \/^^V"— r 



/; / // - I . + /> v/ 'Z* — 1 J L No I 

then a X u ^ ^"^r 

Therefore, x — a x t ; 3i tormiila which 

y 2 

bol:ls j:ord uhr.ievcr a:, i', p and 7, dor.ote. Now, bv purfuing 
the rcjifonii:fi exact Iv in the fame mariner as has been dune in llie 
Cafe of tiic t llipfe, we (hall find 

2 R'z:(tf — Z') Jc' -/^Jc"- — 1) -{- [a-^ t)x v^v' — i'/ 

whi.re .r a!id jl' have to one another the relation expicfled in the 

formula. 

Let the firft of the equations, No. 2, be multiplied by— -^^ 

•/ 

a/7<^ the fecond by ,^ ; then liaving added the refuhs to- 

Y (X ^ — ^) 

?pther, 



L 
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pjethtr, v/c Ihcil! finj an e(]iiation that may be integrated, and of 
whit'li the fliiem is 

xv-hw^ ~ ^ -"ti XX' H- ^ v^ I (A^-i )(;c^- 1 ) 1 4-C . . No. 4. 

fromthis equation the quantity C will be exterminated bv meansof 
w, w, p dud g, whicli are confemporary values of w^ w\ x and x' : 
ai'd if, for the fake of (impiicity, we further exterminate the radi- 
cal quantity by means of the tormula, No. 3, we (hall finally obtain 

(w^mA — in — u''j=r -, X^^i xx — pq J. ..No. 5. 

that IS, the difference of the hyperbolic arches MD andNd, reck-* 
oned from the given points M and N, and correfponding to 
* and X of which iLe valuaiion is cxprcffed by the formula, No. 3, 



2 



is equal the algebraic quantity — - - . X ^ >C [xJ — pq). 

The property that we have juft inveftigated for tlie hyperbola 
is equally fimple with that before found for the ellipfe, and is 
quite analogous to it. We iiave thus another property, in addi- 
tion to fo many others already known, common to the two curves, 
and admitting of an enunciation in the fame words. Many cu- 
rious properties may be deduced from the expreflions, marked 
No. 4 and No. 5 : but I fhall here confine my attention to one 
only, which effects for the hyperbola what Fagnani\ theorem does 
for the ellipfe. The property I allude to is, in effect, contained 
in the formula, No. 4, and may be derived from it by making^ 
and q equal tr) their extreme limits ; that is, by takinjr p infinitely 
great and q zn i : but, as this method of dcduftion would intro- 
duce notions that, in ilri^nefs, may be objected to, I (hall give 
a rigid inveiligation of it. 

Refume the formula -Jl — x z= £* which fuppofef 

y 2 

no relation between x and *'; and let us fuppofe that thefe vari- 
able quantities are fo related that R -+- R' = fc^; then, of confe- 
quence, R — R' rz iz \ whence, by reftoring the values of y 

;ind z\ 

R=/x|/ x^~ 1) 

R'- ^a: /(^'a— 1). 

And we (hall readily find that the relation of * and **, which 
thefe formula involve, may be thus fimply expreft ; 

t^\ ( **- 1 ) (**— 1 ) 5 =V^(fe* —1) No. 6. 
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Multiply the fir ft of the two formulas bv -r r, and 

'^ ' • ' y{x* — i) 

the fccond bv -7— tj ; add the refuhs toffcthcr ; take the 

fluents ; and there will come out 

a» + w' ■+• C zz s XX No. 7. 

Draw the afymptote of the hyperbola, (fig 99, pi. ^,^ and 
produce the ordinatcs DE, de to meet it in S aiid R : draw AF 
parallel to the ordinates : take CT a fourth proponioridl to CF 
(zis), C!v and CS, and the formula, No. 7, anioiints to this, 
** That the cxcefs of the line CT, above the fum of the two hy- 
perbolic arches Afl^, AD, is a conftant quantity C, provided « and 
X fatisfy the formiJa, No. C." 

The fcrmula. No. 6, (hews that x becomes indefinitely great 
when x' ap[.ioaclies indefinitely to unity : whence it is eafy to in- 
fer that tlie coiiftant quantity C is theexcefs of the who'e afymp- 
tote infinitely produced above the whole hyperbolic curve infi- 
nitely continued. 

The conllant quantity C will be moft fimply determined from 
the cafe when Xz=i9i\ in this cafe the formula. No. 6, gives 

3t*r= ^ ^^ ^' whence this conftruftion. " Take FG 

6 

=:FA, and CL a mean proportional between CF and CG : 
then, the conftant quantity C, or the excefs of the hyperbolic 
curve above the afymptote, both infinitely continueti, wiil bo 
equal to the excefs of the line CG, above twice tlie hyperbolic 
arch AH." 

I add one more theorem. ** Having detennined the points H 
and G as ahovc, let i/^xDEizHK*; and Jake CT a fourth pro- 
portiuni.] Ci', CR and CS : then tlje excefs of the arch HD above 
the arch \ld will be equal to the ftraighi line GT: or, wiiich is 
the fame thing, the excefs of the fum of the arches AD and Aflf, 
above twice the arch AH, will be equal to the ilraight 
Jine GT." 

By this Theorem il;e rcttincation of an Arch AD greater tliaii 
AH, is reduced to the rectification ot another ^arcii A^ Icfs 
than AH. 

3.!. We proceed now to the parabola. Let AE (fig. 100, pi. 5.) 
be the axis: put AEz= *, A^z=z*' and let a» and iv di note the 
corrcfponding arches of the parabola: then, 4*; dcuotnig the pa- 

■ 

it 
rameter of the axis, we have, «•= / — y'(£ -k- x) and h^ 



x' 



-^-p\ V^O -t- *">; or, writing R and R' for the radicals 
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VU + «) and v^(f + x'% w -:^y and t^' = — . 

f. • rni R' — R'* R4-R' R— R' 

It IS manueit tnat =-7 >— X 



whatever x and jt' denote. Suppofe AM (r= w) and AN 
(=i=;i) to be contemporary values of a;, & u** and AP= ^ and AQ 
=: q to be the correi'pondiag values oi .v and a' : put 



v'(^J-^^A?^ •>..' No.i. 



3_ /(-+/^j-i /(^+g) i 



, , . Rh-R' , R— R' ^ , 

then a x ^ = 1 : and -7 — ^ — 7-; + -7 7-, = ^i X ^. 

The formula juft found fuppofes no relation between the vari- 
abk quantities x and jr': we may, therefore, fuppofe R 4- R' n tf 
y^x+a ^x\ and it will follow that R — R' = i y^x — - b ^x^i 
whence 

2 R = (rf4- i) /* + {a — b) v/c 
2R'=(fl— ^) /« -+• (a -+- i5j /x' 

two fonntilas that involve a relation of x and x^ more fimply ex- 
prefled by the equation 

^s=:{a — b) X /tf(t/^+|/jO»— 3(/x-.v^V)»\No.» 

• •# 

Multiply the two formulas for R and R' by . — and -^ — re- 

fpefiively, and having added them together we (hall ftill find aa 
equation that is integrable, and of which the fluent is 

a;4.a;'=C-+-''-^X ( *+^ )+(« — *)>? t/(«^). .No. 3, 

and. If we further exterminate the radical t/(*«') by means 
of the formula, No. 2, and change the confUnt quantity we 
Ihall find 

«; + w = '" , X ( «+ x J '+ C No. 3. 

In this formula C will be determined by any contemporary va« 
lues of u\ TVy X and *, as m, «, p and q \ thus we iiave 

(w — m) - {n — zif)=i —^ X { (*-/)-(?-*) } No. 4. 

That is the difference of the parabolic arches MD and ND is to 
the difference of PE and eQ as [a -f h) to 2. 

I ffiall not profecuic this fubjeft any furtiierat prefent, but may 
refume it on another occafion. 



( 1^ ) 



ARTICLE IV. 

A Geometrical Porism, with two Examples of iu aphti^ 
cation to the Solution of Problems. By Sco xi c u s. 

THE following Porifra is extremely fimple and obvious ; it 
affords, however, a ffood example of the peculiar nature of 
thofe propofitions, and ot their ufc in the folution of geomctri- 
cat problems. 

PORISM. Fig. 101. PI. 5. 

Let A and B be two given points, and CDE a circle giveil 
bv pofition, there is a given point P in the ftraighi line joining the 
points A, B, fuch, that if irom P any flraigl.t line whatever be 
drawn, meeting the circle in C and D, the pohits A, B, C, D, 
ihall be in the circumference of a circle. 

Suppofe the porirm to be truo ; take C' any given point in the 
circumference of the /riven circle, and join C'P meeting the cir- 
cle again in D'. Be^aufe liie li;i«^s PDC, PD'C meet the circle, 
CP-PD =: CP-FD' ; but by hypot^.cli.^ the points A,B, C, D, 
are in the circumference of a circle, and, therefore, CP'PD zz 
AP-PB, therefore, AP;PB r_ C'^'-PD', fo that the points A,B, 
C, D', are alfo in the circumference of a circle ; now A, B, "C 
arc given poinis, therefore, the circle paffiiig through them and 
D' is given by pofiiion, and hence the pv/int D' and the line CD' 
are given by pofition ; therefore P, the point in which it meets 
AB, is given, as was to be siiewn. 

Construction. Take any point C in the circumference 
of the given circle, and describe a circle through the points A» 
B, C', meeting the given circle again in D' ; jom CD*, meeting 
AB in P, the point required ; thai is, it from P, any ftraight line 
be drawn, meeting the circle in C and D, the points A, B, C, D, 
will be in the circumference of a circle. The fynthetic demon- 
ftration is fiifficiemly evident, as alfo the limitation . of the 
data. 

PROBLEM I. 

(Simpfon's Gei)metr)% Problem 45,) Fig. 101. Plate 5. 

. 

To defcribca circle that fhdll pafs through two given pointi 
A, B, and touch another ciiclc C, £, D, given by pofition. 



t Construction. Take any point C in the circumference 
circle, and defcribc a circle through ihe given p 
ich WiiliouchthegivencircJeina poinlD,(invi 
calc the thing required is dotiej or will cut i[ again in a point , 
D'; join C D' meeting AB in P, and drdw PE louching the given 
circle ill E ; a circle defcribed through A. B, E. is evidently that 
""-feich ii required ; the deraonllraiion is evident. 

PROBLEM II. 

(Sinipfon's Geometry, Proh. 15, or Selefl Exercifei, Prob. 49,) 
Fig. loB. Plate 5. 

Prom two given points A, B, to draw two flrajght lines AD, 
BD to meet in a Hiaighc line MM. given by pofliiuu. To that AD 
-{- BD, may be equal 10 a given line. 

Construction. On B, oncof the given points as a cen- 
tre, with a radius equal lo AD -4- BD, the given line, defcribe a 
circle; from A, the other point, draw AH pcrpendicularto MN, 
and produce ihc perpendicular fo thai HK = HA : through the 
points A, K. defcribe any circle whatever that may meet the 
other circle in F and G ; join GF meeting AK in C, and draw 
CE, alfo C; touching the circle whofc centre ii B in £ and :; 
join BE, B;, meeting MN in D and S, and draw AD, AS ; then 
AD, BD, alfo AJ, B5, are ihc lines required. 

Demonstration. Becaufe KC-CA -GC-CF = EC', 
the line EC is a tangent to a circle pafling through A, K. E, 
therefore, its centre is in the line EB ; but becaufe MN bifefkt 
ABat right angles, its centre is alfo in MN, therefore, it is s 
D the inierfeftion of EB and MN ; hence AD = DE, and AD 
+ DB — EB, the given line. In the fame way it may be (hewn 
that AS + SB = tlie given lir 

I 

^^^^PHE Propofttions of which 1 propofe to give the Geometricai 
X Analyfis, were publiihed without Solutions by Dr. Stew- 
ART.ai iheend of his Geseral Theorems: andtheywere 
given by him as fomc of the properties of the circle that Kid "t- 
catnd in ibe invelligation yf thofc [em!u:V;.ab\c wo o^\V\otia. "^w-i 
Vot.J. Part 11. c * »« 1 



ARTICLE V. 



GEOMETRICAL PROPOSITIONS. 
By Mr. Ivory, R, M. College. 



C >8 ) 

are of that clafs called by the ancients, Porifms ; the nature o 
which, before very obfcure, has been fully elucidated by il;e 
learned ProfefTor Playfair, in a memoir that completes the 
reftoration of the moft difficult branch of the ancient Geomc- 
try. 



PROPOSITION I. PORISM. Fig. 103. PI. 5. 

Let there be a circle given bv pofition, and let A, B, be two given 
points : a puint C may be found within the circle, fiich, that 
if through the point C there be drawn any line meeting the cir- 
cle in D andE, and AD, BD, A£, BE, be joined; the TtEt^ 
angle ADB will be to the re£langle AEB as CD to C£, 



ANALYSIS. 



Take O, the centre of the circle, and join OB: draw GH 
through C at right angles to BO, and join AG, GB, AH, HB : 
join alfo AC, and let it meet BO in F. Then, becaufe GH is 
drawn through C, by hvpothefis, 

AG X GB : AH x HB :: GC : CH; 
but, becaufe GH is at right ai^gles to BO pafling through the cen- 
tre of the circle, it will be bi?e£led by BO : therefore, BG r=: 
BH, as it is eafy to prove : therefore, 
AG : AH :: GC : CH. 

Therefore, the line AC will bifecl the angle GA JI. Suppofc 
a circle 10 be defcribed about the triangle GAH : then, becaufe 
the angles GAF, HAF arc equal, AF will pafs through the mid- 
dle point of the arch of the circle fubtendcd by GH : and be- 
caufe BO bifefts GH at right angles, B will pafs through the 
fame point : therefore, F, cannot but be the middle point of that 
arch. Therefore, AC x CF = GC X ^H z: DC X CE. 

From what has been Ihewn, it follow^sihat the points A, E, F, D, 
are in the circumference of a circle: let the circle be defcribed, 
and let FK be a diameier : draw DP, EQ, perpendicular to AF. 
Then, . Prop. C. VI. Simfon's Euclid) ADxDF=FKxDP 
and AE X EF -IKxiLq: 
therefore, 

AD X DF : AE X EF :: DP : EQ :: DC : CE. 

But, by hopothcfis, 
AD X DB : AE X EB :: DC : CE ; 

i here fore, r^ 

AD X DF : AE x EF ; : ATi X B^ x ^E. X tB, 
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Hence, it is ea(y to infer, that 
FD:isDB:: FE: EB. 

Att^ding now to what is demondrated in the analyfis of the 
fccoTfd Propofition of the fecond Book of the Loci Plani of 
Apollonius, we mud conclude from the laft analogy, that. the 
reclangle BO x OF, is equal to the fquare of the femidiameter 
of the given circle. Therefore, the point F is given; and the 
line AF is given by pofltion. Since then A and F are given 
points, and fince what has been (hewn in regard to D£ is 
true of any chord pafling through C, we may affiime the 
point D any where in the circumference of the given circle: 
then the circle ADE will be determined, and of confequence 
the point E : therefore the point C, which is the interfe£lion of 
AF and DE, will be given. 

Hence this conflruftion : draw BO to the centre of the 
given circle; take OF a third proportional to BO, and the 
femidiameter, and join AF ; affume any point in the circum- 
ference of the given circle (not in the fame ftraight line that 
the points A and F arc), and through A, D, F, defcribe a circle 
cutting the given circle again in E : join DE, cutting AF in C, 
and C will be the point fought. 

The curious property of the point invefligated in this Propo- 
rtion may be made more general, as in the following Theorem. 
In order to r^slAder the demondration more fimple a lemma is 
premifed. 



PROPOSITION II. LEMMA. Fig. 104. PI. 5. 

In the triangle ACB, let CD bifeft the angle ACB, and let 
AE and AF be drawn to make equal angles (BAE, CAF) with 
the fides AB and AC, and to meet CD in E and F : then 
BE and BF being drawn, AE will be to EB as AF to FB. 

From F and E draw the perpendiculars FG, FH, FN, EK, 
EL, and Em : ihen becaufe CD bife£ls the angle ACB, it is 
obvious that FG z=: FH and EK = EL. Becaufe the angle 
BAE is equal to CAF ; therefore the triangle MAE will be 
fimilar to the triangle FAG; and the triangle NAF to EAK: 
therefore. 



Confequently; 
that is, 



AE:EM:: AF: FG 
AE : EK :: AF : FN. 

EM : EK :: FG : FN ; 

EM:EL::FH: FN. 



' Now the angles MEL, and NFH, are likewife equal to one 
■if • 



another, for eacli of diem is die fuppleniciu of the angle at B: 
therefore the Irian^lc MEL ii fimilaT tu HFN, and. confe- 
qnemly, the angle HNF is equal lo the angle MLE. But the 
mgle HNF is equal to HBF, aixl die angle MLE lo MBE. a. 
\s obvious : ilitrcfurc tlie angle HBF is cqudl lo MBE, and the 
triangles FBH and £BM are limilariuoneaiioilici ; ^m 

Therefore. fl 

£B : EM :: FB : FH ; fl 

but as was before fhewn, ^| 

AE; EM:: AF:FGorFH. 
Therefuic, 

AE : EB :: AF : FB Q. E. D. 

Cor. II AE and AF be flrawn to make equal angles villi 
BA and AC. Then BE and BF will make equal angles with 
BA and BC. 



^ 



^M 



PROPOSITION III. THEOREM. Fig. 105. PI. 5, 

Let there be a circle, of which is ihe centre, and two poliiis, 
A and B, as in Prop. 1. ; and let C be the point fonnd 111 that 
Propofition : draw AO, OB, m the centre, and through C draw 
MN parallel to OT. ilie line that bifcfts (he angle AOB 1 let CD. 
CE, be any how drawn Irom C to meet the circle in D and E. 
and to make equal angle.-; with MN, andjoin DA. DB. EA. EB, 
then the reflangle ADB i* to the rctbrglc AEB as CD to CE. 

DEMONSTRATION. H 

LetRSbe drawn lobifeEl AF at light angles, and let it meet 
OB in S : draw OH at right angles to DC, and OG at riglii 
angles to EC. and let OH and OG meet RS m H and G ; 
join AH, AG, AS. DF and EF: draw OR perpendicular to 
RS, and DP, EQ 10 AF : and let DC, and EC, meet the circle 
again in d, f. 

Then, becaufe DC, EC. make equal angles with MN. there- 
foie OH and OG, wliich ate perpendicular to DC, CE, will like- 
wife make equal angli'S with MN, or with OT parallel to MN : 
and becaufe the angles AO T, BO T, are equal, as well as the 
angles HOT, GOT, therefore the angle AOH is equal to the 
ajigle BOG. Again, becaufe RS bife^ts AF at right angles, it 
is cafy lo infer that AS will be equal to SF. and that the anele 
A.SO will he bifetied : therefore applying lo the triangle A0^_ 
wh^l was (lemonllrriied in the jireceding lemma, it will be . ^^| 
OH : HA :: OG : GA i -^H 

whence it is enfv to fliew, that a^H 

OW*!)/-. OG xtQ::aHAxIie- iGAxEQ. "^^ 
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^ From the nature of the point C, the four points A, D, F, J, 
n the circumference of a circle : now the centre of thv: cir- 
cle muft be in the line OH, which is perpendicular to Vtd, and 
bifefls Drf : and the fame centre muft likewifc be in the line RS, 
bccaufe RS hifftls AF at right angles : ilierefore, H the concur- 
rence of OH and RS, muft be the centre of the circlt pafling 
through the point A, D, F, d. Therefore, 2HA is equal to a 
diameter of the circle pafling through A, D.¥, d; and ihe refl- 
angleeHA x DP is equal 10 AD x DF {Prop. C. VI. Simfon'i 
Euclid), in like manner it is Ihewn, that a GA X KQ= AE X 
EF. Therefore, on account ol the analogy before detnonAraied, 
OH X DP : OG X EQ :: AD x DF : AE X EF. 

Becaufe OH is perpendicular to DC, and RS to AF, there- 
fore tlie angle DCA is equal to the angle OHR, and the triangle 
DCP is fimilar to OHR. Thererore OH : OR :: CD : DP. and. 
confequently, OH X DP=ORx CD. In like manner ii is 
Ihewn that OG x EQ = OR x EC. 

Therefore, 
OH X DP: OG X EQ :: OR x CD : OR x CE::CD:CE. 
And combining this, with what is (hewn above, 

AD X DF : AE X EF :: CD : CE. 
Becaufe, BO X OF, is equal to the fquire of the femidiameter 
o( the circle, it folluwt, fomcwhat it demondrated in the fecund 
PropoGiion o£ the fccond Book ol the Loa Piuni of ApoUoniiu, 
titat 

FD:DB :; FE:EB. 
Hence, 

AD xDF:AE)cEF::AD x DB:AExEB. 
But. as has been (hewn, 

ADx DFrAE X EF::CD:CE; 
ibcrcfore, 

AD X DB : AE X EB :: CD : CE. 

Q.E.D 



fTo h tontinued.J 
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ARTICLE VI. 



Solution of a Dynamical Question, by Mr. Ivory. 

• 

THE Following question in Dynamics is Prop. 3cl. page 131* of 
Simpfon's Mifcellaneous Trafls ; and it is: alfo refolved irt 
Mr. Atwood'sTreatifeonRefiilint'al Motion : but the folutions of 
thcfc two authors bring out very different refults. Mr. George 
Sanderfon, of London, having pointed out the above circum- 
fiance to Mr. Leyboum (in a letter* an extra£l from which 
was fiiewn to me), I was led to confider the problem ; and, in 
confequence, found out the folution I am now to explain. 
The queftion is thus propofed by Simpfon : 

" Suppofe that a thread, ACffC'A\ having two equal weights, 
A,A'y fuipended at the ends thereof, is hung over two tarks, C,C% 
in the fame horizontal line ; and that to the middle point of the 
thread (71), equally diftant from the tacks, gnothei given weight 
B is fixed, which is permitted to defcend by its own gravity, fo 
as to caufc the other two weights, at the fame time, to afcend ; 
it is propofed to find the law of the velocity by which the faid 
weights afcend and defcend, abfira6ling from the refiftance of the 
air the weight of the thread, and the iriftion on the ucks." 
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SOLUTION. 

Draw tiD perpendicular to the horizontal line CC'; then it is 
obvious that CD = CD. Let CD = ^j, D» zi x^ and Cnzzyi 
alfo let g^ 39-J^, the meafure of the accelerating force of gravity. 

Put T to denote an indefinitely fmall interval, or the fluxion of 

the 
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m 

the time, wliich is fuppofcd to flow uniformly : then the velocity 

■ 

of the weight A In afcent == - : and the variation of the velocity 



n ~. But the weight A cannot afcend at all, unlcfs its gravity 

be counteraQed, and an additional force be imprefled upon it 
equivalent to produce the a£lual velocity in afcent. Therefore, 
the force (couAantly afiing qn each particle of A), neceflary to 

caufe A to afcend with the velocity -r ismcafuredby Lf+v. j 



and the whole motive force a£ling on A is, therefore, zr 



=H) 



A. an exprcflion that, for the fake of brevity, we (hall denote by F« 
Sow the motive force F, by which A is urged upward, being de- 
rived from the atilon ol the weight B ; therefore B will be reaSed 
upon in the dirmion nC by an equal motive force, F. But the 
force in the direction nC may he refolved into two others : one 

=zy^ X F= ^ X F» urging B ina direftion parallel to DC ; and 

another force z= —, X F zz - X F, urging B in tlie direaion 

»D, and retarding the defcent of B. 

Becaufe the weight A is equal to the weight A', and that each 
of ihcm afts in a fimilar manner on the weight B : therefore, the 
efTcft of the weight A', is, in like manner, refolved into two forces 
arting on B ; one in the direftion DC, and precifely equal 
to the former force in the direftion DC, and, therefore, deftroy- 
ing its eifefl: and another force in the direftion nD, likewife 
equal to the former force in that direftion, but confpiring with 
it to retard the defcent of B, Therefore, the whole effcft of the 
two weights A and A' on the weight B, is equi\Tilent to a motive 

force zi 2 X - X F 1= X [^ + ;- ] X 2 A, direftly oppofing 

the defcent of B. 

Again, the velocity with which B aftually defcends is zz . 

r 
and the variation of that velocity, or the accelerating force with 

• m 
jM^ 

which B aftually defcends zi -r# Therefore the accelerating 

T 
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force conftantlydefiroyedby the connection of B with the weight 
AtA'^=:g — —-: and the whole motive force conftantly 



T» 



ioft=(^-n >c B. 

Now as the motive force conftantly loft by B, muft be equal to 
the motive force conftantly retarding its defcent, we (hall have, 

where y? = u* 4* **• 

XV B 

Now;f/ = XX : tberefoie -=4. Let ^ =: m; then by fub. 
' y X 2A ' 

fiitiuion and properly cirdering the terms, we get, 

^r^ = f (« « —y) 

and taking the fluents, recolIeQing that r is conftant, 
!IS£-i^===^ X (mx—y) + d 

where 1/ is a conftant quantity neceflary to corre£lthe fluent* 



x*x* 



In the laft equation fubftitute ..^ for its equal/', and alfo v for 
-;, which is the meafureof the velocity of B,correfponding to iiD 

T 

or X, and we (hall obtain 

which correfponds exaflly with the exprefTion for the velocity ob« 
tained by Simpfon. ' 

Therefore, by the folution juft given, the accuracy of Simp- 
fon's conclufion is confirmed. 
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ARTICLE VII. 

Of ike equilibrium of a very lonz and fle-.iier cylinder Jioating in 
aJluU. 

By Jac. Rube. 

*>. T ET BC (fi^. 138, pi. SOreprefen! the furface of a Quid, 
^^ in which floats the long and (lender cylinder AD. con- 
fidtred in the fiift place as a maictial line: and let it be pro- 
pofcd to examine the cafe when the exiremitv A is refiftcH by a 
fixed ohiJscle, as the edge of the vefTcl coniainin); ihe fluid. 
Let G be the centre of gravity of the whole cylinder, aii<l^ 
(hat of the pan CD itnmerfed in the fluid ; then if we conceive 
the part CD to be divided inioa number of fmall ponioDi, each 
of ihefe portions will be urj^ed in a veriicil diicftion. by a force 
equal to itie weight of the fluid which it difplaces. Therrfore, 
the total cTcft of the aflion of the fluid on the cylindt-r will be 
tquivalerit to a fingle force aBing at ^. in a venicaJ dircCiion, 
»ndeqi:alto the film of all the paniul force*, ihat is, lo the 
weight of a portion of the fluid equal in bulk to the part of the 
cylinder CD. Therefore the forces that aft on the cylinder are 
these three; a force [q\ afting at «■ in a vertical direflion jF, 
equivalent 10 the weight of a portion of the fluid equal in bulk 
to the part CD ; the force of i-iaviiy, equal lo the weight of ihe 
whole cylinder {m), afling at G in a direflion GE paiallcl, hut 
oppoliie to^F: and ihirdly, 
perpendicular to the axis ot tl 
of the fixed obRacle, and equal to the pre 

lliinowcleariliat no equilibrium can take place inthefuppofed 
circumllanccs. For if a folid body be in equilihrjo by means of 
iheaOion of three forces, it is eflentiallymcciTaiy that the direc- 
tions of the three forces meet in a point, or ihat (hcv be all three 
parallel to one another. Now the cylinder AD being Inclined 
10 the liorizon, the diretlion of the force AN cannot be pai.tllel 
(o the dire^lions of the other two forces ; therefore an equili- 
brium cannin take place. 

Take ^F to reprefent the force^. and GE to reprefent the 
force ot gravity oj. Draw ^\I, GK prrpcndiciilar to the axis 
of the cylinder, and complete the parallelugrams LM,HK : atfo 
ittfidenote the angle ACB, or the inclina'ion of the cylinder 
to the horizon. Then ibeforcey is equivalent to a force — ^ > cof. 
fin the dinBiongM.anda force- y xftn.f in the dircfiion^L; , 
and in like manner, the force w is equivalent to a force =ei; >C'. 
cof. (pin the diieflion GK, and a force r: m X fin. pin the 
direflion GH. 

V0L.LP.*RXlL <i "V^ 



ing at G in a direaion G£ paiallel, but m 

rdly, a force afling in the direction AN ^1 

s oS. the cylinder, the effcH of the reaflion ^H 

d equal to the prclfuie at A. 3fl 
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The force gL oppofcs the force GH, ami their differenoi 
5 = Iw — q) fin. 9 J only afls on the cylinder, and is cmplo)^ 
in urjringii to (lip off the funport A, No part of ihis force can 
be deftroyed by the force AN afling at right angles to if. We 
niay fuppnfe it to be counter-bdUnced by a weigln P = (w — qi 
tin. !p atling in the dirctiion nf the axis ul liie cylinder by means 
ol a thread paffing over a pulley. 

The remaining forces ^M. GK, and AN, are now all parallel, 
•nd may be in equilibria. The cunditions are, (irfl, that the 
fum of the forces s\\ and AN be equal to the force GK ; and, 
fecoiidly, thai the force^M be to the force AN as GA to Gg. 

Thus we have ' j 

GA : Gg -.-.g cof. 9 : (ui — q] fin. p ^M 

GA:gA::q-.w. t 

The weight P — (w — q] fin. f, becomea fmaller and fmallcr 
as the angle <p becomes lefs and lefx : and the angle f may be fo 
very fmall that the friftion at A, itigether with the refillance of 
the fluid, may he a fufficient counttrpoife to the tetidcncy to 
flip. This mud be fiippofcd lo be the cafe in the loth quellion 
of ihe Gentleman's Didry for 1789; for otherwife the tquili. 
brium fiippsfed in the queftion could not fublift. Taking th? 
dUmbers in that qucHion ; AD := ;^6 inches, the diameter g 

tbe cylinder = -of an inch, AC reckoned on the axii 

inches, AB = 3 inches and the weight of a cubic inch of the 

fiuid = o-5gj9 oz. avoirdupois. Hence q= -^ x 07854 

X »3 3c o-j949z= 6-045 oz. nearly; an(lA^^B4i; AG =5^ 
«8 : therefore 18 : 241 :: 6045 : S'aaS =w =^ weight of tho 
cylinder required. 

The angle ip villi be determined from this equation 3 =- 

Sglin. p— g cof. f; whence lin.9=o'2585 and cor.p:ro966o; 

therefore the force AN, or the preffurc at A = (w — y) cof. p 
— 2-099 07.. and the weight P, eqiiivak-nt lo the tendency tV| 
flipoff the fupport A, ^ [ai —q] i'ln. (}=:=. o- ^6^ oi. or fonie^ 
thing moie than half an ounce. 

2, If it be required to have regard to the dimenfions of the 
cylinder, in the folution of fuch problems as the foregoing, 
it will become neceffary to determine tbe centre of gravity of the 
pan of a right cylinder cut off by a plane oblique 10 the axis. 
For this purpofe let it be required to determine ihe centre 
^raviiy of the cylindrical hoof, ABC (fig. 139, pi. 8.) Let 

«blii 
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tqne elliptical rurfaceofilichouf touch the circular bafc in A, 
'jKtul let ACB be a TeQion by a plane pafTing through A and ifac 
axis of the cylinder: alf.j ii< Dt.GF be a feSion by a plane per,, 
peiidicular both to the bafe and to ACB : then ii is eafy lo prove 
ih-it tlie fea.on tF is a reftanglc, tlwt DH — HE and FK = 
KG. and thai, having drawn KH. it is parallel lo BC and = FO 
orGE. Bifea BC in L, and dr.w AL meeting KH in M: 
then, it is obvious, that KM ^ MH, and that ilic point M tf 
the centre of gravity of the rcflanguldr fcttion EF. Thus, the 
centres of gravity of all the fetiions of the hoof by planes pi- 
rallel to EF are in the line AL: therefjre the ceiHrc of gravity 
of the hoot itrelfwill be in the tine AL. 

Let S rcprefent the fuperGcial content of ihe feflion oF x 
folid bomogetieous body by a plane, and x the dillance of the 
fefition from a given parallel plane; then f&xi (taken between 
the limits of the greatelt and leaft values of x. :hat is, from the 
value of X where S is ncareft the given plane lo the value of x 
where * is moil remoie from that pUneJ = the folid content of 
the body multipiied by the dilL.nce nfthe centre uf gravity frutn 
the given plane. To apply this formula to the Cdfc in hand, 
put $ ^ meafure of the arch BD. BC = A, and r 
= radius of the circular bafe : then DE = er fin. 9, DF 

= KH=?fxAH=- XT fi + cor.f) = -{i-1-eof, 
f): therefore S:=Ar[i-*-Cor.$} fin. ?i:alfo*^r(i — cof.ip): 
therefore Sxi = At* x p fin.'9 (1 + cof. ^) (i — cof.f)^ 

*r> X jIin.«? = Ar» x ? J| — T^of- « 9 + g *:of. 4 ?^« 

tha^ion /Sxi=:ir* X )- a — ^ Gd. s $-1- i- ^o.A^y. wid 
uking the whole fluent from x z^ o to x ~ ar, ox from <^ ~f 
f o 9 = femi- circumference = «, we have/ ^xic :^ Ar' x ^» 
Now the folidky of the hoof = a cylinder on the fame bafe m^ 
balf the height =: Ar' x -> Therefore the dillance of the 
tcnlre of gravity of the honf from a plane touching the cyHadiim 
calfurfaceinBC-^^^P^*-' = ? f . Hence, ifff be thecpop 

(re of the bafe, uIlc om^' r. and draw mn parallel to BC. 

meeting AL in n, and n will be the centre of gravity of the hoof 
required. 

da "V. 
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I( is now eafy to End the centre of gravity of a ponion of a 
right cylinder cut off by a plane oblique to the axis. Lei PicuQ 
be tht axis, r the middle of rQ. or the cenirc of gravity vi the 
cvlindcr AN ; join nr. and make nT to Tr, as the cylinder AN 
to the hoof ABC, that :s, as OL to OP, and T will be the centre 
of gravity oFihc whole portion of the cylinder cut off by the ob- 
lique plane AGFC. 



Draw ns and T^ perpendicular to PQ : 

i Po and rai^ -i PQ ; therefore ti : 
but Po : QP :: rT : nr :: yr : rs ; 
therefore rq = iPo + 



Then stv = 



«• FQ' 






rPQ+g. 
1 AO-OP 

i" PQ. ' 



PQ 




the fluid : then take sr ^ 
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3. Now let it be required to refolvc the problem confidered in 
^ 1, taking into account the dimcniions of the cylinder, hci G 
(fig. 140. pi. 8.} he the middle of the axil AD, or the centre of 
gravity of the whiiie c) lindcr, and s the middle of the part CD : 
put AD =fl. As = t, ar = diameter of the cylinder, and p 
^ angle ACB ^ inclination of the cylinder to the furfacc of 

cot.' © J r* cot. ip _, 

-P-. 7. and re =: r-, Ti, and 

16 (a—ej ° 8 (u— t) 

g will be the centre of gravity of the immerfed part of the cylin- 
der (^ 2). Then proceeding as in ( i, the force of gravity GE 
(= VI- weight of the cylinder) will he rcfolved into two forces, 
the one GK — W cof. f, aOing at right angles to the axis of the 
i;ylinder j and the other GH = w fin. f , afling parallel 10 the 
Bxis: snd in like manner, the force of the fluid on the immerfed 
natt of the cylinder, ^F (:z ^= weight of a portion of fluid equal 
la bulk lothe iirmerfed part of the cyhnder) will be equivalent 
to two other forces, one ^M = q cof. ^, perpendicular to AD, 
and onc^L^a lin. f, parallel to DA. 
The forcts GH and gL. oppofc one 
prodLce it p, making w — if : q :% Gg : 

lel to the axis of the cylinder: then the two oppoling forces GH 

ill be equivalent to a lingle force applied to or n and 

q. {\n. p, the d.Htfcnccof the forces GM ana^L. No 

part of thii force can be dcllroyed by the prelTurc on the ob> 

UAcJe jfrittion being cxcludcu) which lea^s on the cylinder il 

a direr '" 



mher: 



and 



: join G^, 
: q :; G^ : G^, and draw pn paral 



.&im^m 



■ direSion perpendicular to the axis. Wc may ruppofc 
be counter-balanced by a weight P = fto — y) fin. (f, afling 
in the direftion pn by means of a thread, faftened to the point », 
pading over a pulley. The diftdnce of n from the centre of the 



rnA: 



thri 



8 {a — b) tu — q' 
ions neceffary to the equilibrium of the other 
niy deduce, as in ^ i, 

q : w 

* cot.* p 



4" 59' : and r^zKi whence 

'224 oz. ^ w the weight of the 



cylinder 

From the condj 
three forces, we t 
GA : rA : 
in fymboU 

' - ,T(I^^) ••■'■" 

and the prefTiireon the ob (lacier (w — j) cof. ip. 
Taking the numbers in ^ 1, wc liave^ — 6-045 « 

i = 24t ; and ip 1:^ ia" ko' : and r 7^^ ^ 

18 : 94*489 ;: 6-045 
cylinder required. 

4. Suppofe now that AD (fig. 141, pi. 8.) 11 a long cylio- 
diicat beam of timber, moveable at one end round an axis (palling 
through the centre ol the cylinder at right angles to its axis) sup- 

Soried by a prop AB of a given height above the fiirface of a 
uid in which the beam floats; it is required to determine the 
pofttion in which the beam will rel) in equillbrio. 

Let c = height of the centre of the axis, round which the 
beam turns, above the furface of the fluid ; a ^ length of the 
cylinder, and 9 =^ inclination to the furface of the fluid: then 

= length of the part of the axis of the cylinder out of J 

ihe fluid, and (a — ^ ) = length of the immerfed part : let 

v> = weight of the cylinder, w' ^ weight of a portion of Quid 

equal in bulk to the cylinder, then {1 — -j. ) x zv' ^ 

Vreight of a portion of fluid equal in bulL to the immerfed part 
I 9S. the cylinder. Take Dr = -i (a — j 
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fin. 9 



ir being the diameter of thecylinderj and^r= - 



Im. f *\ 
' coi.' p 
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Chen wili^ be the centre of mvity of the immerred psort of the 
cylinder : draw the vertical une ^F meeting the axis AD in m ; 



1 r* 



then rm z=:gr X tan. p == -. : hence Am = AD, 

fin. p 

^ . t , £_> 1 2?^ + r» cot, (p 

fin. 9 

The only forces that aft on the beam are the force of gravity 
— tu (the weight of the beam) in the direfiion GE, and the 

force ^F = (i ^ — -) X w\ and the beam will be in equili- 

brio in that pofition where thefe two forces are in equilibrio, that 

is, when 

AG : Am:: force ^F : force GE 

or, in fymbolst 

« , , ^ I * 2r*+r*cot.'$ ^ \ f 

2 *^ ^ hn.^ 8 c ^ a fin. (p' 



fl— 



fin. 9 



Hence a' — 7: — y- X {2 + cot.* p) z=za\ — ., 

fin. <p 4 » 



and fin. ^ = a/ 



c«+:l 
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If in the formula juft found, we make c* H :za'^ f i-.^J 

4 ^ nr' 

or c = v^ -Ja* (i ;) — — V, then fin. (p =^ j and 

4 i ^ *> T — 

f = 90*^ : therefore when c has this value, and much more 
when c has a greater value (in which cafe the formula gives the 
value of fin. p greater than the radius) the beam will not reft in 
equilibrio in any pofition oblique to the horizon : but, when c 
has a lefs value, there will be one pofition, oblique to the hori« 
Son, as determined by the formula, in which the beam will reft 
an equilibrio. 

Let it be remarked, however, that the formula is limited in its 

application ; for it will not apply when the prop is fo fliort,that 

either the lower edge of the upper end of the cylinder is immerfed 

in the fluid, or the upper edge of the lower end of the cylinder 

rWesout of the fluid. To inveftigate thefc cafes it would be 

uecefliuy 
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_. (Tary to determine the centre of jtravlty of a hoof of a right 
cylinder infilling on a given part, orfegment of thebafe. 

j. Suppofe now that the long and {lender cylinder [fig. 146. pT. 
8.) AD, floating in a liuid. is kept in cqiiilibrio by a weight 
P, afling on the cyhnder by means of a thread ANP pafTing over 
a pulley, and faflened (o the extremity of the axis of the cylin- 
der : and Jet it be required to determine the weight P when the 
axis of the cylinder has a given inclination to the furface of the 
fluid. 

Although this problem may be cafily deduced from the problem 
hftcoiifidered, yet we (hall give an indcperdant folution of il. 

Let G be the middle of the axis, or the centre of gravity oF 
the cylinder; and S the middle uf ttie immcrfedpart of the axis J-; 

put AD ^a, SD = X. and lake Dr = i + ^. ■ ^"'" — '^ (j 

being the given inclination of the axis to the furface of the fluid, 

and 2r the diameter of the cylinder] and rg =z -. — ■ then 

g will be the centre of gravity of the immerfed pari of the cylin- 
3er; draw the vertical line^F cutting the axis in m, then m 

i t' , , , 1 r" cot.* e 

=: ffr.ian. 0=-. — : therefore A»i = a —x — -.. ~ 

" ^ ^ ax 8 a* 

— ■ - , Alfoifzv^ weight ofthecylinder, and tu' = weight of 
ft portion of fluid equal in bulk to the cylinder, then — X vf 

= weight of a portion of fluid equal in bulk to the immerfed 
pait of the cylinder. 

The forces that aft on the cylinder arc the two vertical forces, 

applied to the points m and A, equal to — x ui' and the 

weight P; and the force in the dire^Jon of gravity, applied to 
G, and equal to ui. 

The conditions of equilibrium are fird that w^ — X t 
P: and, fecondly, that AG : Gm :: — x tu* : P or 1 

— w' : whence AG : A/i :; — x f' : w, andAG X wssl 
Am X —- X w', or in fymbols : 
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AC = a v^(i ^;, which agrees with the refult of Mr, 



X 3« ) 

, t r* cot.* p 1 r* . 2X a 

Thus Aox — Ax*= a*. —, + i r* + - r* cot.' p 
^ ^ ztr ^ 

therefore a — 2X, or AC iz -t/ ia*(t - !^J-ir*— *r* cot. V ?* 

C ^ a; 4 > 

fix 

and ;c being thus known, ti.e value ofPna; — — Xt/ will 

Hkewife be known. 

But it mud be remarked, that this formula will not apply whca 

the cylinder is fo obliquely inclined to the furface of the fluid, 

that either the lower edge of the upper end of the cylinder is 

* immerfed in tlie fluid, or the upper edge of the lower end rifcs out 

of the fluid. 

If in the formula that hai^ been found we put r = o, then 

r/» 

Farcy's invefligation, (page i6i, No. 14, of the Old Series of the 
Rjspolitory). 

Taking the numbers in the experiment made by Mr. Farcy, 
and of which fome account is given in the Repofitory as above 
cited, we have a = 28*12 inches, 2r = 1*7 inches, and a; = 
^7*65 ounces: the experimenter informs us, that when the cy- 
linder was placed upright and allowed to fink to its equilibrium 
in the water, he obferved 13*92 inches ot the axis to be immer- 
fed; but that when the fanr^e thing was done, inverting the 
cylinder, it funk i4**}5 inches into the water : the forniCr of thefc 

tiials civcs w' zz - — _ x 17*6^ oz. and the latttr gives ztf z=z 

13-98 '^ ^ 

X ij'Sgoz.; and it appears reafonahlcto prefer a mean of 

, . , , . , ^ 28-12 - Vf 

the two trials, and thus to take a/= X 17 'o.^ or —7 =r 

14-215 ' ^ xiy 

-4--— ^« If thefe numbeirs be fubflituted in the formula wc 
28-12 

fliall find AC = v^(390-648 — 0M08 cot.^ ^Jl — (by throwing 
the root into a fcries, and rcjefting all the terms but the two firft 
on account of their frnfillncfs,) 19-76 — 0*0045 x cot.* 9. The 
Author of the cxpeiiment informs us, that he obferved 19*5 
inches of the cylinder's axis to be above the water at fcveial 
inclinations ; and thetheory, which gives i()*76 inches inftead of 
ip'jpgrccs ds well with the fafl as can rcafonubly be expelled, 

coufidering 
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confidcring tlic uncertainty in ilie dwermination of t/. Tb^j 
correflion Hcpending on the inclination of the axis of thccylii 
der is manifcllly luo rmall to be of any account in the pTefei 
indance. 
' We have CD, or ax, = 8'36 in >+■ "0045 col.' 9 ; therefore 

I. — iu'= - ?- ^ + \ 8-36 H- "0045 cot.* ? J = lo'ag oz. + 
« 14215 * ) 

•005,5 cot' p. In Mr. Farey's experiment the thread AN, 
fafleiied to liie end of the cylinder, was attached to one fcale of 
a balance, the weight P being put into theoppolite I'cale : and we 
arc informed that, while the balance was railed and depreffed by 
means of a pulley, fo as 10 make the cylinder pafs into all de- 
frrees of obliqniiy "o the furface of the fluid, the fcales remained 
as nearh as pqffihk in eqnilibrio, and the thread venical, the 
counterpoife, or weight P, bein^= 7*17502, neglefling the 
correction depending on the inchnation, the theory gives 7'36 
inllcad of 7*175 : but when p = 6", then cot. ji ^ ^i nearly, 
and the corretHon depending on the inclinaiion — halt an ounce 
nearly: thus according to theory the counierpoife, or weight P, 
ought to diminilh from 17*36 02. to 6'8tj oz., whik the cylinder 
pafles from being perpendicubr to the horizon tu dn inclioatioa 
of 6°. The theory feems to agree wiih Mr, Farey's experiment 
as nearly as his obfervations aflhrd us ihe means ot judging. 
When the inclination of the axis, in this experiment, is between 
5' and 6°, the upper edge of liie tower end of the cylinder would, 
according to theory, jull cume to the furlace of the water, and 
after this ih^ formula we have given would no longer apply ; 
but the great length to which this article iias already run, ren- 
ders it improper to add any thing more on this fubjeit tf 
prefent. 



I 



^^ ARTICLE VIII. 

Of the length of an arc of a circle tn terms of the tangenh 
£yMr, Benjamin Gompertz. 

LET If and v be the arcs corrcfponding to the tangents x and ■ 
/ refpeflively, radius being unity. 
K A (fume ^ 

and V =at + bi^ + ct* + dt* -H &c. ^M 

h, c, d. &c. being conlUnt quantities to be deternuaed. ^| 

Vol. J. Paht II, e Va.Vif*»M 
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PROPOSITION II. PORISM. Fig. 144. PI. | 

'Two flraiglit liies, AC, CB, bein^ giv'en in pofiiion, and therein 
two poinis, A. B. there is gjvfn a point D, fuch, ihat any cir- 
cle ihence dc^finbcd (hall cut off fesrments AE, BF. adjacent 
to ihe given points, having between ihenifelves -dgivtn ratio. 

Analysis. Suppofe ii true : and let D be tiie point which 
is affirnied to be ^iveii. ^iid let the circle meet the lines again in 
K, L; then, by hypothefis, [he ratio of AK to BL k given, and 
the fame with that of AE to BF, therefore the ratio of EAK to 
TRLtigiuen, thatis. theratioof AD'— DG'toBD' — DH» ii 
given; aifo DG n DH, and AD, DB, are ^i^fn; now Tince 
the aforefaid ratio is given it is either of equalliy or n<it ; — if not, 
let which of the tcrmi you will as AD°— DC be tbc gre.ilLr, then, 
dividciido AD' — BD= has i^given ratio to RD' — DH', there- 
fore iince AD, BD. are §7vcn, DH is alfo P'ven. contrary 
to the hypothecs; therefore the raiio isofequahty, and AD =: 
BD ; and therefore, (ince AE - BF and AK - BL, EK = FL, 
that is, ihey are equitiiftant from D; whence D is given, being 
the intcrfefiion of DO, which bife£ts and is perpendicular to 
AQ, and CD which bifeBt the angle ACL; and it is evident ' 
''^u D may be found in either of the four angles at C. ■ 



PROPOSITION II!. PORISM. 

If there be any given number of points, and a circle given by 
pofition ; putrirign for the jjlvcn nutnber, if a polygon of ii-t- 1 
J.d:« be i ifcribed in the circle fo thdt a fide may pafs through 
each of the given points, the remaining fide Ihall contain a 
jitfi anglcat the circumterencc with a llraighi line tending to 
9giVfn piin'. 

Case I. If in the circle CDK, eiven in poGtion. the triangle 
DCE be iiiferib^'d fo that DC, CE, tcndto A, B, given points, 
tD niakefi ^ gtven angle at D, Kiih a line that tends loa^'ven 
pcim. fig. J45, pi. 8. 

Analysis. Supp^ fe it true, and let F be the point whicb 
in the porifm is affirmed to he e.tven, then if DF be drawn meeU] 
ingihe tircle in G, tiie angle GDE \i given; join AB, parallel' 
to which draw EH and join DH, mtcting AB in K, then 
Ihe angle DCE = KHE = DKA, therefore KA x AB - DA 
X AC; tlierefore K is a given point. Join GH, then the an. 
gle GHE=LDF is given, bm H E is parallel to a Ilraiglit line AB 
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given in pofition; therefore HG is alfu parallel to a flraightlte 
- (/« in ptirnion; join KF meeting the circle iiiT.V; then, fncfl 
, is given anil F given, KV isgiven in poHtion, pn*al!fl (Iierfio 
draw HX, lien (ince HG and HX djc para'lt;! lo l"ii.-| 
ffiven in jii^fiup, ihe an^leXHG is^Jirw, [hercfore GX is ffivfit 
m inaKnilude : alfo, fince KDF is inflected from (he poinis F, K, 
and HX drawn parallei t FK, and GX joined mfeis FK :n S, 
S may be ihewn to h^ given in thefcime w.iv ihat K was. Now, 
Cnce thruni^ti the given point S is drawn GX given in magnitude 
but not in pofition, S is the centre, and GX conl' ^iienily a dia- 
meter, and XHG a right anuif, iher^forc tJ e aovW KDE- GHE 
^difference of BKS - XHK and a right ande, bui K and S are 

fiven, therefore ihe angle SKB is aiven, ana iherefore ihe jpfjle 
DE isgiven, and fince KF x FS - TF x FV*, F is give... 
Viz. by making TK : KV :: TF : FV Q. E. I. 

This is the 57th prop, of Dr. Simion's treatife dcporifmdtibus, 
and ihe laft porifm of ilie third book, ot Euc.id's Porifms. 

It may not be improper 10 eiiunu-rale its particular cafes. The 
angle FDE, that is, the difference beswcen the given angie SKB 
and a righc angle may be either a right angle or nothing, that in, 
the angle SKB may be norhing (or SK coincide with A8, AB 
pafTing through the centre) or a right angle, 10 both cafes K ii 
found hymdkingKA x AB:=DA x AC. 

When AB palfcs ihiou^h the centre ihe angle FDE is a right 
angle, and heie we have ii^o particuldr cafes. 

Firfl,ifKandF areihc given poincs, HG is perpendicular 10 
the diameter, i. e. HG makes a right an){le with HX, which it^ndi 
to a point at an infinite diflancc. This cafe is prop. ^8, it 
porifmaiibus. 

Secondly, which is in faft the cor... rf.-. if KHD be drawl 
and HG perpcndicul.irtoKS, ihen DG icnd.s 10 a given point ? 
i.e. HG is drawn t;om a potnt infinitely diftant in a line per- 
pendicular to (he diaine:er mill paffing through K; tins is pn-p. 
62, de porifmatibus, cafe tbe filth. 

When AB does not pafs through the centre, there are like, 
wife two paniculjr cafe*: 

Firfl, when SK is perpendicular to AB then the angle EDF 
it noihing, that is, ED paffes through the given point; this if 
prop. 61, de porifmat'bus. 

Secondly, when AB is givon in pofiuon and from K, any 
pqint in It is drawn KD, and HE tending to a point infariiely 
oiflant in it. 1, e. parallel to AB, DE ftill makes a given angle 
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EDF, found as before, with a Imc tending to tht 



given point 



ii 



This IS the fecond cafe of prop. 6b. dc porifmatibus. 

The analylis of every one of thefe cafes is contained i 



' By ihc fimiUr tmi^Vei !)■?&., O^S, 
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B'flenrral analylis, thcgrncral propotiiiftn having been reduced to 
them one aftt-r anmUr-r ; hut I have been (hus pr'-ciTe in ihe cnu- 
meraiidn ofihcmtliai thcbeaiilifulciJimeHionhelwcfn rhc prcpo- 
fuion? cird, mi^lit bir cle:irly feen. 1 tnav alTo ohfervc, ihai this 
analyfio is in every lefpi-ft (lifTereiK (miu Dr. Siiufon'*. except 
that bmh are grounded itpoti thepnnciplu of ihe analjTiiof prop. 
117. iiii. 7- Pjppi, which Dr. Simfon has made, prop. ^5, d« 
poririnaiibui. 

LEMMA I. Fig. 146. PI. 8. i 

If from a given point D, to a circle given in pofitJon, be any 
how .lra(vn DC, and IVoni C b*; 'Irawn C.A. in a ^ivcn anglft 
DCA.and ABhp dr,.wri i-arallel to a Ilraighl hne given inpofi. 
tion, and BC be joined; EC makes at C a givtn angle Wilha 
flraight line tliat icjids irj z o.v^n point. 

Demon srR.\TmN. Joi'iflG, ihen the angle ABGisj;i\-en, 
bccaMfe ACD i5i;ivcn, theiel.nc BG, tnakirtg a given angle wiih 
a line ihal is parallel 10 a lit>c given in p<>litii>!i, is irfell parallel 
10 a line Riven iii pofiiiun, iluTi-fore llic Icminj n cvidtni by ihat 
cafcul [lie preceding ponfm tliat makes prop. 62, dc porifinatibuf, 

LEMMA 11. Fig. 147. PI. 8. 

If from Iwo given poinrsD. E. the firaight lires DA, AE, be 
infleticd !u any point A in a given circumfert^nce meeting it 
again in C, F, and from A be drawn AB 10 the circumi'erence 
in a given angle £AB, IIC joined malies at C a^icn angle 
wiilia line tending lu A^iven p»int. 

Demonstration. J.^in FC, which, bytbeforcgoingporirm. 
makes a f;iven ^tnglr wuh a line lendnt); to a given pnim G, but 
the angle BCF (= LABJ is given, itietcloie the angle BCG U 
given. , 

Case 2. When there are three or more points F, G, H,K,&e. 

DtMONSTBATlON. Having drawn the diagonals AC, AD, 
tie hn- i4S.pb[e8. Ryihefiin Cdfc AC nia^^csa^juffl angle 
Willi a line liiat tends to a given point, tberefore by ihe fecond 
jcninia AD alfo makes a given angle widi a line tending to a 
given poim, and, tiicrefore, by the Tdme Icmtna, AEalfomakei 
iven angle with a line lending (0 a given p')int; and lb on. 
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nutnber of given points be what it may. Therefii 



le propol 



s evider 



6'i'K. Jlencc it i' evident how a polygon ma)f be intcrtl 
a cinh i'o ihA its fide* may yat» i\miujj\v in-j ^weo nu»il 
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©f given points, or be parallel (lem. i.) to any given number of 
lines given by pofition, or fome pafs through given points and 
fome be parallel to, or even (1cm. 2.) make given angles with lines 
tending to given points. 

The following porifin is added here from irs fimilarity to the 
firft cafe of the foreg(«ing, and as a farther fpccimen of my me* 
thod of inveftigating this clafs of propolltions. 



PROPOSITION IV. PORISM. Fig. 149, PL 8. 

A circle whofe centre is A, and a flraight line BC being given in 
pofition and inagniiude, if through B, C, any circle be dc- 
fcribed cutting the given circle in D, £ ; DE joined tends to a 
given point. 

An A LYSIS. Suppofe the porifm true, and F the point given^ 
join FC meeting the circle ai^ain in G, then CF x FG (= EF 
XFD) is given, becaufe F is given and the circle HED given^ 
but FC is given in magnitude and pofition, therefore FG is given 
in magnitude and pofiti(;n ; therefore G is ^ given point ; there* 
fore G coincides with B, forotherwife the circle CBG would be 
given in pofition^ which it is not ; join FA and bifeS BC in K, 
then fmce it has been proved above that (KFj* — (KC)* =r 
(AF}» — (AH)*, the diflerence of the fquares of^KF and AF, 
being equal to the difference of the fquares of KC and AH, is 
given; therefore fi prop. 2, lib. loc. plan.) F touches a firaight 
line given in pofition, and it has been proved to be in BC pro- 
duced if need be ; therefore F is given Q» £• /• 

And it appears from the propofition cited, that if AK joined is 
perpendicular to BC, F is at an infinite diftance, i.e. DE is 
parallel to BC. 



ARTICLE X. 

DIOPHANTINE PROBLEMS. 
JBy Mr. James CuNLiFFE, R. M. College. 

PROBLEM I. 

'HPO find three fquare numbers fuch that the fum of every two 
'^ of them may be a fquare number. 
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Let «', y*, and z', denote the nurrtbcrs j ihen by (he queftiol 
a* + )', :(■+ z',y' ■+- z' must all be rational fquarcs. 

AffiimL- * H-^ — a, for ilic roor of the firil, Biid « + 2 — i ' 
for the root of the fecond, that is, pui 
»* + y' = (x+y — a)' — x^-^-y* +2Jry — e« (jt+^)+fl', and 
«* +2*= [x -i- z — i)' = x' -h i' + nxz— ill {x+ z) +i'; 

from [he fornierof wbich « ^ — ^ — K, and from ihe latter 
B (fl -y) 



h' — 2hz 



abz 



whence 



-,-7 ^, , .hercfore , \ z 

z{i — 2) a(fl— >) 

iy {-ia — i>) — ia (a — b ) _ 
By (a — i) H- a {ib — a) ' 

^y[ aa-^)-^a ' a-i) _ {a* -d'')y- ad(a-d) 

zy [a-b] + a (ai -a) ~ 2dy + a' — »da 

J')y~adfa~d}j ' 



put (I — t^d.thcnx 



(a dy + a' — ada)' 

(2i(v4-a' — BiJ^l* (aij'_y •*- a' — fia</)* 
which miift be a fquare by the queftion, therefore 

Affume ay .i + ^ (a* — zad) — ad (a ~ d) for its root ; then 
4>' d («»~2ai/)+/ J (a* — aai/)* + (a* — </■)• ? 

— zyad (a — (/) (a' —d''] + a' i* (a — <^' 
4-_yCa'— aarf) — a(/(a - </)J. 

iV' i^' + 4y^ ii(fl*— aa^) + /5(a''— Barf)*r— 4air(a— rf) 

fi^iai/ (a* — zad) {a — d) ■\- a* d* {a — d)' 
ad {^ad- d') 

+ 4ad' 



4>' 



= Jay*i 




icb being reduced gives y = ^^ .^'^j. ^7_^^j 




r/ifft WW.hg 138 !o /.5y, 
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reltonnff the value of j, y = r -rz — tt # where « and 

I may be taken at plcafiire (A). This I call the firft formula for 
llje value of y\ and have marked it A. 

Example 1. Suppofe «= 3, andi z: 2, 

, 1.5 a'— 2/iv 9 — -5-V iq8— qo 108 18 

then y zz — ' x zz ~ ^-^~ m ■ — ——.■—■ ^» 

'-" 22' *^[a—yj 2[^-^) 2(60-15) 102 17' 

3nj^^ ^'7g^^ ^4--if^ 68-7 2 ^-^^::i 

2 1^— ^i 2(2-i-?.j 2134—18) 32 8* 

Therefore-^, — and ?, are the roots of three fquares, the 
22 17 8 ^ 

film of every two of which will be a rational fquare. If 
whole numbers are defircd they may be obtained by reducing 
the fraflions to a common denominator, and rejcfting it; when 
the preceding fraftions arc fo ordered there will be had 15 X 17 
X 8 =: 2040 ; 18 >C 22X 8 = 3168; and 22 X 17 = 374 for 
the roots of three fquares that will anfwcr; or becaufe ihefc 
numbers are all divifible by 2 ; 1020, 15S4) and 187 are the 
roots of three fquares that will anfwer. 

Example 2. Take a = 1, and b = — 2 ; then v = — - ; 
* 2 

a' — 2ay 10 , ^* — ^bx — 2 1 - , 

x= -, < = — ; andzzr— 77 . iz —7-—; from whence, 

2 (a — y) ji 2{b — x) 16 

by reducing the fra3ions to a common denominator, we (hall 
ohtairi 792, 231, and 160 for the roots of three whole num- 
bers, the fum of the fquares of every two of which will be a 
fquare. 

A fecond formula for the value of y may be obtained as 
follows. 

I^t 2y^ d'\' y (a' — 2ad) -^ ad (a — d) be affumed for the 
root of the general expreffion to be made a fquare; that is, put 

4^4 d' +^'dia^ — 2ad) +/ J(a»— 2fl^)*4-(a^— </»)*} 

^2yad(a — d)(a^ — d^) + d^d^{a—if 

= J 2>' ^ + ;f (a* — 2ad) + ad{a —d)^ 

+ 2yad (a— d) (a*— 2ad) + i»* ^ («— ^)* 

. 2ad(2a^ — 2ad d*) 

which being properly reduced gives >= ^—^-j^~^—-^; 

Vol. I. Part II. f and 
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ftndbyreftoring thevalueof J, y = ^^^^^ \^ ^^.(B) 

which is a fecond formula, for the value of y^ where a and ft 
'may^ as before, be taken at pleafure. 

n* — fioy 
Example i. Take^ = 2 and * zz 1 , then j^= 12 ; x = — v 

= — ; and z zz — -, ^ =: -^, which are the roots of three 

5 2 (* — ofl 12 

fquares, the fum of every two of which will be a fquare; and 
thefe being ordered, as in the examples to formula A, will give 
12 X 5 X 12 =z 720, 11 X 12 zi 132, and 17 X 5 = 85 for 
the roots of three whole numbers that will anfwcr. 

2^ 
Example 2. Take a zz 1 and b z=z — 1 ; then jr = — ^ ; 

a* — 2ay — 2Q , b* — zbx — 22 , . 

X = —f ^ n ^ ; and z zz -yj : = ; and by 

2 (a — y) 2 2(A — x) 21 ' 

ordering as before we (hall have 24 x 2 x 21 =: 1008, 23 x 
tc X 21 =: 12075, and 22 X 25 X 2 = 1100 for the roots 
of three other whole numbers that will anfwer. 

Again, affume 2^' J— y (a* — d^) -|- ad ia — d) for the 
root of the exprelTion which is to be made a fquare, that is, make 

4>*</* + 4>'^(«*— fi«^j-*7*j(«* — ^adf +(a« — O*} 

— ^yad (a—d) (a^ — d^) + a^ d^ (a — dy^ 
= ^2y*d—y(a'—d') + adia—d)Y 

= 4y* ^'— 4^' ^ (^' - ^') +y* [(d'^d^y+^ad\a'-d)\ 

— 2yad {a — d) (a* — 1/*) + a» </» (a — d)% 

from whence, by proper reduftion, y = *— 7- — ^ — ZL—H-f-JL 

^^ ^ '^ 4tf(2a* — 2ai — d^) * 

A a ' J _a(8fl'*+ 4*3_ j2^^t_^3) 
and reftonng tf , V = r — 3 J (C) which 

4(^-*))4^^ — («' + ^')J 

is a third formula for^. 

Example 1. Take A = 2 and a = 1, then y = — * 
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* = rr:: r\ =77» *"" ^ = m^ ^ == — ; and thefe be- 

2 (a — y) 11 2(^ — ;r) 17 

ing reduced to a common denominator as in the foregoing ex- 
amples, and that denominator rejeded, we Ihall have 1 x 1 1 X 17 

= 187, 
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= 187, s '^ ^^ X ^7 ^ 1020, and 12 X 12 X 11 = 1584 

for the roois of three whole numbers that will anfwer, and are the 
fame as were found in one qi the preceding examples. 

Example 2. Take « =z 4, and i == 1 ; then y = * 

3 

u* — 2ay iQ J P — 2ix it ,, ^ 1. 
X = —7 ( rr -^ ; and 2 = —77 • = — ; thefe be- 

ing reduced to the leaft common denominator and that denomi- 
nator reje£led, there will be had 240, 1 1 7, and 44 for the roots of 
three whole numbers that will anfwer. 

Laftly, affume 2y^ d + y {a* -^ d}) — ad {a — d) for the 
root of the general expreflion to be made a fquare» or put 

4y* ^+ 4;^' </ (a* — 2ad) + /^ («' — nadf + (a*— ^)* \ 

— 2yad{a—d) (a^ —d*) + a*d^(a'' df 

= ^(2/ d -{- y (a^ — d^) —ad{a — d)^ 

= j^* d^ + j^^ d {a^ — d^) + >»|(fl'-flP)*— 4fl^(fl-0| 

— 2yad {a — d) (a* — d^) + a* d^ (a—df 

and this after proper reduction givesj^iz: -r^ — ^ ■ a^ • 

and reftoring the value of d^ y = /. a ■ /a (D) a»i 

this is a fourth formula for^. 

Example 1. Take ^ = 2 and ^ = — 1 ; then y :=: 
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e? — 2fly 11 J b^ — 2bx — 16 ^ . 

X = \ = — and z r: — -r : =: j trom whence. 

2(iX — ;^) 10 2(^— ;r) 21 • 

by proceeding as in the former examples, we (hall obtain 140^ 
693, and 480 for the roots of three fquares that will anfwer. 

Example 2. Take a = i, and b = 2 ; then y = -^, 

a* — 2fly 11 J i" — 2^;c .^ , 

X :=: • z: — , and t = —77 ^^ '=^ t2^ and from hence 

2l«— 7J b 2{b — x) 

we fhall obtain 85, 132,. and 720 for liie roots of three squares 
that will anfwer. 

Example 3. Take a = 3, and ^ = 4 ; then > = -^, 

4 

a* — 2ay it , b* — 2bx - , 

X =: \ = — I and z = -—7 = - 20, from whence 

2ia—y) 3 2(b—x) 

f 2 we 
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we (hall obtain 44, 117, and 240 for the roots of three num« 
bers that will aniwer. 

Example 4. Take fl = 3, and ^ == 1, then^ zz ~^, x zz -3« 

and 2= — , and from thefe we get 832, 855, and 2640 for 
4 

the roots of three numbers that will anfwer. 

There is already a pretty general anfwer to the preceding 

;[ueftion in No. 12 of the Old Series of the Repofitory ; but the 
blution here given is far more comprehenfive, as will appear from 
the great variety of examples which arc annexed to illu (Irate the 
diflFerent formulae. I believcit would be difficult to obtain fome 
of the fets of numbers which are deduced in the annexed ex* 
amples by any other method of folution. 



PROBLEM II. 

To find values for the fides of a triangle in whole numbers 
fuch that the lengths of the three lines from the angles to the 
middle of the oppofite fides may be cxprcfTed by rational whole 
numbers. 



SOLUTION. 

LetACB (fig.150, pi. 7.) beatrianglc, AE, BF, andCD lines 
from the angles to the middle of the oppofite fides. Put AF = 
FC =:;c, BE = EC = y, and AD z= DB = z. Then by 
prop. 28, B. 2d. Emerfon's Geometry, 
(AC)« 4. (BC)« =z 2 (AD)« + 2 (CD)» ; whence 

fAC)« + (BC)* _(AD^,^ 2*«+2/-2«3: (CD)»= a fquare. 

aiid in like manner 2** -4- 22' — y* =: (AE)* zz a fquare; 

and 2/ + 22' — ;r* =z (BF/ zz a fquare. 
Put X — y + n z^i 2, then 

«Af' •+- 2>* — 2* = 2 0:* + 2^* — (at — y '\- nY 

= ** + ^^y + y^ — i^n {x —y) — «« 
= a fquare. Aflume x+ y — j for its root, that is, put 
jc' + fljify+y— 2n(A:— 7)— n'= Ix + y — j)» 

=x^'{-2xy+y*^2s{x^y)J^s*; 

from 
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fiom whence x=: — ^^-^ — ' —: '; and 

2 [H — s) 

-^ 2 (W S) ' 2 v« J) 

From what lias been deduced it is manifcll that we may take 
A~2Ln«-*-^) — ('''-+-^'). y = 2i;(7i— J)&zr:4Ji; + n*— 2J/I— i% 
and bv means of thcfe 

I — (4U' 4- n' — 2 jn — j*)* 

= («'-+-2nj — j' — 4'"')* =a fquare. 
Alfo 

2;( +22 ; _ i_8t,(3i'+3i.,_,n»+„>,+ 4:«(3,+ «;»J-^"l"*'*» 

and dividing by 4 

J* + 2j' n 4" 2.f' n* — 2j«'+a* ?_ r a. 

- 2^. (3j' + 3.»«-jn» + «')-»- r* (3J + „)»pai(iuare; & 



And from thcfe expreflions we might obtain ageneral folution, 
but the calculation would be very troublefome. In order there- 
fore to avoid a tedious calculation we Ihall proceed in a manner 
lefs general. 

By a bare infpeftion of the latter of the two formula; which 
remain to be made fquares it will at once appear, that if we take 
n = 35, then v will onlv have one dimeniion in that formula, 
and from thence we Ihall have 

X = Qv (n+ s)— (w* 4- i*) = 8 Jt; — lo j* ; 

y zz 2v(n — s) zn ^sv and 

2 z: 4 ji; 4- w* — 2sn — j* ir 4 Jt; 4- 2j'. 

Bm as each of thefe exprefTions is divilible by 2j, therefore 
we may put 

a: rr 47; — ^r, y — 21/, and z :=. QV + s; 

and by means of thefe 

2x^ + 2y^ — z* — {6v — js)^ = a fquare, 

2x' + 22*- v« ? = 3^'''""72J^ + 52J\ 

^ i — 4(gz;'— 18 jz/ -f 135') = a fquare, 

and 2y*+ 22' — jc* — 48 Ji; — 23J* 1= a fquare. 

Therefore 
gy* — i8sv + 13J' and 48^^ — 231' are to be fquarcs. 
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• Put the laft expreffion, viz. 4811; — 2^s* = /•, whence 

V = ^-^ — which being written for v in the former ex- 

predion, we have 

therefore /* — 50/' j* + 1649J* =a fquare ; and this will he 
the cafe when / znz s. But this relation of t and s would make 
the fum of two of the fides equal to the remaining one, and 
therefore no triangle would be formed. In order to obtain fucli 
a relation of/ and jas will fatisfy the queflion, put /= r+j ; then 

t^ — 50/' J*+ 16495^ zz r^-h 4r' ^ — 44r' j* — g6rs ^+ ifcooj* = 

a fquare. Aflume r' h 40J* for its root, that is, put 

o 

r«+4r»j— 44r»j»— 96rj'+ i6oos* = (r»— — -{- 40J*)* = 

5 

y4_A^^- 35!l£* + 8or»j» — gGrs^ + i6oos\ which 

r n8 

after proper reduQion gives - m — , wherefore r and s may be 

expounded by any numbers in the ratio of 98 to 5. Take 
r = 98 and 1 = 5, then tz=:r + s =: 103 ; whence 

/*-+-2MJ* 2c^cj gq2 807 

466 , , 40 t 

y = 2V = - — and z = 2V + s = — , 
6 5 

and rejefting the common denominator 5, we miy take 
*r=: 807, ^ =: 466, and z = 491 ; and therefore the fides of a 
triangle that will anfwer arc 1614, 932, and 982. 

The values of x^ y, and z, deduced in the preceding folution 
will make the exprcfTions 

ix'hyy+{x^yy-z\ (;c-*-2)'+f;r-2j*./& (y-^z^+iy^zY-x* 
all rational fquares; thofe expreflions being rcfpc^tively equal to 
2a:* + 2y^ — z*, 2X' + 2z' — y* and 2y* + 2z' — x^. 



PROBLEM IIL 

To find two isofceles triangles fuch, tliat their perimeters and 
jwcds may be equal. 

SOLUTION. 
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SOLUTION. 

LetACB, and DEF Vfig. 151, pi. 7.) be two ifofceles trian- 

S[lcs; draw CD and FG perpendicular to AB and DE re- 
peftively. 
Put AC = BC = ;«' + n»,AD=:DBzz7»^— 7i*;then2»wi=CD. 

Alfo put DF ziEFzi/^'+y', DG=GE=p^-f; then spq = FG ; 
and becaufe the perimeters of the triangles are equal, 
2AC + 2AD=: 2DF + 2DG, that is, 4W* zz 4/?*, or m = p. 
Again fince the areas are equal 
DC X AD = FG X DG, that is, 2mn {m* — n*) zi 2pq (p^-q^); 
exterminating p by means of the equation m ± p, we have, 

2»iw(OT*— «*j = 2wy(wi'— y'); whencem'— — -— - —n^j^nq^f; 
putw=^= — y,tbati$,m'=:C-- —^)* = — p -2 +fz^n*+nq+f^ 

from whence, after proper reduftion, n =: 5-L- -— \ 

rn 
s 

whence AC zz w* + n* = r* + 2 r^ j -4- 71^ j* + 2 rj' -f- 25* 
AB =z 2AD =z 2 (7»» - «») = 2r (r-f 2f) (r« - 5*), 
DF zz /^»+ J* =z 2 r* -f- 2r3 ^ 4- r* i* -f 2 rs' -+- 2j*, 
DE = 2 DG z: 2 (/>'— ^') = 2r5 (2r* + jrj -f 2J»); 

which are general expreflions for the fides of the two ifofceles 
triangles. 

Example 1. Take r = 2, and 5 :z= 1, then AC = 74, 
AB zn: 48 ; DF = 58, and DE = 80 ; and as thcfe numbers 
are all divifible by 2, we may take AC = 37, AB = 24; DF 
=zi 29 , and DE z= 40. 

Example 2. Take r = 3, and s =: 1, then AC =218, 
AB = 240 ; DF z=z 233, and DE = 2 10. 



Take^iir*-^*,tlien»z:2r5+j'andOT— ^iz ^z:r* + r5 + i*; 



KK^Y^\:!l^ 



• •• *^-.r ■ 
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ARTICLE XI. 



Problems relating to the Twilight of s\orteJl Duration. 



By Astronomicus. 



PROBLEM L 



'T'O find the day when the twilight is fliorteft in a given 
-*• latitude. 

Let P(fig. 160, pi. 9.) be the elevated pole, Z the zenith, and 
NPZS the meridian : let pq he part of the fmall circle where 
iwilight ends (which is 1 8" below the horizon), and let H be the 
point of the horizon where the fun rifesin the morning, and K 
the point where he pafles the circle ;^y, bounding twilight, in 
the evening : then it is obvious that the difference of the horary 
angles SPH and SPK will be proportional to the duration of 
twilight. 

Through the points H and K draw the great circle HOK ; 
bifeft the arc HK in »i, and draw the great circle Pw j draw alfo 
the azimuth circles ZH, ZrK. 

Suppofingthe fun's declination to remain unchanged from the 
time ot rifing in the morning to the time of paffmg the fmall circle 
pq in the evening, the polar diftances PH and PK will be equal 
to one another. In the triangle ZPH, we have (No. 2, Repofi- 
tory. Part 3, page 11.) 

Cof. ZH = cof. PZ cof. PH + fin. PZ fin. PH cof. ZPH ; and 
in like manner, in the triangle KPZ, we have 
cof. ZK = cof. PK cof. ZP + lin. PK fin. PZ cof. KPZ. 

Take the difference of the equations ju ft found, and 
fin. PZ fin. PK (cof. HPZ — cof. KPZ j= cof. ZH — cof. ZK. 
now cof. ZH zi=: o, becaufe ZH :== 90**, and — cof. ZK 
— — cof. 108° z: fin. 18°: alfo cof. HPZ — cof. KPZ = 

, KPZ + HPZ . KPZ — HPZ , , 
2 X fin. X ""• ; therefore we have 

^r nt^r KPZ + HPZ ^ KPZ- HPZ ,^ ^ 

fin. PZ fin. PK fin. fin. — = 1 fin. 18^. 

2 2 

Becanfc KP z= PH and Km rr twH, it is obvious that the 

grcdt circle Vm will cut the i^reat circle HK at right angles, and 

iuriher that it c angle KPw :.: anglo wPH. Therefore angle 

KP/» 
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And, on account of the right angled 



mngle KPm. fin. KP fm. KPm 
^^ KPZ + HPZ 



Therefore we ihall have 

KP7, - HPZ , . . 
= 4 fin. 18'. 



^ NowHK = HO-l- OK,; and it is manifeft that HO Is a fcmi- 
ircle; therefore HK = i8o» + OK; aiid fin. — = 

, „ , OK. ^ OK . , 

I. (90'+ - — ) =;cor. — • ; tncrcioiewc have 

KPZ — HPZ , . .„ 
, = i fin. 18". 

The difTereticL- of the horary an's;'" KPZ and HPZ find, 
confequemly, the duration »( cwihght) will be a minimutn 

k . . KPZ — HPZ . . , , , . 

■.yben fin. is a minimum : but from the laft 

r KPZ — HPZ ,, , , r KO 
equation Im. wiil be a minimum when col, ■ 

is a maximum ; for all the other quaniiiies in that etjuation are 
cgnitani. TherL-fore, ii is pldin. that the duration of twilight i» 
a minimum, when the arch KO isa minimum, that is, when the 
great circle HOK is perpendicular to the horizon, or when it 
pa fles through Z, ihepwle of the horizon. 

Thus the duration of twilight is a minimum in any latitude, 
on that dav when the fun crolles the fmall circle bounding 
twilight, atier fun-fciting, on the fame azimuth circle on which he 
rofe in tlie horizon in the morning ; or, which is the fame thing, 
when ihc fun crolTes the fmali circle bounding twilight, btfom 
fun-rifing, on the fjme azimuth circle on which he will fct in 
the horizon in the evening. 

It is now eafy to find (he fun's declination (and, confequently, 
the day of the year) when the twilight is a minimum : fur fuppofe 
KZH to be a great circle palfing ihiough the zenith and the: 
points H and K.as has been {hewn to be the cafe when the 
twilight is the IcdJl of all ; and draw Pix perpendicular to thac 
great circle : Oien becaufe PK - PH, therefore Km = mH. 

Therefore kK " — h^ = 99° and Z^ = 9': and in the triangle J 

K2P. we have.' -fl 

^ cof. Zi* : -cof. **K :: cof. PZ : cof. PK : ^ 

oLl. PARTtll,;.. (,4l -YwaAw*. 



I 

I 
I 
1 
I 



.,, , , „.. cof. f.K cof. PZ 

■ •*"=="' "'■ '^'^ = — STTS 

or, fin. 0'sdecliii. = — tan. 9" X fin. lali'iide. where tl 
"Ogn (— }-fhews that the declination is foulh when tlie l3tilti(U 
is norlli, and vicejiierfa. 

. To find the length of the Qioneft twilight: in the right^ngled I 
triangle ZP.a, we nave 
r fo ^^ fin. Zu. fin. q" 

lin. rZ cof. latitude 
and the doublt! of the angle ZPjx. being converted into ttme, 1 
will give theduratiunof '.he (horteil twilight required. , I 

" The fame refuli aiay be obtained by pulling 18" fwhich is tbc 1 
leuA value ol KO) for KO in the equation obtained above* 



PROBLEM 11. 

To find the Uiitude of that place where ihe twilight is a mint- 
niuin on a given day. 

Let 7. (fig.i6i, pi. 9.] be zenith, NS ihe horizon, and H the 
point in the horizon whtre the fun fets ; alfolet K be the point 
where the fun, after felting, croffes the fmall circle yt bounding 
twiliglil : let P be the pole, and draw the circles of declination 
PH and PK and the azimuth circles ZH and ZK : lallly. let a 
great circle pafs through H and K. 

Then becaufc the day of the year is given the fun's declination 
will be given : therefore the polar dillancc PH — PK, will be 
given : therefore in che'triangle HPK, of which the two Cdei 
HP and PK arc conflant, the lefs the bafe HK is. the lefs wilt 
be the horary angle HPK.whichmeafurcs the duration of twilight; 
«id When the We HK is leaftofall, the angle HPK will 
likewife be leafl of a!h But in the triangle KZH, the fide 
HK can never be lefs than the difference of the two (ides ZK and 
ZH.lhat is,HK can never belefsthanKL.or 18°. Therefore HK 
willbeleaRofall whenitisequalioKL.onS". Thercforeihe dura- 
tion of twilight will tc Icaft of all n that place where the pole is 
fo (ititated (as at^.J that the point H may coincide with the point 
L, or fothat^K and ffL may he each equal to the diilance of the 
fun from the elevated pole on ihc given day. 

Thiw the duration of twilight is a minimum on a given day iif ' 
that place where the I'un croffes the fmall circle 18" below the' 
hort/.on. after fun-fetiing, on the fame azimuth circle on which 
he fet in the horizon : or, which is the fame thing, where the fun 
croffes the fmal! circle 18"^ below the horizon, before fun-rifing, 
on the fame azimuth circle on which he will rife in the horizon. 

To; 



i 
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To find tlielaiitude draw *»i perpMidictilar to ZK; ihcn be- 
caufc^K = pL, therelore Km = Lm : tbercfore Km = 9" aaiJt ] 
niZ = 99". In (he triangle pZ.K, 

cof. mK : cof. mZ :: cof. K^ : cof./Z, 

therefore cof. /(Z = — —^ y cof. ^K = — lan, 9" x cof. ^K 

or, fin. latimdc — — tan. a" x fm. 0's dcclinaiion, where the 
Cgn ( — ) (hews that the latitude is north when the fun's decliim- 
lion is romh, and viee verfa. 

To find the length of twilight on a given day at that place 
where it i* the Icall of all; we have 
C M. fin.K>>- _ r.n.q' 

hn. Kpm _ iiiTpK- cof. O's declination' 
and the double ofifie angle K^w, converred into time, will give 
the duration of the fhortcll twilight on the given day. 

The very leaft twilight over all (he earth, and for all the year, 
is al the equator, when the fun is in the cquinoflial points. 

Take fin. q = tan. g" X fin, 23° a8'; and deferihc two fmalT 
ctrclt's on the earth, on oppofite fides of ihc equator, and at ihe 
dillance 9 from it : then, at every place comprehended in the 
zone between the two circles, the twilight will, twice in ayearfbe 1 
lefi than at any other place on the fumce oF the earth. 









The Editor has alfo hccD favoured with papers on this fubject 
{wo oiher correfpondtnts : viz, one from Mr. Bcnjamii? 

'ompertr, containing the correfiions of fome inaccuracies in 
Emerfon's Solution to prolj. 54 of his Mifcellanies; and the other 
from Mr. Surlces, containing the invefligation of both cafes of 
the general problem, and the application of the latter cafe to the 
folulion of the 316th queAion of the Old Series of the Bepo- 
lilory. 

After what has been done above, it will be iinnecelTary to giv«' 
Btber of tltcfc papers at full Icngih ; we (ball therefore only in- 
that part which relates to the 3i6tb queAiun. 

Mr, Siirtccs, by putting wi and I for the tine and tangent of 
half the dcprcfTion {9"), c for the (ine of ihe latitude, and y for 
the fine of the declination; finds c=: — ty, when ihe declina- 
tion is conflant, and the duration of twilight the Qiortell poflibie, 

andtlic line of half the dui 



I 






■ees with what is dctei 



ation — —y — , \ ; which precifely 

nined by ^llronomiiLuj in the problems 



[iA 



'S-jJ 



■ Now in the3i6ih queflion, the fun's declination on Oftober 
tBtb is 7" y' ami cr=i — (> = fine of 1° 7' y, ihe iaiitii'te oF 
the place where the duration of twilight is abfoluiely a minimuin 

on that day ; and the fine of half the duration \t = — j. 

^ fine of g" 4' J, nr its double ^ 18" 9' -j = 1 A la -J m, 
the whole time of tiie duratiun of twilight tn that Utitudc on 
tbeiaihofOaober. 

To find t^e duration of twi'ight at the ciju^tor on Any day of 
theyear. Let P,S, f fig. 16 a, pl.9,) r- prcfent tlie poles, PAHS the ho- 
rizon, (/Hi/ a parallel of detlindiinn, andZACN an azimuth titcle 
pafling through C, the place of the fun when ih° below ilie hori- 
zon. Then Im. PC n cof. declination - y/. 1 — y ', and the 1 ne 
of the dcprcflion. AC — 2m \/{i — m",; and in ihe right angled 
fphcrical tiiinglc PAC, (in. PC ; rad. :: fin. AC : fin. /. APC 

= -; jT X i/fi — m*i, the fine of the whole durattoifj 

^(1 -/} " \ ... 

attlie equator, the fine of the fun's declination being ^■ 

Now the fine of half the duration, found above, 

r the fine of the whole duiation = -yy- i, 

— ,) and tiicicfore the fine of the duration at ihe 

■ ~y 

tfillbe to the fine of ihe duration in laiiiudf c^ — iy. 







, X /U-; 



n') 10 v^f i — j) ; where it is evident, thai if 

^beof any value whai ever, tie latter exprcflion uili be kfs thaji 
the former, and iherciiue iht- duration of twiiigln in UiiM^dc c 
^ — (y is tcis ihau ilie lime ol duration ar li.e rquaior. Con- 
fequenily the dutalion of iwilijthi is iioi a minin umai the equa- 
tor at li// times of the year, hui only on the days of il;c equinoxes 

when the fme of half the du:aiiun —^-^ r is = to m, or the.. 

whole lime ^ 1 hour and laminuici. I 

^^L The error in finding thednratior- cf twilight at ihe equator in 
^^K the folutionot ihe3i6di .iiieltuin arif.s ff<.m torfidcring the tii- 
^^B ngle PHC ai a ngiit angled fjreai cii cle fpiienial triangje, w)tcn 
^^^pit it reallv »n ifufceles iitdngie, and tliearc HC a punion of a 

I" 



I realty an iiuiceies iiiang.e, ann ine arc i 
tl circle of the fphcie inltead of u great one 

ARTIC 



of a ij 

1 
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ARTICLE XII. 



Certain Fluents exprejfible by an EUipHc Arch. 
B) Mr. James Cunliffe, R. M. College. 

The fluent of V Y C \_ ' 2 ) " known to exprefs the 

length of an elliptic arch intercepted between the conjugate axif 
and a parallel ordinate at the diftance v from the centre: the 
tranfverfe axis of the eUipfe being i, and eccentricity e» 

This expreflion may, by various artifices, be transformed 
into others, the fluents whereof are, in like manner, expreffible 
by the arch of an ellipsis. 

Let us try the refult of one artifice, that is, let us make 
the denominator i — i;^ a rational fquare. For this puipofe 
afl'ume i — vx for the root of i — i/*, that is, put i — v* = 



(i — vx)* = 1 — 2 wjf + »• **; whence v 



2X 



i + x 



i> 



At* X* 

1 •— if . ...I. 

2*:(1— JC-) . • /I — e'v'\ / lL+fJ_ — 






( 

And, by means of thefe. 

Therefore the fluent of any expreOion that can be reduced to 

the form ^^^j* ^ V^ J * — *' (4<*— «) + * * J ""7 
be exhibited by means of an elliptic arch. 
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As an example of the ufe of the foregoing concludon, let us 
take the 77th qiieflion of the Repofitory, where it is required to 



find the fluent of i k/ ^ "^ * 



Inthefirftplacex /^f:^- ^l^T^^V'r^ = 

Now by making 4«* — 2 =: 1, or, taking t = \ \/3, 
the two expreflions become identical, that is, the fluent of 

i V ( i?~5 ^* expreffiblc by half the length of the arch of an 

iellipfe intercepted between the conjugate axis and a parallel 

ordinate at the diftance of — • — a from the centre : the femi-tranf- 

verfeaxis of the ellipfe being i,and eccentricity \ y'g, or the 
tranfverfe and conjugate axes of the ellipfe being 2 and 1 re- 
fpeSively. 

And in general the fluent of - — ^v ^ v^(i — ax' + ;c*) is 

exprcflible by the arch of an ellipfe; where a may denote any 
pofitive number whatever ; and even When a denotes a negative 
number lefs than 2 • 

Agsun, let it be required to find the fluent of 



(1 +^v 

It has been fliewn that the fluent of 

,^ ^^«)a X \/ { ^ - ^' ^ {4^—2) + ** J is expreffible 
by half the length of the archof an ellipfis intercepted between the 
conjugate axis and a parallel ordinate at the diftance , from 

the centre : the femi-tranfverfe axis of the ellipfis being 1 and ec- 
centricity 
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centriclty ^. And it is obvious that if we put 4^'— 2=0, or f z= 
y^|, the fecond term under the radical fign will difappear, and the 

expreffion then becomes ."^^^ — rja ^ \^{^ + x^)'$ artd there* ^ 

fore its fluent is cxpreflible by half the length of the arch of an 
ellipGs intercepted between the conjugate axis, and a parallel 

ordinate at the diftance — ; — .from the centre; the femi-tranf« 

verfe axis of the ellipfis being 1 and eccentricity \/J, or the 
tranfverfc and conjugate axes of the ellipfe a^ 2, and ^2 re*' 
fpectively. 

To find the fluxion of the length of the arch of a given elltpfe* 
at any point of the curve in terms of the femi-diamctcr at that 
point. 

• I 

Let a denote the femi-tranfverfe, and 6 the femi-conjugate 
axes of the ellipfe: y an ordinate thereof parallel to the conjugate 
axis at the diftance x from the centre, and z the arch of the el- 
lipfe intercepted between the conjugate axis and ordinate^. 

Then it is well known, that 

Now let ?' denote the femi-diameter at the point where the 
ordinate^ cuts the curve; then we (hall have 

from whence 

..aw 
also X z= 



And from hence, 









( 56 ) 
Fated— cu^v', then 

Whence it appears, that fluxionary exprefEons of the form 
u ^ < \t ^ — \ C °^^y ^^ integrated by means of an el- 
liptic arch ; where m, r, and j, denote conflant quantities. 

Again, put d = d, which gives 2</=: , and 

*^ c c c 




the fluent of which is expreffible by the arch of an ellipfe inter- 
cepted between the conjugate axis and a parallel ordinate at the 
diflance 

from the centre, the femi-tranfverfe, and femi -conjugate axes of 
the ellipfe being a, = ^/[^dc — V'\ and b refpettively. 
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MATHEMATICAL MEMOIRS, EXTRACTED 
FROM WORKS OF EMINENCE. 



ARTICLE I. 

Solutions of fomtt Problems relative to Spherical Triangids; lO'> 
gether xmtk a complete Analyfis oj thefe Triangles. 

Br I. L. Lacran'ge.* 

IT IS known that in rcftilineal triangles the fides are propor- 
tional to the fines of the oppofite angles, and it is cafily 
demonftrated that this conflant ratio of the fides to the fines is 
equal to the dianuter of the circumfcrihing circle. 

The fftffie ratio may alfo be exprcffcd by the area of the 
triangle, and it may be eafily proved to be equal to the product 
of the three fides divided by twicq the area. 

1. But in order to exprefs that ratio by the fides of the tri- 
angle alone, it is only nccefTary to confider that, by putting 
a, if c for the three fides, and A, B, C for the angles opj)ofite 
to them, we have by a known theorem a* =: b^ -he*— 2ic cof* A; 



• Fiom Journal Dc I'ecole Polytechnique, Vol. II. Page 270. 
Vol. I. Part III. (a) therefore 
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therefore cof. A = — , ^ . , and hence 

2 be 
Therefore, if in order to (imp1ify» we put 

we have fin. A = -r-, and hence = j = — ,- which frac 

20C fin. A a 



tion exprefTes the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for the' furface, or area of the fame triangle. 

, a 2aic abc ,. r ^^^ j 

we have -— = — - = 2r = — ; therefore r = — ,. , and 

lin. A a 2X a 

J abc d 

4r 4 

a. By developing the fquare of i* -|- c* — a', and reducing. 

we have 

d = V'faa'** + 2a V + 2*»r» - a* — ** — c* ) 

a formula in which the three fides a, b^ c are equally concerned, 

as they ought to be- 
But this formula may be rendered more fimple and more 

commodious for logarithmic calculation by refolving it into 

fa£lors. For 

4*t^»_(if ^ c»— fl«)*=(2*c+*»+c«— fl*) (2*c— *•— c*+a*), 

and again refolving each of thefe fa£lors into two, we have 

rf= v^Ct^ + A + OC^ — * + 0(^+*— ^} (—« + * + O]- 

Thefe formulas are already known, and I only give them here 
as an introdu£lion to invcfligations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pro- 
portional to tlie fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in refiilineal triangles, upon the radius of the cir« 
curofcribed circle, or the area of the triangle. 

Let us denote as before the three fides of a fpherical triangle 
by a, ^, c, and the three angles oppofite to thofe fides by 
A, B, C. 

Then by a known theorem 

cof. a =: cof. b cof. c -)- fin. b fin. c cof. A ; 

t - i. A cof. a — cof. b cof. c , • 

therefore col. A= >. — .-;,- ; and hence 

nn. b fin. c 

r' A ^^^ \/[fin.* b fin.' c — (cof. a— cof. b cof. c )*1 
"*" fin. b lin. c ' 

Let 



( 3 ) 

Let us, to abreviate, put 

thus we have fin. A = ^ — i-^, — , and therefore 

un. 9 Un»c 

fi n, a fin. a fin. b fin, c 

■fin. A / 

an expreflion for the ratio fought analogous to that which has 
been already found for re£li]ineal triangles (No. i)« 

As the quantity y is exprefled by a fquare root, and may, 
therefore, have either the fign plus, or minus prefixed to it, we 
remark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines are neceflarily 
always pofitiCe. 

4. The radical quantity J" is alfo fufceptible of reduflions 
fimilar to thofe of No. a. For by fubftituting inftead of fin.' i 
and fin.* c their values 1 — cof.* b and 1 — cof.* c ; and after- 
wards reducing, we have 

y = ^[1 — cof.* a — cof.* b — cof.* c + acof. a cof. b cof. c] 
where it appears that the three fides a, ^, c are alike con« 
cerned. 

In like manner the quantity under the radical fign may be re* 
folved into faflors, for we have prefentiy 

fin.' b fin.* c — (cof. a — cof, b cof. c)' 
= (fin. b fin. f + cof. a — cof, b cof. c) 
X (fin. b fin. c — cof a -f- cof. b cof. c] 
s= [cof. a — cof. (* + f )] fcof. (b — c) — cof. a] 

but we have, in general cof. a— cof. A =: 2 fin. -i-i x fin. -Hf 

2 s 

therefore, refolving thus the two fafiors, we have 

= 2i/rfin. T , xfin. — -^ xfin. --L xfin. ^ ■ J 

'^ *■ 2 2 2 2 •* 

an expreflion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribing the 
fpherical triangle. It is evident that this circle muft be a fmall 
circle of the fphere, and that it will alfo circumfcribe the 
reailineal triangle formed by the chords of the arches a, b^ c; 

but thefe chords being exprefled by 2 fin. -, 2fin. •, 2fin. . it is 

It 2 w 

only neceflary to fubflitute tbefe quantititles infiead of a, b. 



^^' « 
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c in the cxpreflion of the radius r (No. 2), that is to 

r . abc 
lay, in —j . 

Let us put R for the radius of the circumrcribed circle, and k 
for the value which d acquires by fubilituting for a, h^ c as 
above ; thus we have 

8 fin. - xfin. -- X fin. - 

p 2 2 2 

But we have A* = q2 (fin. - fin. ->'-h':i2 (fin. - fin. -1' + 

*' * 2 2 *^ 2 2 

(fin. i fin. ^Y — 16 (fin. ''.)^— i6(sin.^> — i6(sin. f)« ; 
^22 ^2 2 2 

and fubftituting for «(sin. -)'t 2 (sin. - )*, 2 (sin. — )* their values 

1 — cof. fl, 1 — cof. bf 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. a — 8 cof. * — 8 cof. c 

+ 8 cof. a cof. ^ + 8 cof. a cof. c -}- 8 cof. b cof. c 
— 4 cof.* a — 4 cof.* A — 4 cof.' £: 
which expreflion may be reduced to the following 

*4/* + 8(1 —cof. a) (1— cof. b) (1 — cof. f) 
that is to fay, to 

aJ^ + 64 (fin. - sin. - sin. - / 
^ ^^222' 

by fubftituting the value of y of No. 4. Thus we have 

a ' b ' c 
4 sin. -sm. < sm. - 

T% g g g 

y'[y +i6(sin. -sin. - sin. -j'J 

6. Now by considering the radius of the fphere which pa {Tes 
through the centre of the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting (p for the arch which meafures the diftance 
of the circle from its pole, wc have evidently R zz, sin. ^, 
therefore 

sin. 
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Sin. Z = 



a ' I ' c 
4 Sin. •sin. - sin. ^ 

^222 



^ — . • 

t/[/' + i6 (sin. -sin. -sin.—)*] 



from whence we derive 
cof. (f = 



/ 



and hence 



tan. ^ 



•[/' + i6(tin- ''-'in- * fin. - )*J 



a ^ h » c 
4 sin. - sm. - sin. - 

2 2 2 



J 



Wherefore, fcein? that sin. a = 2 sin. - cof. _ » and To on 

° 8 2 

with refpeEl to sin. h and sin. c, we have (No. 3). 

- — T- = 2 tan. A col. -cof. — col. — . 
sin. A 222 

7. If it were required to find the area of the reflilineal tri« 
angle formed by the chords of the arches a^ i, c and infcribed 
in the circle we have juft now been considering ; by putting 
S for that area, it would only be nccefTary to change, in the 

formula s =: — of No. 1, j into S, r into R, and a, i^ c 
into 2 sin. ^; 2 sin , 2 sin. — thus we (hould have imme- 



2 



diaiely 



. *a • h ' c 
2 sin. — sm. — sin. — 
222 



R 



or, becaufc R = sin. p (No. 6) 



a ' b ' c 
2 sin. —sin. ~ sin. — 

222 
- ■ . ■ ■ - ■ 
sm. p 



If now we consider the triangular pyramid which has this 
triangle for its bafe, and of which the vertex is at the centre 
of the fphere, it is evident that the height of the pyramid is 

Q C 

cof. ^, therefore its folidity is ^, or, fubftiluting for S 

the value we have already fouud, 

2 sia« 
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a • b • c 
2sin. ~ sin. — sin. — 

2 2 2 

3tan. p 
and again, by fubftitucing ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelf formed by the arcs a, b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Nouvdlt en Algebre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireSericum ge^ 
nerale uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
ferted in moll works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

SnA+B + C — 2D. 
Thus the area of the triangle of which the sides are a^ b^ c 

V 

and the angles A, B, C fliall be the ^^^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take S for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofcelcs right 
angled triangle becomes A ; therefore, if from it we fubtrad 
the former triangle, of which the sides about the angle A are 
b and r, we Ihall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D— - c» 
and the area of the quadrilateral (hall be exprefled simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonftrated 
farther on, 

tan. 




( 7 1 



Therefore, if « denote the furfacc of the quadrilateral wc are 
coniiJering, wc (hall have 

1 . B +C _ 1 _ ,t..„r 




and if wc put S and y for the two lides of the quadrilateral per- 
pendicular to the bafe A, fo that ff—D — b and 7 = D — t 
we have in order to determine the area this formula 



cof. 



fj — 7 



This formula corrcfponds to the known foi 



- ^ + V. 



for a reftilineal quadrilateral of which A is the bafe, 3 and y the 
two vertical fides, and the area; and as the latter is of the 
greatcft utility in the menfuration of plane furfaces bounded 
by ftraight lines, fo the former is equally uTcful in the menfu- 
raiion of fpherical furfaces boundcii by arches of jjrcai circles. 
Thus it may be employed with much advantage to determine the 
extent of a country, when the latitudes and longitudes of fcveral 
points in its circumference are known ; for by conncfting ibofc 
points by arches of great ciicles. we h.ivc a fpherical polygon, the 
area of which may be eafily lonud, by tcfolviug it into quadri- 
laterals formed by circlei of Uitudes and arches of the equator 
intercepted between ihofe circles. 

10. But if il was required to cxprcfi the area E by ibc tbrec 
fides a. I. < of the fpheiical triangle, it U only neceflary to con- 
fidcr, that fince £:rA-l-B+C— cDwc have 
„. 2 ,„ A-f.B_-KC 



tan. - -4- Hn. ■ 



B- 
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therefore cof. A = ***^, ^ , and hence 

fin. A = l/[4^V-f^ » + c*-a^'3 ^ 

2 be 

Therefore, if in order to fimplify, we put 

we have fin. A = -r-t 2ind hence js =: — ,- which frac. 

2bc fin. A a 

tion exprelTes the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for the'furfacc, or area of the fame triangle, 

, a 2abc abc ^% r abc % 

we have ... . =: — -. = ar = — ; therefore r =: — ^ , and 

luu A a 2S a 

4r 4 

2. By developing the fquare of h^ -{- c' — a', and reducing, 
we have 

a formula in which the three fides a, 3, £ are equally concerned, 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithmic calculation by refolving it into 
fa£lors. For 

and again refolving each of thefe fafiors into two, we have 
rf= /[(fl + * + r){a — *H-c)ffl4.i—c} (—« + * + <:)]. 

Thefe formulas are already known, and I only give them here 
as an introduction to inveftigations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pn>» 
portional to the fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in re£ulincal triangles, upon the radius of the cir* 
curofcribed circle, or the area of the triangle. 

Let us denote as before the three fides of a fpherical triangle 
by Cy b, c, and the three angles oppofite to thofe fides by 
A, B, C. 

Then by a known theorem 

cof. a = cof. b cof. c -f* fin. b fin. c cof. A ; 

therefore cof. A :r= — ^/.— ,-r-^ ^ ; and hence 

un. b lin. c 

fin. A= V^[^'"'^ ^ fi"-^ ^7"^^^^' g— cof. i cof. c)»] 

fin. b fin. € 

Let 
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Let us, to abreviatc, put 

f =z v^[fin.* b fin.'^ c — (cof. a — cof. h cof. c)'] 

f 

thus we have fin. A zzz y — =/-= — , and therefore 

fin. b fin. c 

fi n, a fin. a fin. b fin, e 

fin. A 7 

an exprcflion for the ratio fought analogous to that which has 
been already found for re£lilineal triangles (No. i)* 

As the quantity f is expreffed by a fquare root, and may, 
therefore, have either the fign plus, or minus prefixed to it, we 
remark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines are neceflarily 
always pofiti^Te. 

4. The radical quantity f is alfo fufceptible of reduQions 
fimilar to thofe of No. s. For by fubftituting inftead of fin.' b 
and fin.* c their values 1 — cof.* h and 1 — cof.* c ; and after* 
wards reducing, we have 

y =: \/[i — cof.* a — cof.* h — cof.* c + acof. a cof. h cof. c\ 
where it appears that the three fides a, b^ c are alike con« 
cerned. 

In like manner the quantity under the radical fign may be re« 
folved into fa£lors, for we have prefentiy 

fin.* b fin.' c — (cof. a — cof. h cof. t )* 
r= (fin. I fin. f + cof. a — cof. b cof. c) 
X (fin. b fin. c — cof fl -+• cof. b cof. c) 
s: [cof. a — cof. [b + c)\ f cof. {b — c) — cof. a\ 

but we have, in general cof. a— cof. A = 2 fin. x fin. -H? 

therefore, refolving thus the two faflors, wc have 
/= «/rfin.''±*±' X fin. 'J^*^ X fin. it±i X fin. :±±*±£j 

an cxpreflion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribin^ th^ 
fpherical triangle. It is evident that this circle mud be a fmall 
circle of the fphere, and that it will alfo circumfcribe the 
re6lilineal triangle formed by the chords of the arches a, A, c ; 

but thefe chords being expreffed by 2 fin. -, 2fin. «, 2fin. « it is 

only neceffary to fubfiitute thefe quantitities infiead of <z, b^ 

(a2) c 
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c in the cxpreflion of the radius r (No. 2), that is to 
lay, in —7 . 

Let us put R for the radius of the circumfcribed circle, and A 
for the value which d acquires by fubftituting for a, Z', c as 
above ; thus we have 

8 fin. - xfin. ■« X fin. - 

2 2 2 



R 



A 

I'. 



But we have A* zz 32 (fin. - fin. -/'-h'^ia (fin- - fin. - )* + 

''2 2 *^ 2 2 

32 (fin. - fin. i)* — 16 (fin. ^-]^— i6(sin. -) * — i6(sin. f )* ; 

and fubftituting for 2%(sin. -)', 2(sin. -)*, 2(sin. — )* their values 

" * 2 2 2 

1 — cof. fl, 1 — cof, b, 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. a — 8 cof. * — 8 cof. c 

-f- 8 cof. a cof. i 4- 8 cof. a cof. c-^-B cof. i cof, c 
— 4 cof.' a — 4 cof.* i "^ j^ cof.' £: 
which expreflion may be reduced to the following 
'4/* + 8(1 — cof. a) (1— cof. i) (1 — cof. c) 

that is to fay, to 

aF^ + 64 (fin. - sin. - sin. - / 
^ ^^222' 

by fubftituting the value of y of No. 4. Thus we have 

a ' b • c 

4 sin. -sin. - sin. ~ 

R g g g 

y'[y^ + i6(sin. -sin. - sin. -j'J 

6. Now by considering the radius of the fphere which pafTcs 
through the centre of the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting (p for the arch which roeafures the diftance 
of the circle from its pole, \vc have evidently R = sin. f , 
therefore 

sin. 



( " ) 

Hence we find 

tan.* b -4- tan.* f -2 tan. b tan. c cof. A 
= fee* 3-H fee* c — 2 fee. 3 fee c cof. a. 
But we hare evidently 

fee* 3 — tan.* ^ = 1, alfo fee* c — tan.* c = 1, 
therefore, the equation becomes 

fee. b fee. c cof. a r: 1 + tan. 3 tan. c cof. A, 
hence, fubftituting for fee. i, fee. c, tan. ^, tan. c, their values 

1 1 sin. b sin. c , « r 1 t 

— ?— 7, — - — , — ;r-7» — ; — f we have the fundamental equa- 
cof. ^ cof. c cof.p col. c ^ 

tion, 

cof. a = cof. b cof. c -j- sin. b sin. r cof. A (A) 

As, by hypothefis, the only condition fuppofed to have place 
amon;; the four quantities a^ b, c, A is that a, //, c are the 
three fides of a triangle, and A the angle oppofitc to the fide a ; 
it follows, that by putting B and C for the angles oppofre to the 
fides b and c, we (hall have flmilar equations relatively to tbofe 
angles, by simply changing A into B, or into C, provided that 
at the fame time we change a into b, or into c, 

j^. Now if we deduce the value of cof. A from the pre- 
ceding equations, and thence that of sin. A we (hall have, as has 
been already found in No. 3, 

sin. a _ sin. a sin. B sin. c 

sin. A "" y 

where the quantity /* is a fun£lion of a, b, c into wliich thefe 
three quantities enter similarly, fo that it remains the fame, 
whatever permutations be made among them. Therefore, in 
changing a into ^, and b into tf , the fecond member of the 
equation will be the fame as before ; hence we have this other 
equation, 

sin. a __ sin.^ ^g 

sin. A "" sin. B * ' " * 

This is what is called the common analogy of the sines, and 
it is obvious, that by changing a and c into A and C, we have in 

... sin. a sin. c 

like manner -. ~ 



sin. A sin. C 

16. Let us refume the equation (A) of No. 14, cof. a = 
cof. b cof. f + sin. b sin. c cof. A ; by changing a into c, and A in- 
to C, we have in like manner cof. c = cof. a cof. b 4- sin. a sin. b 
cof. C ; fubftituting ihis value of cof. c in the firft equation it 
becomes cof, a =; cof. tf cof.* b + tin. a (in. b cof. b cof. C 

(ba) + 
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a > b ' c 
2sin« ~ sin. — sin. — 

2 2 2 

3tan. p 
and again, by fubftitucing ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelf formed by the arcs a, b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole fur face of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Nouvellt en Algebre^ printed at Amftcrdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an induflion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the Diredericum ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
ferted in moll works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C-.2D. 
Thus the area of the triangle of which the sides are tf , ^, c 

and the angles A, B, C fliall be the ^=. part of the whole fur- 
face of the fphere ; and if this furface be considered as equal to 
8D, we may take S for the area of the triangle. 

9. If we fuppofe the sides b and c, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtrad 
the former triangle, of which the sides about the angle A are 
b and r, we Ihall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D— - c» 
and the area of the quadrilateral (hall be expreffed simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation, which will be demonftrated 
farther on, 

tan. 
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mctry ; for as a fphencal triangle confifts of but fix parts, the 
tlxree fides, and the three angles, and as three of thcfe arc fufHci- 
cnt to determine ihe triangle, it is evident that the mo ft fimple 
relaiions cim only take place among four of thofc parts : 
But all the different comhinarions that can be made of fix things^ 
taken fi)ur by four, are the following : 

1. Between the three fides and an angle : this relation is given 
by the equation (A). 

2. Between two fides and two angles, which may he refpec- 
tively oppofite to the two fides, or the one oppofire, and the other 
adjacent to the fame fide, making two cafes. The relation be- 
tween two fides, and t!ie two opposite angles, is given by 
cqudtion TB). 

3. Between two sid^s and two angles, of which one is opposite, 
and the other adjaceni to the fame side : this relation :s contained 
in equation (C) 

4. Between the three angles and a side : this relation is given 
by equation (D). 

20. If A be fuppofed a right angle, the preceding equations 
become juorc simple, and give thefe other equations: 

cof. a = cof. b cof. c 

sin. b 
sin. a = - — =^ 
sni. B 

cot. a -=. cot. b cof. C 
cof. a = cot. B cot. Cy 

and if C be fuppofed a right angle, the equations (C) and (D) 
give thefe other two : 

Cot. A = cot. a sin. £, 
Cot. A = sin. B cof. a, 

Thefe six equations give immediately the folution of all cafes 
/of right-angled fpherical triangles ; and as their form readily 
admits of the application of logarithms^ they are commonly em- 
ployed in Trigonometry, by refolving all triangles into right, 
angled triangles, by letting fall a perpendicular. But all the 
cafes may be alfo refolved by the four general equations, which 
may be reduced into factors by means of transformations, which 
we now proceed to explain. 

.21. The equation (A\ between the three sides a, [\ r, and an 
angle A opposite to the side a may ferve to determine: ist^ A by 
a^b,c; 2<\, a by^ ^, r, and A ; 3d, ^ by a, c, and A. 

1st, To determine A by a, b, c, we have 

^ r A cof. a — cof. b cof. c 
Cof. A = -,..— ____,.^ 
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a . i . c 
2sin. ~ sm. — sin. — 

2 2 2 

3tan. p 
and again, by fubftitucing ior tan. P its value already found 

(No. 6), we have ^ for the folidlty of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelf formed by the arcs a, b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Nouvellt tn Algcbre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu6tion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the Dire&cricum ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
ferted in moll works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2=:A+B + C — 2D. 
Thus the area of the triangle of which the sides are tf , i, c 

and the angles A, B, C fliall be the ^s. part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take S for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtrad 
the former triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D — r, 
and the area of the quadrilateral (hall be exprefled simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonftrated 
farther on, 

tan« 
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, B+C _ ~^- "i- ,„, A 
tan. = . cot. — 

cof.^-±i * 

8 

Therefore, if ff denote the furface of the quadrilateral we are 
considering, we fliall have 

tan. ^ = cot. — t— = i . i\ ; therefore. 

8 



8 




tan. 


b-hC 










2 








cof. 


h->rc 


tan. 


9 


^^. 




a 


8 




cof. 


h — c 



. A 
tan. — ; 

J. 2 

8 

and if we put ^ and y for the two fides of the quadrilateral per* 
pcndicuiar to the bafe A» fo that /3 = D — h and y = D — c 
we have in order to determine the area <t this formuU 

Sin. - ■ ■ ' ^ 

^ » * ^ A 
tan. — = : tan. — . 



^ cof.^-*^ 



_ /5 + y 



This formula correfponds to the known formula a =: 

8 

for a refiilineat quadrilateral of which A is the bafe, /Sandy the 
two vertical fides, and tf the area ; and as the latter is of the 
greatell utility in the menfuration of plane furfaces bounded 
by ftrai^ht lines, fo the former is eoually ufeful in the menfu- 
ration of fpherical furfaces bounded by arches of ereat circles. 
Thus it may be emploved' with much advantage to determine the 
extent of a country, when the latitudes and longitudes of feveral 
points in its circumference are known ; for by conne£ling tbofe 
points by arches of great circles, we have a fpherical polygon, the 
area of which may beeafily found, by lefolving it into quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

ID. But if it was required to exprefs the area £ by the three 
fides a, £, c of the fpherical triangle, it is only neceUary to con- 
fidcr, that fincc 2=:A-+-B + C — sDwe have 

S ^, A + B + C 

cot. — =: — tan. — -J- — -i— 

2 8 

*, A ^ . B 
tan. ^ -f- tan. — 

8 



i_tan. ^ tan. * + ^ 



8 8 
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If we fubftitute, in place of tan. ?-±-9 its value found above 

2 

(preceding No.), we have 

2 un. 4; cof. t±£ + cot. ^ cof. ^f 

cot. - = — ° g 8 g 

cof. t±S _ cof. *nf • 

a formula, which is cafily transformed to this other 
« cof. - cof. - + fin. - fin, - cof. A 

r cot. ^ = ___? ? " ° 



2 



fin. - fin. - fin. A 

2 2 



If now we fubftitute in this formula the values fin. A, and 
cof. A of No. 3, we Ihall have, by dividing the numerator 

and denominator by fin. - fin. . 

« 4(cof. - cof.— )^ -t- cof. a — cof. i cof. c 

cot.- = ^—^—7 ; 

But 2(cof. -)» = !+ cof. *, and 2(cof. -}' =: 1 + cof.r, 

therefore, making the neceflary fubftitutions and inverting the 
frafiion, 

tan. - = J^ 



2 1 + cof. a + cof. b + cof. c 

a formula of the moft fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b^ c. 

11. Wc have fecn (No. 7) that < is the folidity of the trian- 
gular pyramid formed by the three radii of the fphere which 
terminate in tlie angles of a fpherical triangle. I^et us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafure in fuch a manner that they become p* q^ r ; and 
that a, i^ c are the arches, or angles contained by thofe firaight 
lines. To have the folidity of this pyramid, it may be con. 
fidered as lying on one of its faces ; for inflancc, that which has 
for its fides the lines p, q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that If a is the angle contained by p and q^ the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be ^^ '"' ^ , therefore, the folidity of the pyramid 

%v'ill be M ^"- ^ . But if we call 9 the angle which the line 

r makes with the plane pa fling through /& and ^, it is evident 
that we liave P z= r fin, 0, therefore, the folidity required will 
1 pqr fin, a fin. 
6 

The angle e is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofitc 
fide a; wc may, therefore, exprefs fin. by the fines or cofines 
of a, bf c the fides of the triangle ; but for our purpofe it is 
fufficient to conlldcr that this value, as well as that of fin. a 
being independent of the lines ^, q, r, if we make/' n 1,^ =: 1^ 
r = 1 we fliall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the folidity is /, Hence it fol- 

6 

lows, that we have fin. a fin. =/, and therefore c22 for the 

6 

folidity of the triangular pyramid in whidi the three fides, or edges 
that form any one of the folid angles arc/, ^, r, and the angles 
contained by thofe three fides are A, B, C. 

This expreflion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialJy if we 
employ the value of /, as expreflcd by faftors, in No. 4; and 
it may be very ufcful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, tliat fince we have found fin. d fin. 9 =/J 
we fliall have fin. = jr^. We may thus determine by 

this formula the perpendicular e ina fpherical triangle, of which 
a is the bafe, and ^, c tlic two fides. 

■ 

13. 1 have refolved the preceding problems, only to flicw the 
origin and ufe of feme remarkable formulas, and more efpccially 
of thai function which I have denoted by /, and which dcferves 
in a particular manner tlic attention of anaiyfls, on account 
of its different applications. I now proceed to general con« 
fiderations relating to fpherical trigonometry, viewed analytic 

Analytical rcfolutions of fpherical triangles were at firft only 
Vol. I. Part III. ( b ) C\^>^ks: 
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therefore cof. A = — '^^^ ^ , and hence 

fin. A = •C4^V-f^ » + c*-a^'3 ^ 
Therefore, if in order to fimplify, we put 

we have fm. A = -r-, and hence js =: — ,- which frac 

2dc fin. A a 

tion exprelTes the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for theTurface, or area of the fame triangle» 

we have — =: — - zz 2r zz — ; therefore r = — ^ , and 
lin. A a 2S a 



ate d 



and s zz — = .. 
V 4 

. 2. By developing the fquare of b'^ -{- c^ -» a', and reducing, 
we have 

a formula in which the three fides a, b^ c are equally concerned, 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithmic calculation by refolving it into 
factors. For 

and again refolving each of thefe faQors into two, we have 

d = y/l(a + * + (a — b-^c) [a -^b—c) (—a + b + 0]. 

Thefe formulas are already known, and I only give them here 
as an introdufiion to inveftigations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pro* 
portional to the fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in re&lineal triangles, upon the radius of the cir- 
curofcribed circle, or the area of the triangle. 

Let us denote as before the three fides of a fpherical triangle 
by a, b, c, and the three angles oppofite to thofe fides oy 
A, B, C. 

Then by a known theorem 

cof. a = cof. b cof. c -f- fm. b fin. c cof. A ; 

therefore cof. A :r= — '—^—i—/- *— ; and hence 

lin. b fin. c 

g A \/[fin.* b fin.^ f —(cof. a — cof. b cof. c)'' 

""^ fin. b lin. c 

Let 
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Let us, to abreviate, put 

f = v^[fin.* b fin/ c — (cof. a — cof. b cof. c)'] 

thus we have fin. A = ^; — -{-^ — , and therefore 

un. b fin.c 

fi n, a fin. a fin. h fin, c 

fin. A 7 

an exprefliDn for the ratio fought analogous to that which has 
been already found for re£li1ineal triangles (No. i). 

As the quantity y is exprefled by a fquare root, and may, 
therefore, have either the fign plus, or minus prefixed to it, wc 
remark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines are neceflaril/ 
always pofiti^. 

4. The radical quantity f is alfo fufceptible of reduQions 
fimilar to thofe of No. a. For by fubftituting inftead of fin.' b 
and fin.* c their values 1 — cof.* h and 1 — cof.* c ; and after- 
wards reducing, we have 

y = y/\\ — cof.* a — cof.* h — cof.* c + 2cof. a cof. h cof. c\ 
where it appears that the three fides a, j, c are alike con« 
cerned. 

In like manner the quantity under the radical fign may be re« 
folved into fa6lors, for we have prefently 

fin.* h fin.* c — (cof. a — cof. h cof. cf 
rr= (fin. h fin. c + cof. a — cof. h cof. c) 
X (fin. h fin. c — cof a -H cof. h cof. c) 
s= [cof. a — cof. (3 + f )] f cof. {b — c) — cof. a\ 

but we have, in general cof. a— cof. 4 = 2 fin. ^i-i x fin. -H? 

22 

therefore, refolving thus the two fa6lors, we have 

r ^rc o,-\'h'\-c^c ^'b+c^c ^-^i-c^p ^^^b^c^ 
/=: 21/1 fin. xfin. — xun. — xfin. > j 

•^'^'-2 2 2 2** 

an exprefiion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribing the 
fpherical triangle. It is evident that this circle muft be a fmall 
circle of the fphere, and that it will alfo circumfcribe the 
re£tilineal triangle formed by the chords of the arches a, ^, c ; 

but thefe chords being exprefled by 2 fin. -, 2fin. *, 2fin. • it is 

only neceflary to fubftitute thefe quantitities inftead of n, b^ 

(a2) c 
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c in the expreflion of the radius r (No. 2), that is to 

r . ate 
fay, .n -^ . 

Let us put R for the radius of the circumfcribed circle, and h 
for the value which d acquires by fubilituting for a, Z', c as 
above ; thus we have 

8 fin. - xfin. - X fin. - 
R ^ 

But we have A' = q2 (fin. - fin. -j*-ho2 (fin. - fin. .)' + 

** 2 22 2 

32 (fin. - fin, S)* — 16 (fin. ''.)^— i6(sin.-> — i6(sin. f)* ; 
*^ * 2 2 ^2 2 a 

and fub&ituting for «(sin. -)*» 2(sin. - )*, 2(sin. — )* their values 

SS 94 SA 

1 — cof. fl, 1 — cof. 3, 1 — cof. c we have after proper re- 
ductions 

A* = 12 — 8 cof. a — 8 cof. ^—8 cof. c 

-h 8 cof. a cof. ^ + 8 cof. a cof. c-^ 8 cof. b cof. c 
— 4 cof.' a — 4 cof.* 3 — 4 cof.* ^ 
which expreflion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. t) (1 — cof. c) 
that is to fay, to 

4/' + 64 (fin. - sin. - sin. - ** 
^ '^222' 

by fubftituting the value of y of No. 4. Thus we have 

a - b ' c 

4 sin. -sm. - sin. - 

w 222 

y'ly* 4-i6(sin. *sin. - sin. -}*j 

6. Now by considering the radius of the fphere which pafTcs 
through the centre of the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
di a point which is the pole of the fame circle. 

Therefore, putting (p for the arch which meafures the diftance 
of the circle from its pole, wc have evidently R =: sin. f , 
therefore 

sin. 
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This, ho\vcvfr,wouM be to demonfl rate that vliich is fim'pleby 
tliat wliich is compound, and, thcreCore, 6\ no ufc except as an 
everci^'e in calcnlaiion ; we Ihall only rcrnaik that equation (D) 
of No. 17, jiivt'S I'.iretUy iliis other cquacion, cof". A r=: fin. B 
fin. C — cof. B cof. C ; or cof. A = — cof. (B — C), and, 
therefore, A = 2 D — B — C, th^t i.i, A H- B -h C = v.l\ 
wh*;re D dt-ncitcs a right anu;le, which i,s a known property of 
rci*iiiiiitMi irijngles. 

27. Now it the radius of the fpherc, i>ift'.'.^rl of beinq; infinite- 
ly gi eat, is only very great, the fphcfCil liiu^rlf \sill only be 
nearly rcftilincai ; and here, as the angles a, b, r, v.-|:ich cr>rre- 
fpond to the fides h<»eomc very fmall, the con'nvM tr:j;oiometri- 
cal tables are not fuflicicntly precifc for the cah'U::itic^n ot the 
fides and angles. In this cafe, thercf(>ie, fijlKTieii triH'.^lt?s nv.y 
be treated with advantage, as rcflilineal triar:gles, h\ ta';in,cj into 
account the fmall conefcHon that icfuhs from ihcir difTercnce. 

This cafe always occurs in the calculation of tviangl' s fonncd 
upon the earth's furface for the meafnrement of an -ire'i ot the. 
meridian ; on thcfc triangles th" quantities ,-?, 7, arj the length 
of the arclKS, and r is the earth's radius. 

To determine the correflion we refumc eqiiation 'A) of Xo. 
14, which ferves as the bafis oi fpherical trigonoUiwtry» and 
which gives 

g^ f k ^^^' ^ — ^^^' ^ ^^^' ^ 

fin. a fin. c 

Making in the fecond member of this equation the fubftitutionji 
indicated in laft number, and Hopping «»t the terms divided by r\ 
we have 



r^ ..t 



Cof. A 



2'3'4 r* 4r^, 



2r 






multiplying the numerator and denominator of the fiaftion by 

/:.* 4- --* . 
r', and fubftitutini? the fa£lor 1 + iufteadof the dlvi- 

i3* -4-7* 

for 1 ; — J—, we have, neglefting Inch terms as are divided 

2'3r 

by powers above r* 



Cof. A 



^'+7*— »• a*— I?*— 7^ /S*/ 



h* 



2^7 2-3-4,-7 r* 4,.'//' 



"T ::; 1 
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a > i . e 
2sm. — sm. ^ sin. — 

2 2 2 

3tan. p 
and again, by fubftituting tor tan. 9 its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelt formed by the arcs a, by c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubflancc, in a work entitled Invention 
Nouvellc en Algebre^ printed at Amflerdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireSericum ge* 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publifhed by Wallis, and since in- 
ferted in mod works upon trigonometry. 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation bithcxto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 
Thus the area of the triangle of which the sides are a, ^, c 

and the angles A, B, C fliall be the ^=^ part of the whole fur* 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take S for the area of the triangle, 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtra£l 
the f('rmer triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D— r, 
and the area of the quadrilateral fliall be exprefled simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonftrated 
farther on, 

tan. 
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c b — c 

t,„ B+C _ "°^- T- ^^, A 
tan. ■ — . cot. — 

2 

Therefore, if ft denote the furface of the quadrilateral we are 
considering, we fliall have 

B 4-C 1 

tan. ^ = cot. -^^^— = 5-77T ; therefore, 



tan. 



cof. 



2 



tan. -^ T tan. ^ ; 

« cof. *-=i * 



and if we put ^ and y for the two fides of the quadrilateral per. 
pendicular to the bafe A, fo that /3 = D — b and y =: D — c 
we have in order to determine the area <r this formula 



• /3 
sm. 



ff 2 . A 

tan. — = -r tan, — . 

« cof. ^^^ 



_ /2 + y 



This formula correfponds to the known formula a zz 

a 

for a re£lilineal quadrilateral of which A is the bafe, /Sandy the 
two vertical fides, and a the area ; and as the latter is of the 
greateft utility in the menfuration of plane furfaces bounded 
by ftraight lines, fo the former is eoually ufeful in the menfu- 
ration of fpherical furfaces bounded by arches of great circles. 
Thus it may be employed' with much advantage to determine the 
extent of a country, wnen the latitudes and longitudes of feveral 
points in its circumference are known ; for by conne£ling tbofe 
points by arches of great circles, we have a fpherical polygon, the 
area of which may be eafily found, byrefolving it into quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

ID. But if it was required to exprefs the area £ by the three 
fides tf , &, c of the fpherical triande, it i^ only neceUary to con- 
fider, that fince S = A + B +C — cDwc have 

coU — =: — tan. ^ ^ 



2 2 



A B4-C 

tan. ^ -+- un. tLHUr 

2 2 

i — tan. ^ tan. ^ + ^ 



2 2 

\5l 
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If we fubftitute, in place of tan. -±-? its value found above 

2 

(preceding No.), we have 

S tan. 4 cof. i±l + cot. :^ cof. trS 

cot. - = — ^ g 2 fl 

col. — Z cof. 1 : 

2 s 

a formula, which is cafily transformed to this other 
« cof. - cof. - + fin. - fin. - cof. A 

r* A ^ 2 2 2 2 

[ cot. - =r _ ^ 

2 h r * 

fin. - fin. - fin. A 

2 2 

If now we fubftitute in this formula the values fin. A, and 
cof. A of No. 3, we fiiall have, by dividing the numerator 

b c 
and denominator by fin. ~ fin. - 

'22 

y 4 [cof. - cof.—)' •+- cof. a — cof. h cof. c 
cot. tL = ^ ? ? . . 

b c 

But 2(cof. -)* = !+ cof. b, and 2(cof. -)* = 1 + cof.^, 

2 8 

therefore, making the ncceflary fubftitutions and inverting the 
frafiion, 

tan. — =: — -' ___^ 



2 1 H- cof. a + cof. b + cof. c 

a formula of the mod fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b^ c. 

11. We have feen (No. 7) that L is the folidity of the trian* 

gular py rancid formed by the three radii of the fphere which 
terminate in the angles of a fpherical triangle. I^t us now 
confuler a triangular pyramid formed by the fame radii produced 
at pleafurc in fuch a manner that they become^, q^ r; and 
that a, by c arc the arches, or angles contained by thofe firaight 
lines. To have the folidity of this pyramid, it may be con. 
fidcrcd as lying on one of its faces ; for inftancc, that which has 
for its fides the lines p^ q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that if a is the angle contained by p and q^ the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be ^^ ^"' ^ , therefore, the folidily of the pyramid 
\vill be _£2_illif . But jf ^^g call o the angle which the line 

r makes with the plane paffing through/ and y, it is evident 
that we have P zz r fin, e, therefore, the folidity required will 
1 pqr fin, a fin, o 
6 

The angle 8 is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofitc 
fide a; wc may, therefore, exprefs fin. o by the fines or cofines 
of fl, i, c the fides of the triangle ; but for our purpofe it is 
fufficient to conllder that this value, as well as that of fin. a, 
being independent of the lines p, q^ r, if we make ^ zz i, ^ = i , 
r =: 1 we fliall have the cafe of the particular pyramid we pro- 

pofc to confider; and of which the folidity is ^. Hence it fol- 

6 

lows, that we have fin. a fin. d r:/, and therefore c£2 for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are p^ q^ r, and the angles 
contained by thofe three fides are A, B, C. 

This expreflion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialJy if we 
employ the value of f^ as expreflcd by faftors, in No. 4 ; and 
it may be very ufeful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon Is refolved into 
triangles. 

12. We may add, tliat fince we have found fin. d fin. 9 rr/J 

f 

we fliall have fin. = 7-^- We may thus determine by 

lin. a ' ' 

this formula the perpendicular e ina fpherical triangle, of which 
a is the bafe, and ^, c the two fides. 

13. I have refolved the preceding problems, only to flicw the 
origin and ufc of fome remarkable formulas, and more efpecially 
of thai function which I have denoted by /, and which dcferves 
in a particular manntr the attention oi analyfis, on account 
of its diflcrent applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analytic 

cally. 

Analytical refolutions of fpherical triangles were at firft only 
Vol. 1. Part III. ( b ) Cv^A^^A 
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a > i > e 

ssm. ~ sm. ^ sm. — 

2 2 2 

3taji. p 
and again, by fubftituting for tan. 9 its value already found 

(No- 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfeU formed by the arcs a, b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubflancc, in a work entitled Invention 
Nouvelle en Algebre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireSericum ge* 
neraU uranometricunif printed at Bologna in 1632, with the 
elegant demonftration nrft publifbed by Wallis, and since in- 
ferted in mod works upon trigonometry. 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 

Thus the area of the triangle of which the sides are a , ^, c 

and the angles A, B, C fliall be the ^=^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle, 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtra£l 
the former triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D— r, 
and the area of the quadrilateral (hall be exprefled simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation^ which will be demonftrated 
farther on, 

tan. 
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fph^^rical triangle, the angles of the latter (hall be equal to the 
rorrefponding angles of the reflilineal triangle, when each is 

g 
augmenteci by the quantity — -^ (fl being the area of thereSi- 

3 
lineal triangle) reduced to the meafure of an angle, which is done 
by taking for unity the angle correfponding to an arch equal to 
the radius. 

28. If we add together the three equations A=:A' H ;, 

B=B'+ -1-,C=C'^ il.,wehaveA + B-HC = A'^- 
3^• 3^* 

B'+C'-i- 1,, but we know that A; + B' -H C= 2 D where D 



r' 



denotes a right angle ; therefore, 

1=A + B4-C — 2D. 



r* 



Hence we may conclude, that by fubtraSing from each angle 
of a Ipherical triangle one-third of the excefs of the fum of the 
three angles above two right angles, we Ihall have the three an- 
gles of areftilineal triangle, the fides of which are equal in length 
to thofe of the fpherical triangle. Thus we may treat the latter 
as a reftilineal triangle, and obtain refults which will be accurate 

to quantities nearly of the order J« 

This beautiful theorem is due to Legendre, who gave it at firft 
without demonftration in the Memoirs of the Academy of Scien« 
ces for 1787; he has fince demonitrated it, in a manner differing 
but little from the preceding, in a Memoir upon the method of 
determining the length of a quadrant of the meridian. As it may 
beof great ufe in the calculation of fpherical triangles which differ 
))ut little from re£lilineal triangles, we have judged that the rca- 
«}er would be pleafed to find it here. 
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If we fubftitute, in place of tan. —±9 its value found above 

(preceding No.), we have 

2 tan. ^ cof. t±S + cot. :^ cof. ^f 

cot. t = — » g 8 a 

2 ft 

a formula, which is cafily transformed to this other 

« cof. - cof. - + fin. - fin. - cof. A 

I cot. I = _f i^ " ^ ^ 

fin. - fin. - fin. A 

2 ft 

If now we fubftitute in this formula the values fin. A, and 
cof, A of No. 3, we fiiall have, by dividing the numerator 

i c 
and denominator by fin. - fm. - 



2 



i 



^ 4(cof. - cof.—)' •+- cof. a — cof. b cof. c 

cot. ^ ; 

But 2(cof. -)* = !+ cof. b^ and 2(cof. -)* = i + cof,^, 

2 8 

therefore, making the ncceflary fubftitutions and inverting the 
frafiion, 

tan. ^ = / 

2 14- col. a + cof. b + cof. c 

a formula of the mod fimple form to determine the area of a 
fpherical triangle by means of its three fides a, ^, c. 

1 1. We have feen (No. 7) that L is the folidity of the trian* 

gular pyramid formed by the three radii of the fphere which 
terminate in tlie angles of a fpherical triangle. I^t us now 
confulcr a triangular pyramid formed by the fame radii produced 
at pleafure in fuch a manner that they become^, q^ r; and 
that a, b^ c arc the arches, or angles contained by thofe firaight 
lines. To have the foiidity of this pyramid, it may be con- 
fidered as lying on one of its faces ; for inftancc, that which has 
for its fides the lines py q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that if a is the angle contained by p and ^, the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be S L«, therefore, the foHdity of the pyramid 

will be ^^ '"' . But if we call o the angle which the line 

r makes with the plane pafling through .;& and y, it is evident 
that we have P zz r fin. e, therefore, the folidity required will 
, pqr fin, a fin, o 
6 

The angle 8 is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
fide a; we may, therefore, exprefs fin. o by the fines or cofines 
of II, b^ c the fides of the triangle ; but for our purpofe it is 
fufficient to conTdcr that this value, as well as that of fin. a, 
being independent of the lines ^, ^, r, if we make ^ zi i,^ = i, 
r =: 1 we (hall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the folidity is ^. Hence it fol- 
lows, that we have fin. a fin. o izf^ and therefore C^ for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are p, q, r, and the angles 
contained by thofc three fides are A, B, C. 

This expreflion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
Ample and commodious for calculation, more efpecialJy if we 
employ the value of y, as expreffeJ by favors, in No. 4; and 
it may be very ufcful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, tl.at fince we have found fin. d fin. e zzf^ 

-we fliall have fin. = t*-^* We may thus determine by 

fm. a 

this formula the perpendicular e ina fpherical triangle, of which 
a is the bafe, and ^, c (he two fides. 

13. I have refolved the preceding problems, only to flicw the 
origin and ufc of fomc remarkable formulas, and more efpecially 
of thai funftion which I have denoted by /, and which defervt s 
in a particular manner tlic attention of analyfls, on account 
of its different applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical rcfoluiions of fpherical triangles were at firft only 

Vol. 1. Part 111. ( b ) Cv^-^V*. 
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fimple applications of algebra to geometrical con(lru£lions. It 
was afterwards thought fufficient to eftablifli fome fundamental 
propofitions by the aid of geomctr)-, and all the formulas of 
fpherical trigonometry have been deduced from equations de- 
rived from thofe propofitions. The moft elegant produQion 
of this kind is a Memoir of Euler's, entitled Trigonometria 
fpherica uniuerfa ex primis principiis derivata^ and printed in 
the Pctersburgh Afts for the year 1779, in which theic is found 
a complete fyftem of trigonometrical formulas, founded folely 
upon three equations. But may not the fyftem be yet more 
{implified by reducing it to one fundamental equation ? 

Such a reduction will complete the analytical theory of fpheri- 
cal triangles ; for, in Analyfis, perfetlion confifts in em- 
ploying the fniallcft poffible number of principles, and in de- 
ducing from thcfe all the truths they contain by the powers 
of that method alone : on the contrary, in the fynthetic method 
of lines, it conffts in demonftratingfeparately every propofition 
in the moft fimple manner, by means of other propofitions pre- 
vioufly demonftratcd. 

The late de Gua had conceived the idea of making all fpheri- 
cal trigonometry to depend upon a iingle general property of 
fpherical triangles; but the Memoir he has given upon the 
fubjeft, in the volume of the Academy of Sciences for 1783, 
contains calculations fo complicated, that they feem better 
adapted to (hew the inconvenience of his method than to caufe 
it to be adopted. 

I here propofe to rayfelf the fame obje3, and I proceed to 
give a concife view of a]] the formulas of fpherical trigonome- 
try, deducing them by fimple transformations from a fingle 
equation, given by the nature of fpherical triangles. 

Let us a {fume, as Dc Gua has done, the equation (No. 3.) 
cof. a = cof. b cof. c + fin, b fin. c cof. A 
in which a^ by c are the three fides or arches of the triangle, and 
A the angle oppofite to the fide a. 

This equation is eafily demonftrated by the fimple confident 
tion of two reflilineal triangles formed, the one by the two 
tangents to the arches by c. and by the firaight line which joint 
the extremiiies of thefe tangents, and the otlier by the fame line 
and the two fecants of the fame arches ; for it is obvious, that 
the two tangents form between them the angle A which is con- 
tained by the arches b and r, and that the two fecants form be- 
tween them the angle a which is the fide of the fpherical triangle 
oppofite to the angle A. Thus, calling h the fide common to 
thefe two triangles, we have immediately, by a known theorem 
concerning re£liiincal triangles, this equation, 

A* = tan.* b -j- tan.* c — 2tan. b tan. c cof. A 
for the former triangle, and this other equation, 

A^ = fcc.^ b -H fee* c — afec. h fee. c cof.*a 
for the latter triangle. 
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Hence we find 

tan.* A -4- tan.* c — 2 tan. 6 tan. c cof. A 
== fee* 3-+- fee* c— 2 fee. t fee c cof. a. 
But we hare evidently 

fee.* t — tan,* 3=1, alfo fee.* c — tan.* c = i, 
therefore, the equation becomes 

fee. B fee. c cof. a =: i '+- tan. b tan. c cof. A, 
hence, fubftituting for fee. 3, fee. f, tan. 3, tan. c, their values 

1 1 sin. b sin. r , t r i i 

— =-7, — T — 9 — TT-y, —. — , we have the fundamental equa- 
cof. D cof, c cof. P col. c ^ 

tion, 

cof. a rr cof. B cof. c -j- sin. 3 sin. c cof. A (A) 

As, by hypothefis, the only condition fuppofcd to have place 
among the four quantities a^ 3, c, A is that a, b, c are the 
three (ides of a triangle, and A the angle oppofite to the (ide a ; 
it follows, that by putting B and C for the angles oppofite to the 
fides b and c, we fhali have (imilar equations relatively to tbofe 
angles, by simply changing A into B, or into C, provided that 
at the fame time we change a into 3, or into r. 

15. Now if we deduce the value of cof. A from the pre- 
ceding equations, and thence that of sin. A we (hall have, as has 
been already found in No. 3, 

sin. a __ sin. a sin. b sin. c 

sin. A "" 7 

where the quantity y is a fun£lion of a, b, c into which thefe 
three quantities enter similarly, fo that it remains the fame, 
whatever permutations be made among them. Therefore, in 
changing a into 3, and b into a, the fecond member of the 
equation will be the fame as before ; hence we have this other 
equation, 

sin. a _ sin. 6 ^g 

sin. A "" sin. B 

This is what is called the common analogy of the sines, and 
it is obvious, that by changing a and c into A and C, we have in 

,., sin. a sin. c 

like manner -. ~ 



sin. A sm. C 

16. Let us refume the equation (A) of No. 14, cof. a =: 
cof. b cof. r-f sin. 3 sin. r cof. A ; by changing a into c, and A in- 
to C, we have in like manner cof. c = cof. a cof. b -4- sin. a sin. B 
cof. C; fubftituting this value of cof. cin the firil equation it 
becomes cof. a = cof. a cof.* b -f sin. aw»b cof. b cof. C 
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therefore cof. A = — H— , , and hence 

fin. A = i/[4^V-f^.;+c'-a')'3, 
Therefore, if in order to fimplify, we put 

we have fin, A = -r-, and hence = r = — i- which frac- 

20C fin. A a 



tton exprelTes the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for the' furface, or area of the fame triangle, 

2aic abc .i_.__r ^tc 

lin. "" 



wc have — = — - = 2r zr — ; therefore r =: — ,. , and 

A a 2S a 



^ J ate d 

V 4 

. fl. By developing the fquare of i* -J- ^* — ^'» ^nd reducing, 
we have 

a formula in which the three fides n, 3, c are equally concerned, 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithmic calculation by refolving it into 
fafiors. For 

4^«c»-(*« + c«— fl«)«= (2*c+*«+c«— a«) (2*c— A«— c*+a«), 
and again refolving each of thcfe fa£lors into two, we have 
rf= y/[(a + b + c){a — b + c)(a+b — c){—a + b + c)'\. 

Thefe formulas are already known, and I only give them here 
as an introdu£lion to invcftigations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pro* 
portional to the fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in reOdlineal triangles, upon the radius of the cir- 
cumfcribed circle, or the area of the triangle. 

Let us denote as before the three fides of a fpherical triangle 
by tf, by c, and the three angles oppofite to thofe fides by 
A, B, C. 

Then by a known theorem 

cof. a = cof. b cof. c -|- fin. b fin. c cof. A ; 

. £. *. A cof- ^ — cof. b cof. c J , 

therefore cof. A = ^ — r-r— 1 *nd hence 

lin. b fin. c 

f A \/[fin.* b fin.* r— fcof. a — cof. b cof. c )■] 

un* A ss 11 

un. b iin. c 

Let 
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Let us, to abreviate, put 

f = v^[fin.* b fin/ c — (cof. a — cof. b cof. c)'] 

f 

thus we have fin. A = -f. — --/-^ — , and therefore 

(in. b fin.c 

fin, a fin. a fin. h fin, c 

fin. A 7 

an expreffion for the ratio fought analogous to th^it which has 
been already found for re£li1ineal triangles (No. i). 

As the quantity y is exprefled by a fquare root, and may, 
therefore, have either the fign plus, or minus prefixed to it, wc 
remark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines are neceflaril/ 
always pofitive. 

4. The radical quantity f is alfo fufceptible of reduQions 
fimilar to thofe of No. s* For by fubftituting inftead of fin.' h 
and fin.* c their values 1 — cof.* h and 1 — cof.* c ; and after- 
wards reducing, we have 

y = y/\\ — cof.* a — cof.* h — cof.* c + 2Cof. a cof. h cof. c\ 
where it appears that the three fides a, b^ c are alike con« 
cerned. 

In like manner the quantity under the radical fign may be re« 
folved into fa6lors, for we have prefently 

fin.* b fin.* c — fcof. a — cof. h cof. cf 
zzz (fin. b fin. c + cof. a — cof. b cof. c] 
X (fin. i fin. c — cof fl -H cof. b cof. c] 
s= [cof. a — cof. {b -+- c)] fcof. {b — c) — cof. a] 

but we have, in general cof. a— cof. A = 2 fin. ^i— x fin. -H? 
therefore, refolving thus the two fa6lors, we have 

/== 2i/rfin» X fin. — X fin. — x fin. > 1 

'^ ^ 2 2 2 2 ^ 

an expreflion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribing the 
fpherical triangle. It is evident that this circle muft be a fmall 
circle of the fphere, and that it will alfo circumfcribe the 
re6lilineal triangle formed by the chords of the arches a, ^, c ; 

but thefe chords being exprefled by 2 fin. -, 2fin. *, 2fui. . it it 

Sb SB w 

only necelTary to fubllitute thefe quantitities inftead of a, b, 

(a«) c 
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c in the expreflion of the radius r (No. 2), that is to 

r . afjc 
fay, in --r . 

Let us put R for the radius of the circumfcribed circle, and h 
for the value which d acquires by fubftituting for a, Z*, c as 
above ; thus we have 

8 fin. - X'fin. ^ X fin. - 

But we have A* = 32 (fin. - fin. -)*4-.Q2 (fin. - fin. - )' + 

** ^ 2 2 "^ 2 2 

02 (fin. - fin. S)*— i6(fin. "*-)*— i6(sin.-> — i6(sin. f)* ; 
^^22 ^2 ^2 a 

and fubftituting for S5(sin. -)% 2(sin. - )*, 2(sin. — )* their values 

z «■ «■ 

t — cof. a, t — cof. ^,1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. fl — 8 cof. b — 8 cof. c 

H- 8 cof. a cof. ^ + 8 cof. a cof. c*(- 8 cof. b cof. c 
— 4 cof." a — 4 cof.* b "^ j^ cof.* c 
which expreffion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. b) (1 — cof. r) 
that is to fay, to 

4/* + 64 (fin. - sin. - sin. -1* 

by fubftituting the value of y of No. 4. Thus we have 

a * b ' c 

4 sm. 'Sin. - sm. - 

li. =z ' J • 

|/[y*-l-i6(sin. -sin. - sin. -)*J 

6. Now by considering the radius of the fphere which pafles 
through the centre of the fmall circle circumfcribing the tri* 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting ^ for the arch which roeafures the diftance 
of the circle from its pole, wc have evidently R zz sin. f , 
tI;ercfore 

sin. 
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hence wc have this transformation, 

B_ wi I 

A" li~ Ka' 
where the upper or lower fign is to be taken according as the 

given fraflion is greater or lefs than the new fraftion — . 

!<;. But it is nccefTary to be firft afliired that two nurrbers 
« < A, OT < B may be found, iuch thai B^ — Am = + i. 

Let us put this equation under the for4n a =: |V^- ; then, that 

tl:is may be pofTiblc, it is cvilentibat we miifl find a number m Icfs 
than B, v.hich fhall n»nilcr the niimbrr;?? A + t divifibic by B. 
Now, if in ;?z A + 1 there be fubflitiitcd rucccfllvely for ?n, all 
thenumberso, i, 2, ^c. to B — 1, and each refult be <h*vidcd 
by B, the rcina-ndcrs will be all lefs than B, and different from 
each other; for if there can be two equal remainders, let m and ;// 
be the two nunflxirs which give t!ie fcin^.c remainder, then the 
difference {m — w') A. will be divifible by B, but A and B arc 
prime to each other, and m — ?n' is a number lefs than B, feeioj^ 
that m and w' are lefs than B, therefore this difference cannot be 
divifible by B; hence it follows, that the two remainders caunoc 
be equal, therefore o muft neceflarily be found among the re- 
mainders ; and, coufequently, there may be always a number lefs 
than B, which fubftituted for;« in ??i A + 1 (hall render tiiis la II 
number divifible by B. The fame niunher may, therefore, be 
taken for 1/2, and the quotient of the divilion of A w -f- i by B will 
be the correfpondiug value of /i, which will, conlequcntlv, be 
lefs than A • 

It appears alfo by this «?emonftrat!on that there can only be one 
value of 7/2 and one of a, lefs than B and A, which will fatisly the 
equation Ba — Aw ::= + 1. For let a and a[ be two values of 
a, and m, m' two values oT;n, we have, therefore, Ba — A;;^ := + 1, 
Ba' — Aw'= + *♦ ^"^» ^y fuhtrafling the one equation from 
the other, B (a — a') = Aw — w') ; but this enuaiion cannot 
take place in whole numbers, for A and B are prime to each oth:T, 
and a — a and m — m' are numbers lefs than A and B, There- 
fore, two numbers m and a may always be found fo as to faiisfy 
the equation, by repeated trials of numbers lefs than B or A for 
m Of a; but we {hall afterwards give direft methods tor finding 
them. 

i6. Again, when two values of m and a have b^en found (o 
as to fatisfy the equation Ba — Amn + 1, if we take a riA — a, 
ffC = B — fTi, we fliallhave Ba — Sm' :=z -^ 1, thus it appears 
that A is fufficient, if fuch values of m and a be found as to fatisfy 
the propofcd equation, when the ambiguous fign is taken-either a* 
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a . i . c 

2sin. ~ sm. — sin. — 

2 2 2 

3tan. p 
and again, by fubllitucing i'or tan. P its value already found 

(No. 6), we have 4* for the folidity of the m^ramid. 

o 

8. It remains for us to confider the area of the fpherical tri- 
angle itfeli formed by the arcs a, ^, r. There Is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem Is commonly attributed to Albert 
Girard, who gave it in fubAancc, in a work entitled Invention 
Nouvdle en Algebre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an induflion, the theorem ought rather to be 
attributed to Cavallerlus, who gave it in the DireSericum ge* 
neralc uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
ferted in moft works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A + B-f C — 2D. 

Thus the area of the triangle of which the sides are tf , j, c 

y 

and the angles A, B, C (ball be the ^=^ part of the whole fur- 

oI3 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtra£l 
the former triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — - ^ and D — r, 
and the area of the quadrilateral (hall be exprefled simply by 
B -F C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonfirated 
farther on, 

tan. 
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f b — e 

B+c ^''''^' ~r ^, A 

tan, ■ = — cot. ^. 

cof. *+f « 

2 

Therefore, if <t denote the furface of the quadrilateral wc are 
considering, we (hall have 

tan. -^ = cot. ?-t^ = B^^ ; therefore, 



tan. 



cof. 



2 



tan. -^ — T tan. — ; . 

3 

and if we put ^ and 7 for the two fides of the quadrilateral per* 
pendicular to the bafe A, fo that /3 rr D — b and y = D — c 
we have in order to determine the area <s this formula 

. /3 + y 
sm. ■ 

tan. — = -r tan. — . 

« cof. ^^=Jr 

ft 

This formula correfponds to the known formula 9 zz ^Ll^ A 

for a re£lilineal quadrilateral of which A is the bafe, fi and y the 
two vertical fides, and a the area ; and as the latter is of the 
greateft utility in the menfuration of plane furfaces bounded 
by ftrai^ht lines, fo the former is eaually ufeful in the menfu- 
ration of fpherical furfaces bounded by arches of sreat circles. 
Thus it may be employed' with much advantage to determine the 
extent of a country, wnen the latitudes and longitudes of feveral 

gon, the 
«icM wft WM**.— ■— ^ »,w '-- .-.^ .w».-»* -/ --™-— g ..i ••••.w quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

lo. But if it was required to exprefs the area £ by the three 
fides tf, £, c of the fpherical triangle, it is only neceflary to con- 
fidcr. that fince 2 = A-l-B +C — sDwe have 

2 , A + B4-C 
cot. — = — tan. — -i- •' — 

2 8 

. A ^, B4-C 
tan. — -♦- tan. — ^ — 
2 a 



A ,, B + C 
i — tan. — tan. ^ 



2 2 

^5l 
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a • i . c 
2sin. . sin. — sm. — 

2 2 2 

3tan. p 
and again, by fubllitucing ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to conflder the area of the fpherical tri- 
angle itfeli formed by the arcs a^ b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubAancc, in a work entitled Invention 
NouwlU en Algebre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an induflion, the theorem ought rather to be 
attributed to Cavalleriiis, who gave it in the DireSericum ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
fened in moft works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A + B-f C — 2D. 

Thus the area of the triangle of which the sides are tf , j, c 

y 

and the angles A, B, C (ball be the ^=^ part of the whole fur- 

ol3 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtraft 
the f(>rmer triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D — c, 
and the area of the quadrilateral Ihall be exprefled simply by 
B -f. C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equatioHi which will be demonfirated 
farther on, 

tan. 
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A — ^ are equimultiples of m and a ; we have therefore, taking 
for X a whole indeterminate number, B — wnX;^, A — b = 
Tui ; therefore, w = B — Xm^b zr. A — "Ka. 

But as n ought to be < w, and b < rt, it is evident that we can 
only take for wand b the remainderfi of the divlfions of B by >w, 
and of A by a, and X will then be the common quotient of thefe 

divifions. Thus, knowingthetwdfirftfraftioni -r\ -, ^^ may find> 

n * 

in this manner, the third .-• In like mai^ner the equations 

fnb — tf« nr + i» and nc — /j^ rr: + I being added together 

give(ffi — ^) i — (tf ■— c) » s=: o, that is ■ ^' sst-; hence. 

wc find as before m — ^2^ t^n^ a — c zzn /a, b^ (ji. being any 
whole number. We have thus /^ znwi — f^n c =a — a*^, ana 
as J? ought to be < n, and ^ ^'^ £, it follows that p and r can 
onhr be the remainders of the divifions of m by n, and of a by b^ 
and that m is their common quotient. 

In the fame way, from the two equations nc ^^ pb::r±dbt^ 
pd — cq z= q= 1, we derive thefe two formulas q :=: n-^ »^, 

d zz b — vc, V being a whole indeterminate numbtr. And as q 
and bought to be refpeQively lefs than p and ^ , we thence conclude 
that they can only be the remainders of the diviGons of n by p^ and 
of 3 by f, and that v is their common quotient, and fo on* 

2 1 . We have found the formulas 

n=:B — X w, pzzzm — /x«, q=n — vp, &c. 
i>=i:A — Xa, c =a — /xi, d :z=: b — v^, 8tc. 

If thefe values be fubftituted in the expreffions of the numbers 
N, P, Q, &c. of No. 19, it will be found, becaufe of 
Ba — Am r=d: 1, and by taking away the ambiguous fign 
which affc6ls all the terms, that ^ 

N = x, P=i+p.N, Q=N4.vP, R = P + *Q. 
S = Q + ?R. &c. 

thefe formulas (hew that the numbers N, P^ Q, &c. neceffarily 
go on increafin?, while the numbers a, ^, r, d^ &c. go on de« 
creafing. I'hefe formulas may alfo ferve to determine dir^31y 
the value of the numbers when the coefficients X, /la, y, &c. are 
known^ and the fame numbers N^ P, Q, &c. ferve to exprefs in 

a Gmple manner the differences of the fra£Uons -, -r, &c, and of 

the fraQion — , (No. 19), 

22. Now as the numbers m, n, p, &c. alfo the numbers 
#9 b, Cf &c. rauft go cm decreafingi it is evident^ that by coa* 
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If we fubftitute, in place of tan. --±.9 its value found above 

2 

(preceding No.), we have 

V tan. ^ cof. ttS + cot. :6 cof. ^f 

cot. - =— "^ a a a 

* - i+ c r b — c ' 



cof. £-±i _ cof. 



S s 



a formula, which is eaOly transformed to this other 

-, cof. - cof. - + fin. - fin. - cof. A 
V cot. ? = ? ^ ^ 2 



fin. - fin. - fin. A 

2 2 

If now we fubftitute in this formula the values fin. A, and 
cof. A of No. 3, we (hall have, by dividing the numerator 

b c 
and denominator by fin. - fin. - 

'22 

« 4(cof. - cof.—)' -i- cof. a — cof. I cof. c 
cot. =1 = _ ® ^ 



2 / 

b c 

But 2(cof. -)* = !+ cof. *, and 2(cof. -j* zz i + cof.c, 

2 2 

therefore, making the neceflary fubftitutions and inverting the 
frafiion, 

tan. ^ = - -f 



2 1 + cof. a + cof. b -h cof. c 

a formula of the moft fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b^ c. 

1 1. Wc have feen (No. 7) that L is the foUdity of the trian- 

6 

gular pyran^.id formed by the three radii of the fphere which 
terminate in the angles of a fpherical triangle. I^et us now 
confuler a triangular pyramid formed by the fame radii produced 
at pleafurc in fuch a manner that they become^, ^, r; and 
that a^ by c are the arches, or angles contained by thofe firaight 
lines. To have the folidity of this pyramid, it may be con- 
fidered as lying on one of its faces ; for infiance, that which has 
for its fides the lines p^ q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that if a is the angle contained by p and q^ the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be £2 1-, therefore, the foiidity of the pyramid 

will be ^^ ^"' . But if we call g the angle which the line 

r makes with the plane pafling through .^^ and y, it is evident 
that we have P = r fin. e> therefore, the foiidity required will 

, pqr fin, a fin, o 

6 

The angle e is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
fide a; we may, therefore, exprefs fin. o by the fines or cofines 
of a, b, c the fides of the triangle ; but for our purpofe it is 
fufficient to conllder that this value, as well as that of fin. a, 
being independent of the lines p^ q, r, if we make /> zi i, ^ z= i, 
r =1 1 we fiiall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the foiidity is ^. Hence it fol- 

o 

lows, that we have fin. a fin. =/*, and therefore ^^ for the 

6 

foiidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles arc p, y, r, and the angles 
contained by thofe three fides are A, B, C. 

This exprcfllon, for the foiidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialJy if we 
employ the value of f^ as expreffed by fa3ors, in No. 4; and 
it may be very ufcful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
fulved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, tliat fince we have found fin. d fin. 9 =/i 

■we Oiall have fin. = 7-^. We may thus determine by 

fin. a 

this formula the perpendicular d in a fpherical triangle, of which 
a is the bafe, and ^, c t!ie two fides. 

13. I have refolved the preceding problems, only to flicw the 
origin and ufc of fome remarkable formulas, and more efpecially 
of thai funftion which I have denoted by /, and which dcferves 
in a particular maniur the attention of analvfis, on account 
of its different applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical rcfolutions of fpherical triangles were at firft only 
Vol. 1. Part III. ( b ) C\«^'v^^t: 
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fimple applications of algebra to geometrical con(lru3ions. It 
was afterwards thought fufficient to eftablini fome fundamental 
propofitions by the aid of geomctr)', and all the formulas of 
fpherical trigonometry have been deduced from equations de. 
rived from thofe propofiiions. The moft elegant produQion 
of this kind is a Memoir of Euler's, entitled Trigonometria 
fphtrica uniuerfa ex primis principiis dcrivata^ and printed in 
the Petersburgh /fts for the year 1779, in which there is found 
a complete fyftem of trigonometrical formulas, founded folely 
upon three equations. But may not the fyftem be yet more 
fimpllfied by reducing it to one fundamental equation ? 

Such a reduction will complete the analytical theory of fpheri- 
cal triangles ; for, in Analyfis, perfet^ion confifts in em- 
ploying the fnial left poffible number of principles, and in de- 
ducing from thefe all the truths they contain by the powers 
of that method alone : on the contrary, in the fynthetic method 
of lines, it conffts in demonftratingfeparately every propofition 
in the moft fixnple manner, by means of other propofitions pre- 
vioufly demonftrated. 

The late de Gua had conceived the idea of making all fpheri- 
cal trigonometry to depend upon a fingle general property of 
fpherical triangles ; but the Memoir he has given upon the 
fubjeft, in the volume of the Academy of Sciences for 1783, 
contains calculations fo complicated, that they feem better 
adapted to (hew the inconvenience of his method than to caufe 
it to be adopted. 

I here propofe to rayfelf the fame objefi, and I proceed to 
give a concife view of all the formulas of fpherical trigonome. 
try, deducing them by fimple transformations from a lingle 
equation, given by the nature of fpherical triangles. 

Let us affiime, as Dc Gua has done, the equation (No. 3.} 
cof. a z=z cof. If cof. c -J- fin. i fin. c cof. A 
in which a, ^, r are the three fides or arches of the triangle^ and 
A the angle oppofite to the fide a. 

This equation is eafily demon/lrated bv the fimple confidera- 
tion of two reflilineal triangles formed, the one by the two 
tangents to the arches ip c. and by the ftraight line which joint 
the extremities of thefe tangents, and the other by the fame line 
and the two fecants of the fame arches ; for it is obvious, that 
the two tangents form between them the angle A which is con- 
tained by the arches b and r, and that the two fecants form be- 
tween them tlie angle a which is the fide of the fpherical triangle 
oppofite to the angle A. Thus, calling A the fide common to 
ihefe two triangles, we have immediately, by a known theorem 
concerning reflilincal triangles, this equation, 

A* = tan.*^ -|- tan.* c — 2tan. b tan. c cof. A 
for the former triangle, and this other equatiqn, 

A' =z fee* i -h fee." c — afec. b fee. c cof.-tf 
fjr tbc latter triangle. 



I 
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Hence we find 

tan,* i -f- tan,* r - 2 tan. i tan. c cof. A 
= fee* 3-4- fee* r— 2 fee. 3 fee c cof. a. 
But we have evidently 

fee.* 3 — tan.* 3=1, alfo fee* c — tan.* f = 1, 
therefore, the equation becomes 

fee. b fee. c cof. a := 1 + tan. b tan. c cof. A, 
hence, fubftituting for fee. 3, fee. c, tan. 3, tan. c, their values 

1 1 sin. 3 sin. c , » r 1 , 

— ?— 7, — 7 — • — 7:-v» — ; — , we nave the fundamental equa- 
col. 3 cof. c cof. 3 col. c ^ 

tion, 

cof. a = cof. 3 cof. c •\- sin. 3 sin. c cof. A (A) 

As, by hypothefis, the only condition fuppofed to have place 
among the four quantities a, 3, c, A is that a, 3, c are the 
three fides of a triangle, and A the angle oppofjte to the fide a ; 
it follows, that by putting B and C for the angles oppofite to the 
fides 3 and c, we (hall have fimilar equations relatively to tbofe 
angles, by simply changing A into B, or into C, provided that 
at the fame time we change a into 3, or into c. 

15. Now if we deduce the value of cof. A from the pre- 
ceding equations, and thence that of sin. A we fhall have, as has 
been already found in No. 3, 

sin. a ^ sin. a sin. 3 sin. c 

sin. A "" 7 

where the quantity /* is a funfiion of a, 3, c into which thefe 
three quantities enter similarly, fo that it remains the fame, 
whatever permutations be made among them. Therefore, in 
changing a into 3, and 3 into a, the fecond member of the 
equation will be the fame as before ; hence we have this other 
equation, 

sin. a sin. 3 f^. 

Sin. A sm. B 

This is what is called the common analogy of the sines, and 
h is obvious, that by changing a and c into A and C, we have in 

,.1. sin. a sin. c 

like manner -. r- =: ^. 

sm. A sin. C 

J 6. Let us refume the equation (A) of No. 14, cof. a = 
cof. 3 cof. r+ sin. 3 sin. c cof. A ; by changing a into c, and A in- 
to C, we have in like manner cof. c =r cof. a cof. 3 4- sin. a sin. 3 
cof. C ; fubftituting ^his value of cof. c in the firft equation it 
becomes cof. a =: cof. a cof** 3 + sin. a sin. 3 c«f. 3 cof. C 
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therefore cof. A = — -I— , and hence 

fin. A = VK£!zi(^;±il=lflll3. 
Therefore, if in order to fimplify, we put 

we have fin. A = -*-, and hence ;. = — r- which frac- 

2bc fin. A a 



tion exprefles the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for the' furfacc, or area of the fame triangle, 

1 a 2atc abc % r abc % 

we nave - ■ =: — - zz 2r zz — ; therefore r = — ^ . and 
liiu A a 2x a 

J abc d 

V 4 

a. By developing the fquare of ^* -{- c* — a\ and reducing, 
we have 

d =z v/(2/i»i* + 2a^c* 4- 2bh^ ^a^—b^ — c* ) 

a formula in which the three fides a, b^ c are equally concerned, 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithmic calculation by refolving it into 
fa£lors. For 

4^«c*-(A« + c»— a»)»= {^bc+b^+c'—a^) (aAc— *•— c*+a«), 

and again refolving each of thcfe fa&ors into two, we have 

Thefe formulas are already known, and I only give them here 
as an introduQion to inveftigations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pro- 
portional to the fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in refUlineal triangles, upon the radius of the cir- 
curofcribed circle, or the area of the triangle. 

Let us denote as before the three fides of a fpherical triangle 
by a, ^, c, and the three angles oppofite to thofe fides by 
A, B, C. 

Then by a known theorem 

cof. a = cof. b cof. c -)- fin. b fin. c cof. A ; 

therefore cof. A = — '—g^rr * ^ I and hence 

Im. a fin. c 

#;„ A \/[fin.* b fin.* f — (cof. a— cof. b cof. f )»1 

un. b iin. c 

Let 
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Let US9 to abreviafe, put 

f =z v/Lfi"-* b fin-* ^ — (cof. a — cof. h cof. c )■] 

f 

thus we have fin. A = ;; — -i-x — • and therefore 

un. b tin. c 

fin. a fin. a fin. h fin, c 

fin. A 7 

an expreflion for tho ratio fought analogous to that which has 
been already found for re£lilineal triangles (No. i)« 

As the quantity y is ex pre (fed by a fquare root, and may, 
therefore, have either the fign plus, or minus prefixed to it, we 
remark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines are neceflarily 
always pofitive. 

4. The radical quantity f is alfo fufceptible of redufiions 
fimilar to thofe of No. 8. For by fubftituting inftead of fin.^ h 
and fin.' c their values 1 — cof.* h and i — cof,* c ; and after- 
wards reducing, we have 

y = |/[i — cof.* a — cof.* h — cof.* c + 2cof. a cof. h cof. c\ 
where it appears that the three fides a, b^ c are alike con- 
cerned. 

In like manner the quantity under the radical fign may be re* 
folved into fa£lors, for we have prefently 

fin.* h fin.* c — (cof. a — cof. b cof. cf 
= (fin. h fin. f + cof. tf — cof, h cof. c) 
X (fin. h fin. c — cof fl -f- cof. h cof. c) 
sz: [cof. a — cof. (i + f )] f cof. (A — c) — cof. a\ 

but we have, in i^neral cof. a— cof. A = 2 fin. x fin. -H? 

** 22 

therefore, refolving thus the two fa6lors, we have 

/= 2 i/ifin. ^ ^ X fin. -^ X fin. — x fin. — i- J 

yvLjj 2 2 2-* 

an expreffion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribing the 
fpherical triangle. It is evident that this circle muft be a imall 
circle of the fphere, and that it will alfo circumfcribe the 
leailineal triangle formed by the chords of the arches a, *, c ; 

but thefe chords being exprefled by 2 fin. -, 2fin. *, 2fin. . it is 

only neceflfary to fubftitute thefe quantitities inftead of tf , h^ 

(a2) c 
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c in the expreflion of the radius r (No. 2), that is to 
fay. m -^ . 

Let us put R for the radius of the circumfcribed circle, and k 
for the value which d acquires by fubftituting for a, l\ c as 
above ; thus we have 

8 fin. - X'fin, - X fin. - 

2 2 2 



R 



h 



But we have A* = 32 (fin. - fin. -;*4-q2 (fin. - fin, .)' + 

** 2 2 *^ 2 2 

32 (fin. - fin. S)* — 16 (fin. "*-)*— i6(sin. -V — i6(sin. f)* ; 
^^ * 2 2 ^2 ^2 2 

and fubftituting for ss(sin. -)% 2(sin. -)*, 2(sin.— )* their values 

^ «0 w 

t — cof. fl, 1 — cof. A, 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. fl — 8 cof. ^ — 8 cof. c 

•+- 8 cof. a cof. i 4- 8 cof. a cof, c -4- 8 cof. b cof. c 
— 4 cof." a — 4 cof.* A — 4 cof.' c 
which expreflion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. i) (1 — cof. c) 
that is to fay, to 

4/* + 64 (fin. - sin. - sin. - / 
^ ^^222' 

by fubftituting the value of y of No. 4. Thus we have 

a - b - c 
4 sin. -sin. - sm. - 

n 2 g g 

li. =: T • 

|/[y* -l-i6(sin. -sin. • sin. -j*J 

6. Now by considering the radius of the fphere which pafTcs 
through the centre ol the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the fuiface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting <p for the arch which roeafuresthediftance 
of the circle from its pole, wc hivc evidently R iz sin. ^ , 
therefore 

sin. 
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employed is alfo applicable to this cafe: For having determined the 
angle f by equation {b) the equation (c) becomes 

»f. (J - ,) = ^2t^^ „. 

«2. The equation (B) between two sides a and B, and the 
opposite angles A and B may ferve ift to determine A by a,^, B; 
and 2d to determine a by 3, A, B. 

ift» To determine A by a, i^ B we have 

. sin, a sin. B 
sin. A = . — =— 

sm. p 

fid. To determine a by i^ A, B we have 

sin. b sin. A , ^ 

sin.B ^' 

Thefe formulas admit of the application of logarithms without 
furthertransformation. 

23. The equation (C) between two sides a and 5, and two 
angles A, C the firft opposite, the fecond adjacent to the side a, 
may ferve ift to determme A hy a, B, C; 2d, to determine a 
by 2, A, C ; 3d to determine C by tf , &• A ; 4th to determine b 
by df A, C. 

ift. To determine A by a, 6, C we have this equation, 

- » A cot. a sin. b ^ n r n 

cot, A =: — : — 75 — — cot. C col. D ; 

and to reduce it into fa&ors^ we aifume — -l--^ = cot. p 

col. O 

or, 

tan. a cof. C = tan. p (g) 

therefore, cot. a z=z cof. C cot. p ; and fubftituting this value we 

have cot. A = cot. C (cot. p sin. b — cof. 6) 

cot. C , r • t • -. r r\ CO*- C sin. (b — p) .i^^^r 
= . (cof. © sm . 6 — sm. ? cof. b) = : — ^ '^ ; theret. 

cot. A = e£LCi!5iIi::±) (A) 

Sin. 9 

This reduction comes alfo to the (ame thinff, as the refolving 
of the triangle into two right-angled triangles, by a perpendicular 
from the angle B upon the opposite side 6, and the fubsidiary 
angle p is the fegment of the side adjacent to the angle C. 

2d, To determine a by ^, A, C we have this equation, 



cot. A sin. C ^^^. w ^r r^ 

cot» ^ "" — - - -— -» -f- Cot. D col- w 



-vcw^ 
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a - i . c 

2sin. <- sm. — sm. — 

2 2 2 

3tan. p 
and again, by fubllitucing ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to conflder the area of the fpherical tri- 
angle itfelf formed by the arcs tf, ^, c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the exccfs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubAancc, in a work entitled Invention 
NouvelU en Algcbre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DirtScricum ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiflied by Wallis, and since in- 
ferted in moil works upon trigonometry. 

Let S denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A + B-f C — 2D. 

Thus the area of the triangle of which the sides are tf , j, c 

y 

and the angles A, B, C (ball be the ^=^ part of the whole fur- 
face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles JB, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A; therefore, if from it we fubtraft 
the former triangle, of which the sides about the angle A are 
b and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D— - r, 
and the area of the quadrilateral (hall be expreffed simply by 
B -F C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonftrated 
farther on, 

tan. 
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r b — e 

. B-*-C _ ~'^' "V , . A 
tan, = — cot. — 



cof. 



2 



Therefore, if o denote the furface of the quadrilateral we are 
considering, we fliall have 

Un. ^ = cot. ^-^ = 3 . ^ ; therefore. 



tan. 



cof. 



2 



^ ^ « A 

tan. — — . r tan. — ; 

« cof. in-f 2 



and if we put /3 and y for the two fides of the quadrilateral per* 
pendicular to the bafe A, fo that /3 = D — b and y =: D — c 
we have in order to determine the area o this formula 

sm. ■ 
ff 2 . A 

tan. — = -r tan. — . 

« cof. ^^^ 

ft 

This formula correfponds to the known formula 9 = 6-IL7 A 

2 

for a re£lilineal quadrilateral of which A is the bafe, /3 and y the 
two vertical fides, and a the area ; and as the latter is of the 
greateft utility in the menfuration of plane furfaces bounded 
by ftraight lines, fo the former is eaually ufeful in the menfu- 
ration of fpherical furfaces bounded by arches of ereat circles. 
Thus it may be employed* with much advantage to determine the 
extent of a country, when the latitudes and longitudes of feveral 
points in its circumference are known ; for by conneQing tbofe 
points by arches of creat circles, we have a fpherical polygon, the 
area of which may be eafily found, by refolving it into quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

lo. But if it was required to exprefs the area £ by the three 
fides a, b^ c of the fpherical iriangle, it is only neceflary to con- 
fidcr, that fince 2=:A + B +C — sD we have 

^ 2 , A + B + C 
cot. — = — tan. — -1 — 

2 2 

un. ^ -H tan. ?L±-9 

2 2 



A B + C 

1 — tan. — tan. — X— 



2 2 
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a > i > e 

2sin. -. sm. -. sm. — 

2 2 2 

3tan. p 
and again, by fubllituting ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfeli formed by the arcs a, t, r. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the exccfs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Noumtle en Algebre^ printed at Amfterdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an induflion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireSericum ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publifbed by Wallis, and since in« 
fened in moil works upon trigonometry. 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 

Thus the area of the triangle of which the sides are n , i, c 

y 
and the angles A, B, C Ihall be the ^^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtraft 
the firmer triangle, of which the sides about the angle A are 
6 and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D — r, 
and the area of the quadrilateral Oiall be expreffed simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equationi which will be demonftrated 
farther on, 

tan. 
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r b — e 
B-hC ~'^' "T" , A 

tan. - = Z — cot. -. 

cof. ''.±S « 

Therefore, if <t denote the furface of the quadrilateral we are 
considering, we fliall have 

tan. ' = cot. ?-t- = 5317; • therefore. 

* tan. — — - 

r b -^ C 

cof. — 

2 cof. ^.r^'' ^ 

2 

and if we put /3 and 7 for the two fides of the quadrilateral per. 
pendicular to the bafe A, fo that /3 = D — b and 7 z: D — c 
we have in order to determine the area 9 this formula 

. /3 + 7 

sm. ■ 

<T 2 . A 

tan. ^ = ; tan. — . 

« cof. ^.=2 

This formula correfponds to the known formula 9 zz uJL? A 

2 

for a re£lilineal quadrilateral of which A is the bafe, /3 and 7 the 
two vertical fides, and a the area ; and as the latter is of the 
greateft utility in the menfuration of plane furfaces bounded 
by ftraight lines, fo the former is eaually ufeful in the menfu- 
ration of fpherical furfaces bounded by arches of ereat circles. 
Thus it may be employed' with much advantage to determine the 
extent of a country, when the latitudes and longitudes of feveral 
points in its circumference are known ; for by conne£ling tbofe 
points by arches of great circles, we have a fpherical polygon, the 
area of which may be eafily found, byrefolving it into quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

10. But if it was required to exprefs the area £ b\' the three 
fides a, b^ c of the fpherical triangle, it is only neceliary to con- 
fider, that fincc 2=:A + B +C — cD we have 

. 2 ,,^ A + B + C 

cot. — =: — tan. 

2 8 

. A ^ , B4-C 
tan. — -♦- tan. — -i-— ^ 

2 2 



A B4- C! 

i^tan. — tan. "^ ^ ■ 



2 2 
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therefore cof. A = — -^^, — , and hence 



fin. A = •[4iVziI*;±ilzif!ll]. 
Therefore, tf in order to fimplify, we put 

we have fin. A = -r-, and hence = = — ,- which frac- 

20C fin. A a 

tion exprelTes the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for the' furface, or area of the fame triangle. 

• a 2abc ^ abc ^v r abc « 

we have — = — - =: 2r = — ; therefore r =: — , , and 
lin. A tf 2X a 

J abc d 

V 4 

. 2. By developing the fquare of ^* -I" ^' """ ^'i sind reducing, 
we have 

d = v/(2/i'*' + 2J*C* + 2* V — a4 _ ^4 _ ^4 ) 
a formula in which the three fides a, b^ c are equally concerned, 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithmic calculation by refolving it into 
faflors. For 

4i«c»«(4t + c*— <)«= (2*c+*«4-c«— a*) (2*c— A«— c*+a*), 
and again refolving each of thcfe fa£lors into two, we have 
// = /[(a + A + f ) (fl — * 4- f } (a + * — c) (— a 4- * + c)]. 
Thefe formulas are already known, and I only give them here 
as an introdu6iion to inveftigations which are to follow. 

3. Since in fpherical triangles the fines of the fides are pro* 
portional to the fines of the angles oppofite to them, we may be 
defirous to inveftigate the conftant ratio, and to difcover if it 
depends, as in re£lilineal triangles, upon the radius of the cir- 
cumfcribed circle, or the area of the triangle. 

Let us denote as before the three fides ot a fpherical triangle 
by tf, ^, c, and the tliree angles oppofite to thofe fides by 
Af B, C. 
Then by a known theorem 

cof. tf := cof. b cof. c + fin. b fin. c cof. A ; 

^x c - r A cof. tf — cof. b cof. c J , 

therefore cof. A r= > — ,-r ; and hence 

fin. b lin. c 

jj A v/[fin,* b fin.^ f "-(cof. tf— >cof. b cof. c )*] 

"*" fin. b fin. c ' 

Let 
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Let us, to abreviate, put 

/ = y^LCn.* b fin,* c — (cof. a — cor. b cof. c)*] 

thus wc have fin. A =z 7; — {-=, — , and therefore 

fin, tin* c 

fin. a fin. a fin. b fin, c 

finTA / 

an expreflion for the ratio fought analogous to that which has 
been already found for re£lilineal triangles (No. i)« 

As the quantity f is exprefled by a fquare root, and may, 
therefore, have either the fign plux, or minus prefixed to it, we 
rrmark, that relatively to fpherical triangles, it ought to be always 
pofitive; for the fides and the angles of every triangle being 
always lefs than two right angles, the fines arc neceflaril/ 
always pofitiCe* 

4. The radical quantity f is alfo fufceptible of redu3ions 
fimilar to thofe of No. 2. For by fubftituting inftead of fin.' b 
and fin.* c their values 1 — cof.^ I and 1 — cof.' c ; and after- 
wards reducing, we have 

y =: y^[i — cof.* a — cof.* h — cof.* c + acof. a cof. b cof. c\ 
where it appears that the three fides a, j, c are alike con« 
cerned. 

In like manner the quantity under the radical fign may be re« 
folved into fa&ors, for we have prefently 

fin.' b fin.' c — (cof. a — cof. b cof. r)' 
sr: (fin. b fin. c + cof. a — cof. b cof. c) 
X (fin. i fin. c — cof a -f- cof. b cof. r) 
s=: [cof. a — cof. [b + c)] f cof. (b — c) — cof. a\ 

but we have, in general cof. a— cof. A zz 2 fin. -i-i x fin. -H? 

22 

therefore, refolving thus the two faClors» we have 

/== « /[ rin.''-±*±' X fin. ''-*±? X fin. t±*lf X fin. :±+±±£l 
yv-Lg 2 2 2-* 

an expreflion very convenient for logarithmic calculation. 

5. Let us now feek the radius of the circle circumfcribing the 
fpherical triangle. It is evident that this circle muft be a fmall 
circle of the fphere, and that it will alfo circumfcribe the 
re£lilineal triangle formed by the chords of the arches a, *, ^ ; 

but thefe chords being exprefled by 2 fin. *, 2fin. «, 2fin. . it is 

only neceflary to fubftitute thefe quantititiet infiead of a, it 

(a«) c 
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c in the exprcflion of the radius r (No. 2), that is to 

r ' abc 
fay, m -^ . 

Let us put R for the radius of the circumfcribed circle, and k 
for the value which d acquires by fubftituting for a, l^ c as 
above ; thus we have 

8 fin. - xfin. - X fin. - 

But we have A' = 32 (fin. - fin. ->'-i-Q2 (fin- - fin. .)' + 

02 (fin. - fin. ^Y — 16 (fin. "*.)*— i6(sin.^V — i6(sin. f)* ; 
^^ ^ 2 2 ^2 ^2 2 

and fubftituting for S5(sin. ^)% 2 (sin. - )*, 2 (sin. — )* their values 

2 av * 

1 — cof. fl, 1 — cof. A, 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. fl — 8 cof. b — 8 cof. c 

-f- 8 cof. a cof. ^ + 8 cof. a cof. c -}- 8 cof. b cof. c 
— 4 cof.' a — 4 cof.* i — 4 cof.' c 
which expreffion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. ^) (1 — cof. c) 
that is to fay, to 

4/' + 64 (fin. - sin. - sin. - >* 
^ ^^222' 

by fubftituting the value ol J of No. 4. Thus we have 

a - b . c 
4 sin. -sm. - sm. - 

R_ 2 . 



|/[y^ +i6(sin. -sin. - sin. -)'J 



222 



6. Now by considering the radius of the fphere which pafiTcs 
through the centre of the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting ^ for the arch which meafuresthedlftance 
of the circle from its pole, wc have evidently R =z sin. ^, 
therefore 



sni. 
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a • h • c 
4 sm« • sm. - sin. » 

2 2 2 

sin. 7 = 



V^L/'-4-i6 (sin. -sin. -sin.—)*] 



from whence we derive 

/ 



cof. 9 =— J 



/[/» + i6{fin.Jfin.^.fin.-")»j 



and hence 



a . // . c 
4sin. - sm. - sin. — 

♦ or, 2 2 2 

tan. p:z:zz • 

Wherefore, feeing that sin. a = 2 sin. - cof. — , and fo on 

o 8 2 

with refpe£l to sin. h and sin. c, we have (No. 3). 

sin. a r d r h r c 

- — T- = 2 tan. A col. -cof. — col. — . 
sin. A 222 

7. If it were required to find the area of the refiilineal tri* 
angle formed by the chords of the arches a, b^ c and infcribed 
in the circle we have juft now been considering ; by putting 
S for that area, it would only be ncceflary to change, in the 

formula s =: — of No. 1, s into S, r into R, and a, b^ c 

into 2 sin. ^: 2 sin. — , 2 sin. ~ thus we fliould have imme- 
2 a 2 

diately 

. 'a ' h - c 
2 sin. — sin. — sm. — 
^ 222 



^ — R 

or, becaufc R = sin. ^ (No. 6} 



a ' b ' c 
2sin. —sin. ^ sm. — 

222 

■ ■■■ - . ■ ■ — • 



sm. ^ 

If now we consider the triangular pyramid which has this 
triangle for its bafe, and of which the vertex is at the centre 
of the fphere, it is evident that the height of the pyramid is 

cof. c» therefore its folidity is — ^-^, or, fubftituting for S 

3 
the value we have already fouud, 
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a . i • e 

2sin. — sm. -. sm. — 

2 2 2 

3tan. p 
and again, by fubllituting ior tan. 9 its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfeli formed by the arcs a, t, c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Nouvelle en Algebre^ printed at Amftcrdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an induflion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireSericum ge^ 
nerale uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publifbed by Wallis, and since in- 
ferted in mod works upon trigonometry. 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 

Thus the area of the triangle of which the sides are n , i, c 

y 
and the angles A, B, C (hall be the ^=^ part of the whole fur- 
face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtraft 
the* former triangle, of which the sides about the angle A are 
6 and r, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D •— c, 
and the area of the quadrilateral Oiall be expreffed simply by 
B + C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation» which will be demonftrated 
farther on, 

tan. 
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%Ae \/ : t :: liypcrbolic fcSor 



^^knd make Cp = CT ; th,-n /> Is a pomt in tlie irajeOory. 

^^» From ihis cwnltruttion it will cvifilv appear, that the numberof 
rcvoliiiions wliicii tiicbody :nu[t make before it arrives at the 
centie will Ijc infinite, bcMufe the are* CVA increafcs wllhouc 
limit. 

Or the Ir-ijcftorv may be ronftrufted in the foilowng manner. 
Defcribe the femiciicle SVD, (fifi. 1,5,5, p'- S.>with the radim 
CV — r; draw AB pirpccciicular to CD, and ftippofe it equal 
toy, and take tlic arc VQ — the difference of ihe hyperbolic 

hlogatiihrns of AB and BD multiplied into r y — — — . and " 
^keC 



(ake Cfi zr AB ; then hp a point in tlic irajeOory, as will be 

evident from the equation z = r\/ { I xloff. ■-- ^; = — jr. 

^ '^ \i — m/ " r-y(T^-y*) 



P 



BecaufL- the ratio of AB to BD is infinitely great when AD ii 
ncfceni, the number of levoliiiioas before the body arrivei u 
centre, mufl be infinite. 



1/ (;—;)■'■■'>*■> 



i'v/(>'-~x-P'/+^) 



andy'— — 



JF*_y H ^^ := o, is the equation for determining the apGdes| . 

where m may he greater than.pqualto, or lefs than unity. The 
ratios of m to uniiy. and ni Pio r being given, it will be ealy 
<o determine when a!l the roois of this tall equstion arc resl, anj 
when two of ihcm are impoQible. Ifihe body be projefiicd 
from an apfe. or P = r, then all the roots are real ; t>vo being 

Kfitivc and oocnegaiivc, which b'.longg 10 a pan ot ilie curve 
I'ing ill concavity turned fiom the centre of force. 
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If wc fubftitute, in place of tan. 5-±? its value found above 

2 

(preceding No.), we have 

y un. 4 cof. i±S + cot. ^ cof. tz£ 
cot. - =— ^ g » a 

cof. t±J _ cof. t=l£ 
a formula, which is cafily transformed to this other 
« cof. - cof. - + fin. - fin. - cof. A 

r cot. ? = _£ L. ^ ^ ^ 

fin. - fin. - fin. A 

2 2 

If now we fubftitute in this formula the values fin. A, and 
cof, A of No. 3, we fliall have, by dividing the numerator 

B c 
and denominator by fin. - fin. - 



2 



b 



u C 

y 4(cor. - cof.—) •\- cof. a — cof. b cof. c 

cot. =: = _ ? 1 ; 

b c 

But 2(cof. -)* = !+ cof. *, and 2(cof. -)' = 1 + cof.^, 
2 2 

therefore, making the neceflary fubftitutions and inverting the 
fra&ion, 

tan. — = -' 



2 1-4- cof. a + cof. b + cof. c 

a formula of the moft fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b^ r. 

11. Wc have feen (No. 7) that -^ is the folidity of the trian- 
gular pyran^id formed by the three radii of the fphere which 
terminate in the angles of a fpherical triangle. JLet us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafure in fuch a manner that they become p^ q^ r ; and 
that a, b^ c are the arches, or angles contained by thole firaigfat 
lines. To have the folidity of this pyramid, it may be con- 
fidercd as lying on one of its faces ; for inftancc, that which has 
for its fides the lines p^ q, and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is inune- 
diately obvious, that if a is the angle contained by p and ^, the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be Of — L. , therefore, the folidity of the pyramid 

will be f.* ' ^^^ Wyfc call e the angle which the line 

r makes with the plane pafling through .;& and y, it n evident 
that we liave P = r fin. e> therefore, the folidity required will 

, pqr fin, a fin, o 

6 

The angle 6 is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
fide^i ; wc may, therefore, exprefs fin. o by the fines or cofincs 
of a, b^ c the fides of the triangle ; but for our purpofe it is 
fufficient to conllder that this value, as well as that of fin. a, 
being independent of the lines p, y, r, if we make /» n i, y = i, 
r = X we {hall have the cafe of the particular pyramid we pro* 

piofe to confider; and of which the folidity is L. Hence it fol- 

lows, that we have fin* a fin. o zzf^ and therefore £^ for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are^, ^, r, and the angles 
contained by thofe three fides are A, B, C. 

This expreffion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialiy if we 
employ the value of ft as expreffed by faftors, in No. 4; and 
it may be very ufcful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, tl.at fince we have found fin. d fin. 9 =/I 

■we (hall have fin. = 7-^. We may thus determine by 

Im. a 

this formula the perpendicular 6 in a fpherical triangle, of which 
a is the bafe, and ^, c the two fides. 

13. I have refolved the preceding problems, only to flicw the 
origin and ufc of fome remarkable formulas, and more efpecialiy 
of tliai function which I have denoted by /, and which dcferves 
in a particular maniur the attention of analyfts, on account 
of its different applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical refolutions of fpherical triangles were at firft only 

Vol. 1. Part 111. ( b ) «.«i>^\fc 
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fiinple applications of algebra to geometrical conflruEltosi, It 
was afterwards tliought fufficienl to e!lahli(h fome fundamenial 
propofiiions by thir aid ol gcomwrj', and all ihe formulas of 
fpherical irigonomclry have been deduced from equaiioni de- 
rived from ihofe propofiiions, Tlie moft elegant production 
«>f this kind h a Memoir of Euler's. entitled Trigotiomftria 
Jp/iertea uniuerfa tx pnmis pnndpiis derivata, and printed in 
iiiE Peiersbiirgh A£ls for the year 1779, in which ibeic is fuunij 
a complete fyftem of trigonomeirical formulas, founded foldy 
upon three eqnaiions. But may not the fyftem be yet more 
(implified by reducing it to one fundamental equation ? 

Such a reduction will complete the analytical theory of fpheri. 
cal triangles ; for, in Analyfis, pcrfeftion confifls in cm- 
ploying the fmalleft poiTible number of principles, and in de- 
ducing from thei'c all tile truths they contain by the powers 
of that method alone 1 on the contrary, in the fynthetic method 
of lines, it con r ft* in demon ftrating feparaiely every propofition 
iu the moR Smpte manner, by means of oiher propotiiions prc- 
vioully demon ft rated. 

The laic de Gua had conceived the idea of making all fpheri- 
cal trigonometry to depend upon a fingle general propeity of 
fchcrical triangles ; but the Memoir lie has given upon the 
Cubjeft, in the volume of the Academy of Sciences for 1783, 
contains calculations fo complicated, that they feem belter 
adapted to (hew the inconvenience of his method than to caufe 
it to be adopted. 

I here propofe to myfelf the fame objefl, and I proceed lo 
give a concife view of all the formulas of fpherical trigonome- 
try, deducing ilicm by fimple transformations from a fingle 
equation, given hy the nature of fpherical triangles. 

Let u» afTume. a^ Dc Gua has Ai^nc. the equation (No. g.J 
cof. a =^ cof. li cof. f -t- (in. * fin. c cof. A 
in which a, h, c are the three fides or arches of the triangle, and 
A the angle oppofitc to the (idea. 

Thin equation is eafily demonftraied by the fimple confidera- 
tion of two reflilineal triangles formed, the one by the two 
tangent} to the arches b, c. and by the llraight line which joint 
the extremities of theic tangents, ;ind the other hy the fame line 
and the two fec^nti of the fame arches ; for it is obvious, (bat 
the two tangents foim betueeii them the angle A which is con- 
tained by the arches b and c. and that the two fecams form be- 
tween ihcni t)ic angle a whirh is the fide of the fpherical triangle 
oppofite 10 the angle A. Thus, calling h the fide common lo 
ihefe two triangles, we have immediately, by a known theoreiB 
concerning re£)ilincal triangles, this equation, \^^M 

k* ^ian.'i + tan.' c — atan, i tan. c cof. A ^^| 

for the former triangle, and this other equation, ^^H 

A' zz fee' i-\~ Ice' c — afec. L fee. c cof.tt ^^^ 

for tie iMtcr uiangle. 
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Hence we find 

tan.' ^ -h tan.* f - 2 tan. b tan. c cof. A 
= fee* 3-H fee* f — 2 fee. b fee- c cof. a. 
But we have evidently 

fee* 3 — Un.* 3=1, alfo fee* c — tan.* c zz i^ 
therefore, the equation becomes 

fee. b fee. c cof. a zi 1 -4- tan. b tan. c cof. A, 
hence, fubftituting for fee. b, fee. c, tan. 3, tan. c, their values 

1 1 sin. b sin. c , 1 r * « 

— =—7, — 7 — » — 7:->. — '. — I we nave the fundamental equa- 
cof. ^ cof. r cof.P col. c ^ 

tion, 

cof. a =: cof. b cof. c -}- sin. 3 sin. c cof. A (A) 

As, by hyoothefis, the only condition fuppofed to have place 
among the four quantities a, £, c, A is that a^ by c are the 
three fides of a triangle, and A the angle oppofite to the fide a ; 
it follows, that by putting B and C for the angles oppofite to the 
fides b and r, we (hall have fimilar equations relatively to tbofe 
angles, by simply changing A into B, or into C, provided that 
at the fame time we change a into 3, or into c. 

15. Now if we deduce the value of cof. A from the pre- 
ceding equations, and thence that of sin. A we (hall have, as has 
been already found in No. 3, 

sin. a _ sin. a sin. b sin. c 

sin. A "" 7 

where the quantity fisz fun3ion of a, 3, c into which thefe 
thfee quantities enter similarly, fo that it remains the fame, 
whatever permutations be made among them. Therefore, in 
changing a into b^ and b into a, the fecond member of the 
equation will be the fame as before ; hence we have this other 
equation, 

sin. a sin. 3 .w,. 

IHTA^IhTB f^> 

This is what is called the common analogy of the sines, and 
it is obvious, that by changing a and c into A and C, we have in 

i.i_ sin.n sin. c 

hke manner -. -r- zz 7-. 

sin. A sin. U 

]6* Let us refume the equation (A) of No. 14, cof. a z= 
cof. b cof. r+ sin. b sin. c cof. A ; by changing a into c, and A in- 
to C, we have in like manner cof. c = cof. a cof. b 4- sin. a sin. b 
cof. C ; fubftituting ^is value of cof. c in the firft equation it 
becomes cof, a = cof. a cof.* b + sin. a ^u.b cof* b cof. C 
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c in the expreffion of the radius r (No. 2), that is to 

f . ahc 
fay, in -^ . 

Let us put R for the radius of the circumfcribed circle, and h 
for the vahie which d acquires by fubftituting for a, l^ c as 
above ; thus we have 

8 fin. - xfin. - X fm. - 
p 2 2 2 

But we have A' = 32 (fin. - fin. ->'-i-Q2 (fin. - fin. .)' + 

02 (fin. * fin. -Y — 16 (fin. "*-)*— i6(sin.^-)^ — i6(sin. f)* ; 
^^ * 2 2 ^2 2 a 

and fubftituting for S5(sin. -)% 2(sin. -)*, 2(sin.— )* their values 

Sfi dC JS 

1 — cof. fl, 1 — cof. i, 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. fl — 8 cof. i — 8 cof. c 

-t- 8 cof. a cof. ^ -*- 8 cof. a cof. r -j- 8 cof. ^ cof. c 
— 4 cof.' a — 4 cof.* i — 4 cof.' ^ 
which expreffion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. b) (1 — cof. c) 
that is to fay, to 

4/* + 64 (fin. - sin. - sin. - / 
^ ^^222' 

by fubftituting the value ol J of No. 4. Thus we have 

a * b » c 
4 sin. -sm. - sin. ~ 

|/[y^ +i6(sin. -sin. - sin. -)*J 

6. Now by considering the radius of the fphere which pafles 
through the centre of the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting ^ for the arch which meafures the diftance 
of the circle from its pole, we have evidently R z=, sin. (f^ 
therefore 

sin. 



( 59 ) 



But bccaufc /*= y 






m — 1 



n — 1 , r 

y + 



» 



m 



n — 1 



n^ t ^ r m «2^ — 82 «t ^ 

^ m— 1 m — i^ ^ v^"* 

But the equation for determining the apfides is 
y — y — r- jP*t ^ + -:^ = o, or 



r 



^ (» l)j*— 2 ^ («- 1)^-2 

whence by fnbftitution we have 
, . n-i «-i 

> -7 V* \ H~2 =0,OrV — r 72 Xf » 



therefore jy = / « - 3 x"-> ^ ^ _ in-^y- t 



2m 



becaufe = J*. It is evident from infpeQion. that s 

muft be greater than 3 and m greater than unity; the force 
therefore muft vary in an higher proportion than the cube of 
the diftance inverfely. If the body defc^nd from the point V, 

n — 1 

then J* = , muft be greater than unity. If it afcend, 

r^y^ - 3 

then n — 3 muft be greater than (n — 1) j* — 2, and therefore 
j', and confcquently.j, lefs than uniiy. 

From the above equations and obfervations, we have the 
following conftrufcHon. Fig. 158, pi. 8. Let C be the centreof 
force, V the point from whicii the body is proieSed in chc 
direftion VP, which makes an acute angle with CV, and 
with a velocity greater than would make it move in the circle 
VZU if projeckd at right angles. With the centre C and radius 

Caz: ( , ' V a )""" ^ ^ dcfcribe the circle abJ, and 

\(o — iJJ — 2/ 

(ha) \$%^»^ 
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a > A > c 

2sin. — sin. — sm. * 

2 2 2 

3tan. p 
and again, by fubftituting ibr tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelf formed by the arcs a, b^ c. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
NouvelU en Algebre^ printed at Amftcrdam in 1629 ; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireEleriaim ge^ 
neraU uranometricum, printed at Bologna in 1632, with the 
elegant demonftration nrft publiOied by Wallis, and since in- 
ferted in moft works upon trigonometry. 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 
Thus the area of the triangle of which the sides are tf , ^, c 

and the angles A, B, C (hall be the ^=^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle • 

9. If we fuppofe the sides i and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtraS 
the former triangle, of which the sides about the angle A are 
b and c, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — b and D — c, 
and the area of the quadrilateral ihall be expreflied simply by 
B -f C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation, which will be demon ftrated 
fartlier on, 

tan. 



( «» ) 

Let the velocities of bodies in a circle at the difiance r in 
the curve, at V and w, be ziV.v.x/ refpeftively (fig. 152, pi. 8.}; 

then t/ zz — . If therefore the feveral values of/r, depending 

upon the different values of wi, be fubftituted, we (hall have 

ii-i 

9- v' = vy^-rri • « = ». 



^^ 



flNtl . nJi 



. Vi— w ' ' /r — fi— wlv 

- V(r--r') 

4. v'zz — ^ ;pr5f « ~ o» therefore 9 = 0% 



i/(^) 



xjr" 



a * r^ 



If«=i, then i/=v 1/(1 +^ x log. -^. In the 4th value of 
w'.OT =0 =:j*X -— - . »: Tj: J : j; therefore s r= w; hence 






i/AV- 



2 



therefore the 4th form is evident from the 3d. Becaufe 
w = J* X -— — • and j' =: 77^, therefore »i = -5 x ? • 

which value of wi being fubftituted for it in the firft equation 
gives, when reduced 



i/= 



D 



Let g - force of gravity, and fuppofe the force at V. or at the 
diftance r from the centre of force : force of gravity (j) :: / : 1^ 
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If we fubftitute, in place of tan. 5.+.9 its value found above 

2 

(preceding No.), we have 

2 tan. ^ cof. ttS + cot. ^ cof. trl 
cot. - =— " g g a 

cof. i±i _ cof. t=l£ 
a formula, which is eafily transformed to this other 
V cof. - cof. - + fin. - fin. - cof. A 

r cot. ? = 2 2 2 2 



2 r *.- tf 



fin. - fin. - fin. A 
2 a 



If now we fubflltute in this formula the values fin. A, and 
cof. A of No. 3, we (hall have, by dividing the numerator 

t c 
and denominator by fin. - fin. - 



2 



b 



« 4 (cof. - cof.— )^ -f- cof. a — cof. I cof. c 
M. ^ 2 a 

"*• r = 7 • 

b c 

But 2(cof. -)* = !+ cof. *, and 2(cof. -j* zi 1 + cof.c, 

therefore, making the neceflary fubftitutions and inverting the 
fira£lion, 

tan. ^ = - J 



2 1 -f- cof. a + cof. b + cof. c 

a formula of the molt fimple form to determine the area of a 
fpherical triangle by means of its three fides a, by c. 

1 1. Wc have feen (No. 7) that L is the folidlty of the trian- 
gular pyranr.id formed by the three radii of the fphere which 
terminate in tlie angles of a fpherical triangle. I^t us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafurc in fuch a manner that they become^, q^ r; and 
that a, by c arc the arches, or angles contained by thofe firaight 
lines. To have the folidity of this pyramid, it may be con- 
fidercd as lying on one of its faces ; for inftancc, that which has 
for its fides the lines p, q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme* 
diately obvious, that if a is the angle contained by p and ^, the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be ^2 — L-, therefore, the folidity of the pyramid 

will be l ' ^"^ *f ^^'C c^" 9 ^^^ 2ngle which the line 

r makes with the plane pafling through ./& and q, it is evident 
that we have P = r fin. 6> therefore, the folidity required will 
, pqr fin, a fin, fl 
6 

Tlie angle e is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
fide a; wc may, therefore, exprefs fin. o by the fines or cofines 
ofiz, bt c the fides of the triangle ; but for our purpofe it is 
fufRcient to conlider that this value, as well as that of fin. a, 
being independent of the lines p^ q^ r, if we make p :=. i, ^ = i, 
r = X we fliall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the folidity is L. Hence it fol- 

6 

lows, that we have fin. a fin. d zry, and therefore £^ for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are/r, q^ r, and the angles 
contained by thofe three fides are A, B, C. 

This exprcffion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialJy if we 
employ the value of y, as exprefled by faftors, in No. 4; and 
it may be very ufeful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. Wc may add, that fince we have found fin. a fin. =/I 

•we fliall have fin. = 7-t-.. We may thus determine by 

fin. a 

this formula the perpendicular e ina fpherical triangle, of which 
a is the bafe, and ^, c the two fides. 

13. I have refolved the preceding problems, only to fiicw the 
origin and ufc of fome remarkable formulas, and more efpecially 
of that function which I have denoted by /, and which dcferves 
in a particular manner the attention of analvfis, on account 
of its different applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical rcfoluiions of fpherical triangles were at firft only 

Vol. 1. Part III. ( b ) C\^^V^ 



( 4 ) 

c in the expreflion of the radius r (No. 2), that is to 

g. . at'C 
lay, in —7 . 

Let us put R for the radius of the circumfcribed circle, and k 
for the vahie which d acquires by fubilituting for a, Z', c as 
above ; thus we have 

8fin. - xfm. - >c fm. - 
22 2 



R 



h 



But we have A* = Q2 (fin. - fin. -/^H-S2 (fin- - ^n. . )" + 



32 (fin. ^ fin. f)*— 16 (fin. "?)*— i6(sin.-V — i6(sin. f)* ; 

and fubftitutincr for ^fsin. -)% 2 (sin. - )*, 2 (sin. — )* their values 

^ ^ 2 22 

1 — cof. fl, 1 — cof. A, 1 — cof. c we have after proper re- 
ductions 

A' = 12 — 8 cof. fl — 8 cof. b — 8 cof. c 

-f* 8 cof. a cof. £ + 8 cof. a cof. c^6 cof. £ cof. c 
— 4 cof.' a — 4 cof.* A — 4 cof.* c 
which expreflion may be reduced to the following 

'4/* + 8(1 — cof. a) (1— cof. i) (1 — cof. r) 
that is to fay, to 

4/* + 64 (fin. - sin. - sin. - / 
^ ^^222' 

by fubilituting the value of y of No. 4. Thus we have 

a > b . c 
4 sm. -sin. - sin. - 

R= ? ? " 



^/[y +i6(sin. -sin. - sin. _}*J 

6. Now by considering the radius of the fphere which paflTc.^ 
through the centre ol the fmall circle circumfcribing the tri- 
angle, it is evident that this radius is perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting (p for the arch which meafures the diftance 
of the circle from its pole, \vc have evidently R zz sin. f , 
tliercforc 

sin. 



-»* 



( Ss ) 



^ 



t =: 



* The fluents in all these cafes may be found by circular arcs and 
logarithms. 

Tbe corre£l fluent being taken for the 4th. form, gives 

I i ^i^y-^y*) + *rc whofe verfed fine =r r— ^> 

fr -/g X t and radius =: J f 3 

_ I € v^lry-^y^) + arc whofe verfed flne = r— ^ > 

■~\v/(2/^rJ ^ (and radius = 1 >. 

and when the body is fallen to the centre, then 

^ ^ •i^Vj ^ ?• ^ beings: 3-i4iS9«. 
Cor, t* If « r: 3 the values of i will become 

yy yy ¥i_ 

Hence by uking the correft fluents there will arife 

Vol. I. Part III. (i) CacS.^<ijc«SL^>i* 



( 6 ) 

a - A . c 

2sin. — sin. . sm. ^ 

2 2 2 

3tan. p 
and again, by fubftituting ior tan. P its value already found 

(No. 6), we have ^ for the folidity of the pyramid. 

8. It remains for us to confider the area of the fphcrical tri- 
angle itfeii formed by the arcs a, b^ r. There is a beautiful 
and known theorem, according to which, the area of a fpherical 
triangle is to the whole furface of the fphere, as the exccfs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
NouveUe en Algebre^ printed at Amftcrdam in 1629; but as 
the proof which he gives is not rigorous, and cannot even be 
considered as an indu£lion, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the DireElericum ge^ 
ntraU uranometricumf printed at Bologna in 1632, with the 
elegant demonftration nrft publiOied by Wallis, and since in- 
ferted in moft works upon trigonometry. 

Let 2 denote the excefs of the tliree angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

2 = A+B + C — 2D. 
Thus the area of the triangle of which the sides are tf , ^, c 

and the angles A, B, C (hall be the ^=^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtrad 
the former triangle, of which the sides about the angle A are 
b and c, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — ^ and D — c, 
and the area of the quadrilateral (hall be expre{red simply by 
B -f C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation^ which will be demon ftrated 
farther on, 

Un. 
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^ ._ — , or, = 9 

hence «»' = ~, -. 

If therefore thi$ value of m' be fiibftituted in the above value 
of ]^, there will arife for the general equation of the curve 

mry"-' 



P' 



r -f-cx X^ y +(wi-i— r X Xy u 

q — 1 "^ ^ y— 1 -^ 

If p be fuppofed = y, then the equation for determining the 
diftance of the apfides from the centre of force will become 

»»-i c[n — i) r «-^ 

^ **"(wi-i)(^-ij-c(ir-i) -^ f^" 



(m-i;(y.i)-(r(/j-i)1 ^^ 



^ (wi — i)(y— i) — c(w 

The value of z will be found by an eafy fubftitution. 

After the fame manner the equation of the curve, &c. &c. 
may be found, if three or more forces a£l upon a body towards 
the fame centre. 

Cor. If « = 2, q:=L — 1, r =:P, and the force -, be fup- 

pofed to aft from the centre, or, which is the fame thing, — f be 
put for-4- c; then the equation for determining the diftance of 
the apiides from the centre will become 

y\ X r'y''+ — X y =1 o. It isevident 

that one of the vaUicsof^ will be =z r, and the equation given 
above being divided by y — r, the quotient will be 

j^'+ry* X r'jfH X r^ zz o\ by folving which 

equation, the diflance of the other apfe from the centre may be 
determined. ' 

If it be required to exterminate m^ we have 

-r X -= + ' (Propofition i.) or 

r r^ 

V* = J* X ( )= ; 

(i a) *»-^ 
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If we fubftitute. In place of tan. ^±.9 its value found above 

2 

(preceding No.), we have 

y tan. 4: cof. t±S + cot. ^ cof. trJ. 

cot. t =— ^ g » a 



cof. ^_±J _ cof. tns 



2 a 



a formula, which is eaflly transformed to this other 
^ cof. - cof. - + fin. - fin. - cof. A 

r cot. ? = 2 2 2 2 



^ n 6n C 



fin. - fin. - fin. A 

2 2 



If now we fubftitute in this formula the values fin. A, and 
cof. A of No. 3, we (hall have, by dividing the numerator 

t c 
and denominator by fin. > fin. - 

'22 

« 4(cor. - cof.—)' -f- cof. a — cof. b cof. c 

cot. ^ ; 

But 2(cof. -)* = ! + cof. b, and 2(cof. »j* = i + cof-c, 

2 8 

therefore, making the ncceflary fubfiitutions and inverting the 
fra£lion, 

tan. 1= f 



2 1 -f- cof. a + cof. b + cof. c 

a formula of the moft fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b^ c. 

1 1. Wc have feen (No. 7) that L is the folidity of the trian- 
gular pyranr.icl formed by the three radii of the fphere which 
terminate in the angles of a fpherical triangle. I/'t us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafurc in fuch a manner that they become p% fy r ; and 
that a, b^ c arc the arches, or angles contained by thole firaight 
lines. To have the fotidity of this pyramid, it may be con- 
fidercd as lying on one of its faces ; for inftancc, that which has 
for its fides the lines p^ q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious^ that if a is the angle contained by p and q^ the 
area of the face which we have confidered as the bafe of the 

pyramid 
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pyramid will be ^2 L_ , therefore, the folidity of the pyramid 

will be ^^ ■. ' . But if we call g the angle which the line 

o 

r makes with the plane pafling through ./& and y, it is evident 
that we have P = r fin. e, therefore, the foUdity required will 
, pqr fin, a fin, fl 
6 

The angle e is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
{idea; wc may, therefore, exprefs fin. o by the fines or cofines 
of a, i, c the fides of the triangle ; but for our purpofe it is 
fufRcient to conllder that this value, as well as that of fin. a, 
being independent of the lines ^, y, r, if we make ^ r= i»^ = i, 
r = 1 we (hall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the folidity is ^. Hence it fol- 

6 

lows, that we have fin. a fin. ft zzy, and therefore cS^ for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are p, q^ r, and the angles 
contained by thofe three fides are A, B, C. 

This expreflion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
Ample and commodious for calculation, more efpecialJy if we 
employ the value of y, as expreffed by faftors, in No. 4; and 
it may be very ufeful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, that fince we have found fin. d fin. 9 =/i 

-wc (hall have fin. 9 = t^* We may thus determine by 

fm. a 

this formula the perpendicular 6 in a fpherical triangle, of which 
a is the bafe, and ^, c the two fides. 

13. I have refolved the preceding problems, only to (hew the 
origin and ufc of fome remarkable formulas, and more efpccially 
of that funttion which I iiave denoted by /, and which dcferves 
in a particular manner the attention of analvfts, on account 
of its different applications. I now proceed to general cou- 
fidcrations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical refolutions of fpherical triangles were at firft only 
Vol. 1. Part III. ( b ) <:v«c^\s; 
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a > A > c 
2sin. ~ sin. ^ sm. ^ 

2 2 2 

3ian. p 
and again, by fubftituting ior tan. P its value already found 

(Xo- 6), we have ^ for the folidity of the p}^raxnid. 

8. It remains for us to confider the area of the fpherical tri- 
angle itfelf formed by the arcs a^ b^ c. There is a beautiful 
and known theorem, according to which» the area of a fpherical 
triangle is to the whole furface of the fphere, as the excefs of 
the three angles of the triangle above two right angles to eight 
right angles. This theorem is commonly attributed to Albert 
Girard, who gave it in fubftancc, in a work entitled Invention 
Nouvellt en Algebre^ printed at Amfterdam in 1629 ; but ais 
the proof which he gives is not rigorous, and cannot even be 
considered as an induction, the theorem ought rather to be 
attributed to Cavallerius, who gave it in the Direclericum ge^ 
ntrale uranomeiricumf printed at Bologna in 1632, with the 
elegant demonftration nrft publiOied by Wallis, and since in- 
ferted in mo (I works upon trigonometry* 

Let 2 denote the excefs of the three angles of the triangle 
above two right angles, then, retaining the notation hitherto 
employed, and putting D for a right angle, 

SnA+B + C — 2D. 

Thus the area of the triangle of which the sides are a^ b^ c 

and the angles A, B, C (hall be the ^=^ part of the whole fur- 

face of the fphere ; and if this furface be considered as equal to 
8D, we may take 2 for the area of the triangle. 

9. If we fuppofe the sides b and r, which contain the angle 
A, to be produced till each of them be a quadrant, the angles B, 
C will then become right angles, and the side a will become 
equal to the opposite angle A ; then the area of the ifofceles right 
angled triangle becomes A ; therefore, if from it we fubtra£l 
thtf former triangle, of which the sides about the angle A are 
b and c, we (hall have a fpherical quadrilateral, the bafe of which 
is A, and the sides perpendicular to that bafe D — ^ and D — c, 
and the area of the quadrilateral ihall be exprefled simply by 
B -f C — 2D. 

But by the known analogies of Napier, we have in every 
fpherical triangle this equation, which will be demon ftrated 
farther on, 

tan. 
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, B+C _ ~*^" T" , . A 
tan, = . — cot, *. 

cof. *Jli 

2 

Therefore, if <f denote the furface of the quadrilateral wc are 
considering, we fliall have 

tan. ^ = cot. -^^ = 5-TT!- 5 therefore, 

tan. 



8 2 _ B-hC 



cof. 



2 



tan. — — T tan, — ; 

D — c Q 



2 



cof. 

2 



and if we put j3 and y for the two fides of the quadrilateral per- 
pendicular to the bafe A, fo that /3 = D — b and y = D — c 
we have in order to determine the area o this formula 

. /34-y 
sin. ' 

tf 2 ^ A 

tan. — = ; tan, — . 

« cof. ^=2 
This formula correfponds to the known formula v = P + y ^ 

2 

for a refiilineal quadrilateral of which A is the bafe, /3 and y the 
two vertical fides, and a the area ; and as the latter is of the 
greateft utility in the menfuration of plane furfaces bounded 
by ftraight lines, fo the former is eaually ufcful in the menfu- 
ration of fpherical furfaces bounded by arches of great circles. 
Thus it may be employed' with much advantage to determine the 
extent of a country, wnen the latitudes and longitudes of feveral 
points in its circumference arc known ; for by conne£ling tbofe 
points by arches of great circles, we have a fpherical polygon, the 
area of which may be eafily found, byrefolving it into quadri- 
laterals formed by circles of latitudes and arches of the equator 
intercepted between thofe circles. 

ID. But if it was required to exprefs the area £ by the three 
fides tf, l\ c of the fpherical triangle, it i^ only neceUary to con- 
lidcr, that fince £ = A + B +(; — cDwc have 

, 2 , A4-B4-C 

cot. — = — tan. — -J- — -2-— 

2 2 

*• A , . B -4- C 
tan. « •♦- tan. — -i—-^ 

2 8 



i_tan. ^ tan. ^ + ^ 



2 2 
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If we fubftitute, in place of tan. ?-±.9 its value found above 

2 

(preceding No.), we have 

2 tan. 4: cof. i±S + cot. ^ cof. ^ 
cot. - =— ^ g » « 

cof. L+J _ cof. *-=Lf 

2 2 

a formula, which is eafily transformed to this other 

« cof. - cof- - + fin. - fin. ^ cof. A 
r cot. - zz ^ ^ ^ ^ 



2 o *n C 



fin. - fin. - fin. A 

2 2 



If now we fubftitute in this formula the values fin. A, and 
cof. A of No. 3, we (hall have, by dividing the numerator 

t c 
and denominator by fin. . fin. - 



2 



b 



« 4 (cof, - cof.—)' -+- cof. a — cof. h cof. c 
s. ^ 2 3 

cot.- = ; 

h c 

But 2(cof. -)* = !+ cof. b, and 2(cof. »j" zz 1 + cof.c, 

therefore, making the ncceflary fubfiitutions and inverting the 
fia£lion, 

tan. — =: ^ 



2 1-4- cof. a + cof. b -f- cof. c 

a formula of the moft fimple form to determine the area of a 
fpherical triangle by means of its three fides a, b, c. 

11. Wc have fecn (No. 7) that v is the folidity of the trian« 

gular pyranr.id formed by the three radii of the fpherc which 
terminate in the angles of a fpherical triangle. l£t us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafurc in fuch a manner that they become fit Ji r; and 
that a, b, c arc the arches, or angles contained by thofe firaiglit 
lines. To have the folidity of this pyramid, it may be con- 
fidercd as lying on one of its faces ; for inftancc, that which has 
for its fides the lines p, q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that if a is the angle contained by p and ^, the 
area of the face which we have confidered as the bafe of the 

pyramid 



( 9 ) 

pyramid will be cl — L. , therefore, the folidity of the pyramid 

vill be ^^ " ' . But if we call 9 the angle which the line 

o 

r makes with the plane pa fling through ./& and y, it is evident 
that we have P = r fin. e, therefore, the folidity required will 

, pqr fm. a fin. 

6 

The angle e is no other than the arch let fall perpendicularly 
from the angle A of the fpherical triangle upon the oppofite 
fide a ; we may, therefore, exprefs fin. by the fines or coflnes 
of iz, b^ c the fides of the triangle ; but for our purpofe it is 
fufRcient to conC.der that this value, as well as that of fin. a, 
being independent of the lines p^ y, r, if we make ^ =z 1, ^ = i, 
r = 1 we fliall have the cafe of the particular pyramid we pro- 

pofe to confider; and of which the folidity is L Hence it fol- 
lows, that we have fin. a fin, ft =1^, and therefore £^ for the 

6 

folidity of the triangular pyramid in which the three fides, or edges 
that form any one of the folid angles are p, q^ r, and the angles 
contained by thofe three fides are A, B, C. 

This exprcflion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles, is evidently very 
fimple and commodious for calculation, more efpecialJy if we 
employ the value of y, as expreflcd by fa6lors, in No. 4; and 
it may be very ufeful to determine the folid contents of all 
bodies bounded by planes, feeing that they may always be re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, that fince we have found fin. d fin. 9 =/^ 

-we fliall have fin. = 7?-^-., We may thus determine by 

fin. a 

this formula the perpendicular e in a fpherical triangle, of which 
a is the bafe, and ^, c the two fides. 

13. I have refolved the preceding problems, only to fiicw the 
origin and ufc of fomc remarkable formulas, and more efpecially 
of thai funftion which I have denoted by /, and which dcferves 
in a particular manner the attention of analvfis, on account 
of its different applications. I now proceed to general con- 
fiderations relating to fpherical trigonometry, viewed analyti- 
cally. 

Analytical refolutions of fpherical triangles were at firft only 
Vol. 1. Part III. (b ) Cv»^^kR 
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The curve therefore is a parabola, whofe axis is perpend^ 
cular to the plane, latus reflitm ^ — ; and force =r A, 
furcd by the velocity generated in the time (i). 



^ 



PROPOSITION V. 

If a body revolve round a centre, and be afted upon bjrSj 
force tending to that centre which varies as the ;ith power i 
the dilbnce inverfely, and whofe quantity at an wife, Ae 
diilance of which apfe being r, is :=^ i ; likewife, if another 
body, belidcs being fubjeft to this force, be aBcd upon by an 
addhional one, which varies inverfely as theyth power of the 
diAance. its value being c at the fame diilance r; it is required 
to inveftigare a general exprefiion for the ratio of the an- 
tfuEar velocities of the two bodies wlicn at the fame didance 
from the centre of force. 

Let the required ratio be thatof F : G. Pui y= eommM 
diilance, p ::= perpendicular upon the tangent to the orbi| 
defcribcd by the hiigle force, and p' := perpendicular upi 
(he tangent to the other orbit, drawn from the common centre. 

It isevidcnt by propofilion I, that 

fT . P'Y ., p* . P" 

^ , 1 — 1 



F»: G»: 



But (by prop. \Jl. and 31/,) //* = 



and (J 



/'= 



Jiil 



«— 1\ 



writing M here tnltead ofm in the third propofition. 
Hence, by fubfliiution and reduBlon, f : C 
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But «= 1=11 X 5« and M = (»-0(»-»-'^) ^ S» (writing 
$, for J in prop. 3.) {hereFore F* : G* 



:: 



(1 +os» 



»rhich is general, whatever be the values of n and j, j and S. 
Cor. j. If f = 3, then F* ; G* 






' J(*-i) (l-t^)S'-«-c(»-i) \ .7*-.| (/M)(i+c)SW(,/-i) I .r^H-fir'^-li^^ 

where it is evident that if we make [n — i) (i +c) 6* — c (n — i) 
r= (n — i)j', then the denominators will heequal, and therefore 
F* : G' 2: f* : (i -He) S*, which is a conftant ratio ; and there^ 
fore when ^ = 3, or when the additional force varies as the 
cube of the diflance reciprocally* the angles^ which lines drawn 
from the bodies to the centre of force, make with the line pafling 
through the apfe, arc in a conflant ratio to each other, whatever 
be their commoa diftance (the condition mentioned being 
obferved). 

Cor. 2. Becaufe («— 1) (i+r) S'— r(«— 1) ± (9— i)f«, 
tlierefore 

S* = — -- . Let R = radiiM of curvature and v := velocity at 

the apfc in the orbit defxrrtbed by one force ; then the centripetal 

£orce at the diftance r, == ^^ = -,-, therefore 

J* zz - and S* = — ■ — = 3 ; — , ; hence 

f»:G*::?: ^'^"^i: R : R + rr, or 

r r 

y« ; :: R :c zz pj— ^ R z= addiiipnal iorcc at 
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iheapfe. Put be^aufe ^ 3: 3, ., , . ' "^ 

r;« 1_ p G* -- F* Rr* 

y' : r':: p^ — xR : — r^ — X — r- = additional force at 

the diftance/, and the force in the firft orbit at the fame 
w 

di fiance n — , 'therefore . . , 

n 

y 

the w1k>1c compound force rz — -f — -*rt — X -^* ' > 

n X 3 

Cor. 3. If inflcaJ of (1), ^ be fuppofcd iz force in the firft 
oibit at the diflar.cc r, it will eafily appear that the compound 




force in t'le. other, orbit, at the 4ift4nce ji', will be z:: 

. ...g X —3- ; the f^mc exprcffion that is found after a very 

difl'crent maniicr, Principia, Book 1//. Seft. g/A, 



>'ii!:;; id^in'riH 



NOTE. (RefertedtoinPa^ej^^J, 

Let VABD (fig 1^0, p'. 8.) be a tiajcf>rr\' dcrcribrd by ? body round a^en- 
trc of force C, V an aiifc, and \ the ncx( followiug one; V b^ing at a greater 
diftanrc trom the cciitic liian i\. It is f\ jdcut that if the body were projedc<i 
from A, at right angles to ( A, and uiih tht- fame vrlocJty it had when it arriNed 
ilinc, it would accurately d'-'itnU" tlicaifh A^ , a\;d \\a\t: tl^e fimc velocity a^V 
th.it it fjifi bfj;an viih. 1 or during the lime of niovin^ over any particle of the 
curve, ihc for c aHingupon the body, ami she duration t f the force arc the fame if» 
hcih cr.ies ; hence ihccoi:clnfion is ckar. I'ut i' iluhody, ii.ilead ^t jnovinii tf»- 
vards \ , be proji^^^lcd in a coinranrdiic6tioii, at rijihtapge* to AC i»"d uiih thj 
fa ue velocKV, mi arch AB, equal and finiilar to AV, will h« d« UMbrd"; B being 
an apfe, and CB == CV.. I-{cuce in the shove equation v can have bul-t^^o dii- 
fercnt values ; but as thefe ma./ be in oppofitc dircflioits, two n'^y* be |>olirivc 
and two equal to them .-^nd i;cgative. The other roots, if ai;v, ^ufl eitlnr be iinr 
pofTible, or relate t(^ Pirf: parts of the al;;cbTaical cur\'ca5}i:i\*e thrif coiT;nitv 
turned from the centre of force, being delcribr^d by a centrifuoal ft.rcc, or luch 
parts as are fcparatd fiom that part i^i v^hith thebodv moves; tbAt is, itc:ii.n(<t be 
a ciKvc cf continued cuivarnrc, a.< thai wufi be in \\hich the br;dy nu'vcs," 

1 he fame coi c'ufion may be deduced immediately from the nature of t.ie equa- 
tion found abo\e for dcteimiim.g (he apfides. For making the cquaiiuii c/i ili^ 

limits =0, we huveyz::± P X 4/1- X /• WhciK-e it is 

y \m — 1 n — 1/ 

rvidciit, that there can be no more than four rctus, two pt»fiiivc and two nrgativo, 
Bdt todifcovci ii) every Calc the i.uu»^ju oii ^v.Vuljlc roots is a p.oblem of con* 






i 
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fMlcnble difficulty. Dr. Waring has pointed out the method of ^ngthk' 
(Mediiationa Algthraititi Prob. ^\*)i ^^ as hit maODcr of writiDg is, io geoenl^ 
very concife, an ^y uivcftigation of the fevend conclufions there dkduocd mif: 
npt he improper in this place. 

It is well Known, that if varying the coefficients of an equatioQ two looca btti: 
rnmc ccfual, the next inftant they will be impollibley and immediately befoie 
becoming equal they will be real and unequal. 

This being granted, let it be propofcd to find the number of poffible roots in ihf 

equation x — Ax — B = o, which is an equation of the fame kind -with that 
for determining the apfidci, .^ir^y ^nd the equation of limits^ andjnake it=o, viz. 

««' ~ ' — wA*"" ' =5 o, then «=r(^)"— « X A»^ 

hence x has two values, if n and m be both^ even numbers, and -:— A a negative 
number, wherefore the number of real roots in the given equation cannot exceed 
four. 

Multiply the fiHl equation by n, and the fecond hy x^ and take die difference. 

a 

111 f ^ \^m 

of the produ£b, then (m — a) x A* — n ^ = o ; firom whence *=( •■ ) 

1 
^^'^j which will give two other limits, if — B b? pofiUvc» and the reft as 

above. 

. If the givrn equation have two equal roots, they will coincide both with the 
firft and fecond values of x jnft found ; therefore thefe values muft be equal to 
«ach other; and convcrfclv, if thefe values be equal, the given equation muft 
have two equa' roots; and if the condition abovcmcntioncd take place, viz, that 
n fif^m, be both even numbers, — A negative, and n— B pofitive, then these 
will be two pain of equal roots. Make them equal to each other, then by 
Todiitlion it will eafily appear that 

— X A — --— X 3 = o ; hen^e, by making this ex- 

(n) (m) 

prcflion pofiiive, or negative, according to circumflances, the number of poflible 
r<jpis may be obtained. 

1. If n be an even number, and — B negative, it is evident that the equation 
ha< f.vo real roots. If « be even .uid m odd, and -7- 15 aifirmative, and at tbt 
fime lime 

X A — - ^ X B be negative, then there will be two 

{") (»0 : 

poffible roots; oihcruife none. For tha firft part of the above expreffion is in 
this cjifc nrgativr, ;ii.d thcoiln'r partpolirive; but the firll part muft be greater 
thjn the frcoiid, W the roots be real ; bccaufe it it vanifh, all the roots arc im- 
pofTiblc; hctnc;: the concIuHon is clear. 

Let n ^vA ni^ be even numbrrs, and — A, and — B pofitive quantities ; it is 
evident that tli ' equation can have no real lOots ; for in this cafe no quantity fub- 
flituiid iov X ran make the relult = o. But ii — B be affiimaiive, and — A 
negative, a.-.d at the fame ii.iic 

X A — - -^ X B he alarroauvc then there will be : 

, n - >a rn v.; 



©ar real roott.oitierwife nont, Fm, from w bit hsibeenfiid ahont, ihere will 
be rwo pain of c^al toou when iht above (npfcBioo = o. whcrefoie hy miking 
itiffirnMiive then will be four real ronn. That the firfl pviof the nprrDtoq 
mufl be nr^ttr ihio ib? fecond will be cvJdcni fiom obfciving, iImi if A = o, 
ikenall the raai* will be impofliblc. 

S If both n aitd m be odd numbrii, and 



(■ - «r 



polfible I 



- X A 






jiTiim.iLive, ihcn ihcrc will be dura 



r iherc muD be 
: and if ihe above eKprclTion — o, ihrte will be oihci iwo roon 
«|iia!. Bui If A and B be [akcnfuchaKo mikeil jffLimaiive, ihcre will benthcr 
two real TOOU, Fm a — m I] an even numb;:!, durcfoii; ihi; JiiD part of the ex- 
prelGon ii pofinve; and if A ^ o. there viil) be only on« rul lOOt, and tha 
above exptenion would ir ihal ejfc be nefialive. Thfrt f ofe. Kl. 

If 11 be odd, andw c\tn, a*d A and B, hi^c the fame tig^n, ihcn ihe ay 



« real K 



I 



: ibii rci|uiiei ni proof. Itut if ihey have dilfcicat 






ill have three 



iry fign to B, ihea the 
If ihe equation liai-e 



- X A will be pofiiire, and it nw»ft 



be greater than 






But if it be of thii furm, i 
Ipneral eipieffion is DCgaiiie, 
BoA be negative. 

JI.B. All (A(j(p.ro tiftniB 



, foi reafoni given above; ihetefece the whol<; 



iz. I — A* -V- B ^ Oi then ihe fitd part of ih« 
lud i1k fecond part poGtive, vberctbte the icfult 



ii Article ait to U/oao-l in plaii 



END OF VOL. I. 



C/tn^Jmiirg, Prinltr, E5, Haiton Gardt». 



" '\\ 



■»■.•■ « 



Tv 



S 



fi^./JaJh/Ofi f 




K 




B . 




^•'/ /^"JT^l 



■;j 









3 blDS Dll ?l>5 >|SS 



CECIL H. GREEN LIBRARY 

STANFORD UNIVERSITY LIBRARIES 

STANFORD, CALIFORNIA 9-1305-6004 

(6501 7231493 

grncirc@sulmQil.slonford.edu 

All books ore subject lo recall. 



DATE DOE 



OCT 2 9 2l3&-<^ 






